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PREFACE 


FT^HE present work on Analytic Mechanics or Dynamics is designed 
as a text-book for the students of Scientific Schools and Col- 
leges, who have received training in the elements of Analytic Geome- 
try and the Calculus. 

Dynamics is here used in its true sense as the science oi force. 
The tendency among the best and most logical writers of the present 
day appears to be to use this term for the science of Analytic Me- 
chanics, while the branch formerly called Dynamics is now termed 
Kinetics. 

® The treatise is intended especially for beginners in this branch of 
science. It involves the use of Analytic Geometry and the Calculus. 
The analytic method has been chiefly adhered to, as being better 
adapted to the treatment of the subject, more general in its applica- 
tion and more fruitful in results than the geometric method; and yet 
where a geometric proof seemed preferable it has been introduced. 

The aim has been to make every principle clear and intelligible, 

to develop the different theories with simplicity, and to explain fully 
the meaning and use of the various analytic expressions in which the 
principles are embodied. 

The book consists of three parts. Part I, with the exception of a 
preUminary chapter devoted to definitions and fundamental princi- 
ples, is entirely given to Statics, 

Part II is occupied with Kinematics, and the principles of this 
important branch of mathematics are so treated that the student may 
' enter upon the study of Kinetics with clear notions of motion, veloc- 
ity and acceleration. Part III treats of the Kinetics of a particle and 
of rigid bodies. 
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In tins arrangement of the work, with the exception of Kine- 
matics, I have followed the plan usually adopted^ and made the 
subject of Statics precede that of Kinetics. 

For the attainment of that grasp of principles which it is the 
special aim of the book to impart, numerous examples are given at 
the ends of the chapters. The greater part of them will present no 
serious difficulty to the student, while a few may tax his best 
efforts. ' 

In preparing this book I have availed myself of the ’writings of 
many of tlie best authors. The chief sources from which I have 
derived assistance are the treatises of Price, MincMii, Todhiinter. 
Pratt, Routii, Thomson and Tait, Tait and Steele, Weisbach, Ventu- 
roll, Wilson, Browne, Gregory, Hankine, Boucharlat, Pirie, Lagrange, 
and La Place, while many valuable hints as well as examples have been 
obtained from the works of Smith, Wood, Bartlett, Young, Moseley, 
Tate, Magnus, Goodevo, Parkinson, Olmsted, Garnett, Renwick, Bot- 
tomley, Morin, Twisden, Whewell, Galbraith, Ball, Dana, Byrne, the 
Encyclopaedia Britannica, and the Mathematical Visitor. 

I have again to thank my old pupil, Mr. R. W. Prentiss, of the 
Nautical Almanac Office, and formerly Fellow in Mathematics at the 
Johns Hojikins University, for reading the MS. and for valuable sug- 
gestions. Several others also of my friends liave kindly assisted me 
by correcting proof-slieets and verifying copy and fonniiljB. 

B. A* B. 

Rutgehs College, } 

New BiiXJKSWiCK, N. J„ June, 1884. ^ 
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ANALYTIC 


MECHANICS. 


PART I. 


CHAPTER I. 

FIRST PRINCIPLES. 

1. Definitions. — Analytic Mechanics or Dynamics is 
the science which treats of the equilibrium and motion 
of bodies under the action of force. It is accordingly 
divided into two parts, Statics and Kimtics. 

Statics treats of the equilibrium of bodies, and the condi- 
tions governing the forces which produce it. 

lime tics treats of the motion of bodies, and the laws of 
the forces which produce it. 

The consideration that the properties of motion, velocity, 
and displacement may be treated apart from the particular 
forces producing them and independently of the bodies sub- 
ject to them, has given rise to an auxiliary branch of Dyna- 
mics called 

Although Kinematics may not be regarded as properly 
included under Dynamics, yet this branch of science is se 
important and useful, and its application to Dynamics so 
immediate, that a portion of this work is devoted to its 
treatment. - 


TMs name was given bj? Ampere. 



2 MATTER, INERTIA,. BODY, MOTION, ETC. 


Kiiieiimtics is the science of piii’c refer- 

eiice to matter or force. It treats of the properties of 
motion without regard to what is iiioving or how it is 
moved. It is an extension of pure geometry by introduc- 
ing the idea of time, and the consequent idea of velocity. 

2. Matter. — Mattel' is that whicli can be perceived l.)y 
the senses, and whicli can transmit, and be acted npoii Ijy 
force. It has extension, resistance, and impenetrability. 

A definition of -matter which would satisfy the metaphysician Is 
not required for this work. It is sufficient for us to conceive of it as 
capable of receiving and transniitting force; because it is in this 
aspect only that it is of importance in tlie present treatise. 


3. Inertia. — By Inertia is meant that property of mat- 
ter by whicli it remains in its state of rest or uniform 
motion in a right line unless acted iqion by force. Inmila 
expresses the fact that a body ea.n not of its(‘ if change its 
condition of rest or motion. It follows that if a botiy 
change its state from rest to motion or fniin motion to r(‘st, 
or if it change its direction from tlie natural rctdihnt'ar 
path, it must liave been intlnenced liy some cxHu’nal eausi*. 


4. Body, Space, and Time. — ei Body is a portion, of 
matter limited in every direction, and is conseciiicuitly a 
determinate form and volume. 

A Iiiyid Body is one in which tin* rcfarive positions of 
its particles remain unchanged by the action oi'for(;es. 

A Parhcle is a body indetinitely small hi evtow <11 reel ion, 
and tliongh retaining its material properties imiy lie t!‘<*at.ed 
as a geometric point. 

Himce is indefinite extension. Tims, is any llmitetl por- 
of duration. 


5. Rest and Motion.-— -A body is at red when it voiy 
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motion when the body or its parts occupy successively dil- 
ferent positions in space. But we cannot judge of the state 
of rest or motion of a body without referring it to tlie 
positions of other bodies ; and hence rest and motion must 
be considered as necessarily relative. 

If there were anything whidi we knew to he absolutely fixed in 
space, we might perceive absolute motion by change of_ place with 
reference to that object. But as we know of no such thing as abso- 
lute rest, it follows that all motion, as measured by us, must be 
relative : i. must relate to something which we assume to be fixed. 
Hence the same thing may often be said to be at rest and. in motion 
at the same time ; for it may be at rest in regard to one thing, and in 

motion ill regard to another. For example the objects on a vessel 
may be at rest with reference to each other and to the vessel, while they 
are in motion with reference to the neighboring shore. 
punting his barge up the river, by leaning against a pole whic r 
on the bottom, and walking on the deck, is m motion relative to the 
barge, and in motion, but in a different manner, relative to the cu 
rent, while he is at rest relative to the earth. 

Motion is uniform when the body passes over equal spaces 
in equal times ; otherwise it is variable. 

6. Velocity. — The velocity of a body is its rate of 
motion. When the velocity is constant, it is measured by 
the space passed over in a unit of time. When it is varia- 
ble, it is measured, at any instant, by the space over which 
the body would pass in a unit of time, were it to move, 
during that unit, with the same velocity that it has at the 
instant considered. 

The speed of a railway train is, in general, variable. If we were to 
say for example, that it was running at the rate of 80 miles an hour, 
we ’would not mean that it ran 30 miles during the 
it would run 30 miles during the next hour, ^e would me^ that, H 
it were to run for an hour with the speed which it now has, at the 
instant considered, it would pass oyer'exactly 30 miles. 

In order to have a uniform unit of velocity, it is custom- 
ary to express it m feet and seconds ; and when velocities 
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are expressed in any other terms, they should be reduced to 
their equivalent value in feet and seconds. The uiiit 
velocity, therefore, is the velocity with which a body 
one foot m one second ; other units may be taken 
where convenience demands, as miles and hours, etc. 

When we speak of the space passed over by a body, we 
mean ihQ path or line which a point in the body or which a 
particle describes. 

7. Formulae for Velocity. — If s be the space passed 
over by a particle in t units of time, and v the velocity, it is 
plain that, for uniform velocity, we shall have 


that is, we divide the wdiole space passed over by the time 
of the motion over tliat space. 

If the velocity continually changes, equal increments are 
not described in equal times, and the velocity becomes 
a function of the time. But however much the velocity 
ciianges, it may be regarded as constant during the 
infinitesimal of time dt, in which time the body will 
descrilie the infinitesimal of space ds. Hence, denoting the 
velocity at any instant by v, we have 


In this ease the velocity is the ratio of two infinitesimals. 
These two expressions for the velocity are true whelher the 
particle be moving in a right, or in a curved, line. 

8. Acceleration is the rate of change of velocity. It 
is a velocity increment. If the velocity is increasing, ilit 
acceleration is considered positive; if decreasing, it is 
negative. 

j Acceleration is said to be uniform when the velocity 
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measure of acceleration, 5 

receiv-es equal inerements in equal times. Otherwise it is 

variable, 

9. Measure of Acceleration.— Uniform acceleration 
IS measured by the actual increase of velocity in a unit of 
ume. Variable acceleration is measured, at any instant, by 
le velocity which would be generated in a unit of time, 
were the velocity to increase, during that unit, at the same 
rate as at the instant considered. 

Calling /the acceleration, a the velocity, and if the time, 

we nave, when the acceleration is uniform. 


/= 


V 

: — • 
if 


(1) 


However variable the acceleration is, it may be regarded 
as constant during the infinitesimal of time iff, in which 
time the increment of velocity will be dv. Hence, denoting 
the acceleration at the time ^ byj/^ we have 


We also have (Art. 8) 


^ dv 
^ ~ Jt 


( 2 ) 


which in (3) gives 
/ = 


~ dt 


dv 

dt 


£ 

dt 


dt dt^' 


( 3 ) 


'f hat IS, when th.e acceleration is variable it is measured, at 
a y in.stant, by the derivative of the velocity regarded as a 
limction of the time, or by the second derivative of the 

space regarded as a function of the time. 

From (3) we get, by integration, when /is constant,. 




ds 

di 


0 ) 
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VELOCITY AND ACCELBUATION. 


(5) 

( 6 ) 


amd 3/s = 

wliicli deter mme the yelocity and space. 

10. Geometric Representation of Yelocity and 
Acceleration. — The velocity of a body may be coiiveni* 
ently represented geometrically in magnitude and direction 
by means of a straight line. Let the line be drawn from 
the point at which the motion is considered^, and in the 
direction of motion at that point. With a convenient scale, 
let a length of the line he cut off that shall contain as many 
units of length as there are units in the velocity to be repre* 
sented. The direction of this line will represent the 
direction of the motion, and its length will represent the 
velocity. 

Also an acceleration may be represented geometrically by 
a straight line drawn in the direction of the velocity 
generated, and containing as many units of length as there 
are units of accelei’ation in the acceleration considered. 
Also, since an acceleration"^' is measured by the actual 
increase of velocity in the unit of time, the straight line 
which represents an acceleration in magnitude and direc- 
tion will also completely represent the velocity generated in 
the unit of time to which the acceleration corresponds. 

11. The Mass of a body or particle is the quantity of 
matter which it contains; and is proportional to the 
Volume and Density jointly. The Density may therefore 
be defined as the quantity of matter in a unit of volume. 

Let M be the mass, p - the density, and F the volume, of 
a homogeneous body. Then we have 

( 1 ) 

if we so take our units that the unit of mass is the mass oi 
the unit volume of a body of unit density. 


* Uniform acceleratioii is here meant. 
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If the density varies from point to point of the body, we 
have, by the above formula, and the notation of the 
Integral Calculus, 

M = fpcl F = f/fpdx dy (2) 

where p is supposed to be a known function of x, z. 

In England the unit of mass is the imperial standard 
pound avoirdupois, which is the mass of a certain piece of 
platinum preserved at the standard ofiSce in London. On 
the continent of Europe the unit of mass is the gramme. 
This is known as the absolute or Icimtic unit of mass. 

12. The Quantity of Motion, or the Momentum 

of a body moving without rotation is the product of its 
mass and velocity. A double mass, or a double velocity, 
would correspond to a double quantity of motion, and 
so on. 

Hence, if we take as the unit of momentum the mo- 
mentum of the unit of mass moving with the unit of 
velocity, the momentum of a mass M moving with velocity 
V is Mv. 

13. Change of Quantity of Motion, or Change of 

Momentum, is proportional to the mass moving and the 
change of its velocity jointly. If then the mass remains 
constant the change of momentum is measured by tlm 
product of the mass into the change of velocity ; and the 
rate of change of momentum^ or acceleration of momentum^ 
is measured by the product of the mass moving and the 
rate of change, of velocity, that is, by the product of the 
mass moving and the acceleration (Art. 8). Thus, calling 
Jf the mass, we have for the measure of the rate of change 
of momentum^ 


* This phrase was used by Newton in place of the more modern term “ Moment- 
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any t| 11 anti ties of the same kind ; that iSj, w{3 most take 
some known force as the unit of force, and then express, in 
iiiiinbers, the relation which the other forces bear to this 
measLiriiig unit. For example^, if one pound be the unit of 
force (Art. 15), a force of 12 pounds is expressed by 12; 
and so on. 


18. Representation of Forces by Symbols bmA 
Lines.-— If P. Q. R., etc., represent forces, they are iiiimbera 
expressing the number of times which the concrete unit of 
force is contained in the given forces. 

I^'^orces may be represented geometrically by right lines ; 
and this mode of representation has the advantage of giving 
the direction, magnitude, and point of application of eael 
force. Thus, draw a line 


in the direction of the given 


force; then, having selected a unit of length, such as an 


inch, a foot, etc., measure on this line as many units of 
length as the given force contains units of w’^eight. The 
magnitude of the force is represented by the measured 
length of the line ; iis direction by the direction in which 
the line is drawn; and ii^ point of applicaiion by the point 
from which the line is drawn.'^ 

Thus, let the force. Pact at the point fL .2 

A, in the direction AB, and let AB 


represent as many units of length as P contains units of 
force; then the force P is represented geometrically by 
the line AB; for the force acts in the direction from A 
to B; its point of application is at A, and its niagiiitnde is 
represented by the length of the line AB. 


19. Measure of Accelerating Forces.— From our 
dednitiou oi force (Art. 14), it is clear that, when a singk 


'1' Forces, velocities, and accelerations are directed gmidlih^. aiid s,, may im* 
represented by a line, in direction and mas^nitude, and may be Ui fha 

same way as metors. * 

If anything has magnitude and direction, the magnitude and direction taken 
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force acts upon a particle, perfectly free to move, it must 
produce motion ; and hence the force may . be represented 
to us by the motion it has produced. But motion is 
measured in terms of velocity (Art.’ 6), and consequently the 
velocity communicated to, or impressed upon, a particle, in 
a given time, may be taken as a measure of the force. 
That is, if the same particle moves along a right line Sv> 
that its velocity is increased at a constant rate, it will be 
acted upon by a constant force. If a certain constant force, 
acting for a second on a given particle, generate a velocity 
of 32.2 feet per second, a double force, acting for one 
second on the same particle, would generate a velocity of 
64.4 feet per second ; a triple force would generate a 
velocity of 96.6 feet per second, and so on. 

If the rate of increase of the velocity, {i. <?., the accelera- 
tion), of the particle is not uniform, the force acting on it 
is not uniform, and the magnitude of the force, at any 
point of the particle’s path, is measured by the acceleration 
of the particle at this point. Hence, since one and the 
same particle is capable of moving ivith all possible accelera- 
tions, all forces may he measured hy the velocities they 
generate in the same or equal particles in the same or equal 
times. When forces are so measured they are called 
Accelerating Forces, 

20. Kinetic or Absolute Measure of Force.^ — Let 

n equal particles be placed side by side, and let each of them 
be acted on uniformly for the same time, by the same force. 
Each particle, at the end of this time, will have the same 
velocity. Now if these n separate particles are all united so 
as to form a body of times the mass of each particle, and 
if each one of them is still acted on by the same force as 


* Arts. 20, 21, 32, and 25, treat of the Kinetic measure of force, and may bo 
omitted till Part III is reached ; hut H. is convenient to present them once for all, 
and, for me sake of reference and comparison, to place them with the Static 
measure of force at the beginning of the work. 
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l)efore, this body, at the end of the time considered^ will 
have tiie same velocity that each separate particle had, and 
will bo acted on by times the force which generated this 
velocity in the particle. Comparing a single particle, then, 
with the body whose mass is n times the mass of this 
[)article, we see that, to produce the same velocity in two 
bodies by forces acting on them for the same time, the 
magnitudes of the forces must be proportional to the 
masses on which they act/^ Hence, generally, since forch 
varies as the velocity when the mass is constant (Art. 19), 
and varies as the mass when the velocity is coiistanfc, tve 
have, by the ordinary law of proportion, when both are 
changed, force varies as the product of the mass acted upon 
and the velocity generated in agivSn time ; that is, it varies . 
as the quantity of motion (Art. 13) it produces in a given 
mass in a given time. If the force be variable, the rate of 
change of velocity is variable (ilrt. 19), and hence the force 
varies as the product of the mass on wliich it acts and the 
rate of change of velocity, i. it varies as the aceeleraiion 
of the momentum (Art. 13). Therefore, if any force F act 
on a mass if, we have 


P OC Mf% 

or, in the form of an equation 

P^hMf 


where is some constant. 

If the unit of force be taken as that force which, acting 
on the unit of mass for the unit of time, generates the unit 
of velocity, then if we put if equal to unity, ic., take the 
unit of mass, and / equal to unity, i c-, take the unit of 
acceleration, we must have the force producing the accel- 
eration equal to the unit of fprce, or P equal to unity. 


* Minclim’s Statics, p, 5, 
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Hence /fc must also be equal to unity, and we have the 
equation, 

p = (3) 

Therefore, i\\% Kinetic or Absolute measure of a force is 
the rate of change or acceleration'^' of momentum it produces 
in a unit of time. 

If the force is constant, (3) becomes by (1) of Art. 9, 



And if the force is variable, (3) becomes by (3) of Art. 9, 

H /T d^S / \ 

= ( 5 ) 

21. The Absolute or Kinetic Unit of Force.— 

A second, a foot, and a pound being the units of time, space, 
and mass, respectively (Arts. 6 and 11), we are required to 
find the corresponding unit of force that the above equation 
may be true. The unit of force is that force which^ acting 
for one second, on the mass of one poumd, generates in it a 
velocity of one foot per second, l^ow, from the results of 
numerous experiments, it has been ascertained that if a 
body, weighing one pound, fall freely for one second at the 
sea level, it will acquire a velocity of about 32.2 feet per 
second ; i, e,, a force equal to the weight of a pound, if 
acting on the mass of a pound, at the sea level, generates in 
it in one second, if free to move, a velocity of nearly 32,2 
feet per second. It follows, therefore, that a force of 

of the weight of a pound, if acting on the mass of 

a pound, at the sea level, generates in it in one second, if 
free to move, a velocity of cne foot per second ; and hence 


* See Tait and Steele’s Dynamics of a Particle, p, 4a. 
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the unit of force is of the weight of a pound," or rather 

less than the weight of half an ounce avoirdupois ; so that 
half an ounce, acting on the mass of a pound for one 
second, will give to it a velocity of one foot per second. 
This is the British ahsolide kinetic^ unit of force. 

In order that Eq. 3 (Art. 20) may be universally true 
when a second, a foot, and a pound are the units of time, 
space, and mass respectively, ail forces must be expressed in 
terms of this unit. 

22. Three Ways of Measuring Force.— (1.) If a 
force does not produce motion it is measured by the pres- 
sure it produces, or the number of pounds it will support 
(Art. 15). This is the measure of Static Foree^ and Us 
unit is the iveight of a pound, 

(2.) If we consider forces as always acting on a tmit of 
mass, and suppose that tljere are no forces acting in tlie 
opposite direction, then these forces will be measured 
simply by the velocities or accelerations which they generate 
in a given time. This is the measure of ARcelerating Force, 
and Us unit is that force %vhich, acting on the unit of ‘mass, 
during the unit of time, generate the miU of relocit/j; 
lienee (Art. 21), the unit of force is the force 'which, acting 
on one pound of mass for one second, generates a velocifg of 
one foot per second, 

(3.) If forces act on different masses, and produce motion 
in them, and we consider as before that there are no for(.?es 
acting in tlie opposite direction, then the forces are 'meas- 
ured hif the quantity of motion, or hy the acceleration of 
momentum generated m a unit of /{to (Art. 20). This is 
the measure of Moving Force, waH its unit (Art. 21) is the 
force which, acting on one pound of mass. for. one second, 
generates a velocity of one foot per second. 


* Introduced by Gauss. 
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It must be understood that when we speak «« static, 
accelerating, or moving forces, we do not re er to Memi ^ 
kinds of force, but only to force as measured in dilleient 

ways. 

23. Meaning of g in DynamicspThe 

taut case of a constant, or very nearly constant, force « 

so nearly constant for places near the earth s surface, that 
fel ng bodies may be taken as examples of motion undei a 
constant force. A stone, let fall from rest, moves at fiist 
veryllowly. During the first tenth of a second the velocity 
L very small. In one second the stone has acquired a 

tait Ceict velocity Ich a body wmild acquire m one 

second f Joracciimte method is indi- 

Te^rrmel The result of pei^nlum 

experiments made at Leith Fort, by Captain Katei is 
that the velocity acquired by a body falling uniesis e 
^me second is, at that place, 32.207 feet per second. Ihe 

■; velocity acquired in one second, or the 

Q\ rrf‘ hodv fallins: freely m vacuo, is fouud to va y 
!lio-htly with the latitude, and also with the elevation above 
t e sea level. In London it is 32.1889 feet per second. In 
atitul 45°, near Bordeaux, it is 32.1703 feet per second. 

This acceieration is usually denoted by^; and when we 

say that at any place , is equal to 32 we --that toe 
velocity generated per second in a bo y ^ nf 

iinder the action of gravity at that place - tr ^ 

32 feet per second. The average value of g for the who 
- - of Great Britain differs but little from 32.2 ; and Jence^ \ 

numerical value of that, country is taken to 

* A body issaidtoliemoving/iMii/whenitia aoteaupon by no forces except 

thnse imdeir consideration. 
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theory regarding the figure and density or the eartli, whieii 
may be employed to calculate the most probable value of 
the apparent force of gravity, is 

g z= Gr{l .005133 sin® A), 

where G is the apparent force of gravity on a unit mass ai 
the equator, and g the force of gravity in any latitude a.* 
the value of G, in terms of the British absolute unit, being 
32.088. (See Thomson and Tait, |). 226.) 

24. G-ravitatioii Units of Force and Mass.— If in 
(3) of Art. 20, we put for P, the weight IV of tlie body, 
and write g for / since we know the acceleration is^, (3) 
becomes 


be taken as the measure of the mass, 


and hence 


In gravitation measure forces are measured ig tite pres- 
sure they tvill ^produce, and the unit of force is one pound 
(Art. 15), and the unit of 7nass is the quantity of matter i}i 
a body which toeighs g pounds at that place tvhere the accel- 
eration of gravity is g. 

■ This definition gives a unit of mass which is constant at 
the same place, but changes with the locality ; L e., its weight 
changes with the locality while the quantity of matier in it 
remains the same. Thus, the unit of mass would weigh at 
Bordeaux 32.1703 pounds (Art. 23), while at Leith Fort it 
would weigh 32.207 pounds. Let m lie the mass of a body 
which weighs w pounds. The quantity of matter in tins 
body remains the same when "carried from l>la(*e to plac*t‘. 
If it were possible to transport it to another planet its mas'j 
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would not be altered, but its iveigU would be very diflcreut. 

Its weight wherever placed would vary directly as the lorce 
of o-ravity ; but the acceleration also would vary directly as 
the“force of gravity. H placed on the sun, for example, it 
would weigh about 28 times as much as on the surface ot 
the earth; but the acceleration on the sun would also be 
38 times as much as on the surface of the earth ; that is, 
the ratio of the Aveight to the acceleration, anywhere in 

the universe is constant, and hence — , which is the 

numerical value of m (Eq. 2), is constant for the same 

mass at all places. 

25. Compai'ison of Gravitation and Absolute 
Measure. — The pound Aveight has been long used tor the 
measurement of force instead of rmss, and is the recognized 
standard of reference. It came into general use because it 
afforded the most ready and simple method of estimating 
forces. The pressure of steam in a boiler is alivays reck- 
oned in pounds per square inch. The tension of a string is 
estimated in pounds ; the force necessary to draw a tram of 
cars or the pressure of water against a lock-gate, is 
expressed in pounds. Such expressions as «a force of 
10 Bounds,” or “ a pressure of steam equal to 50 pounds on 
the^inch,” are of every day occurrence. Therefore this 
method of measuring forces is eminently convenient in 
practice. Eor this reason, and because it is the one used 
by most engineers and writers of mechanics, we shall adopt 
it in this Avork, and adhere to the measurement of force by 
pounds, and give all our results in the usual gravitation 
measure. In this measure it is convenient to represent the 

mass of a body weighing W pounds by the fraction j 

(Art. 24), so that (3) of Art. 20 becomes 
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To do so it will only be -necessary to assume tlmt. the nnili 
of mass is tlie- quantity of matter in a body weighing // 
poiiiids, and changes in weight in the same proportion that 
r/ changes (Art. 24). 

Of course, the units of mass and force in (3). of Art. 20 
may be either absolute or gravitation units. If absolmte^ 
the unit of mass is one pound (Art. 11), and the unit of 

force is ~ pounds (Art. 21). If gravitation, tlie iiiiits are 

g times as great; i. e,, the unit of mass is g pounds (x4.rt 
24), and the unit of force is one pound (Art. 15). 

The advantage of the gravitation measure is, it enables us 
to express the force in pounds, and furnishes us with a con- 
stant numerical representative for the same quantity of 
matter; that is to say, a mass represented by 20 on tlie 
equator would be represented by 20, at the pole or on 
the siin. Hence, in (1), P is the staik measure of 
any moving force [Art. 22, (3)], W is the weight of the 
body in pounds, g the acceleration of gracUg (Art. 23), 
IjV 

— the mass upon which the force acts [(2) of Art. 24], and 

wlpcli is free to move under the acHon of P, the unit of 
mass being the mass weighing g pounds, and / the 
acceleration which the force P produces in the mass. 


EXAMP I- ES 

1. Com])are the velocities of two points -which }riove 
uniformly, one tlumigh 5 feet in half a second, and fin* 
other through 100 yards in a miruih*. Aus, As 2 is io 1. 

2. Oom])are the velocities of two poini-s which ^H)^e uni- 
formly, one through 720 feet in one minute, and the other 
through 34 yards in three-quarters of a second. 

A m, As fl is to 7. 

' t 

8. A railway train travels 100 miles in 2 Imtirs ; Iml 
the average velocity in feet per second. Ans. 


examples. 
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4. One point moves uniformly round the circumference 
nf a circle, while another point moves uniformly along 

the diameter ; compare their velocities. . . i 

Ans. As IT IS to 1. 

5. Supposing the earth to be a sphere 25000 miles in 
circumference, and turning round once in a day, deter- 
mine the velocity of a point at the equator. 

Ans. 152i'| ft; per sec. 

6. A body has described 50 feet from rest in 2 seconds, 
with uniform acceleration ; find the velocity acquired. 

Prom (5) of Art. 9 we have ^ 

/=35; 

and from (4) we have ft — v’, 

« = 50. 

7. Pind the time it will take the body in the last exam- 
ple to move over the next 150 feet. 


From (5) of Art. 9 we have 




etc. 


Ans. 2 seconds. 


8. A body, moving with uniform acceleration, describes 

63 feet in the fourth second ; find the acceleration. . 

Ans. 18. 

9. A body, with uniform acceleration, describes 72 feet 
while its velocity increases from 16 to 20 feet per second ; 
Hud the whole time of motion, and the acceleration. . 

Ans. 20 seconds ; 1. 

10. A body, in passing over 9 feet with uniform accelera- 
tion, has its velocity increased from 4 to 5 feet per secont^ , 
(ind the whole space described from rest, and the accelera- 

J.MS. 25 feet ; 
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11. A body, iinifonniy uccelerated, is foiiiic!. to l)e bioV’<^ 

ing at the end of 10 Beconds with a veloeity wliieli, if 
continued uniformly, would carry it through 45 miles in 
the next hour ; find the acceleration. Of. 

12. Find the mass of a straight wire or rod,^ the density 
of which varies directly as the distance from one end. 

Take the end of the rod as origin ; let a = its length ; 
let the distance of any point of it from that end = x ; 
and let co = the area of its transverse section, and k == the 
density at the unit’s distance from the origin. Then 

dV =. qdx\ and p = to; 
and (2) of Art. 11 becomes 

M ■=: J h<Ax dx = • 

13. Find the mass of a circular plate of uniform thick- 
ness, the density of which varies as the distance from the 
centre. 

Ans, where a is the radius, 1c the density at 

the unit’s distance, and 1i the thickness. 

14. Find the mass of a sphere, wdiose density varies 
inversely as the distance from the centre. 

Ans. 27Tpa% where » is the density of the outside stratimi. 


STATICS (REST). 


CHAPTER II. 


THE COMPOSITION AND RESOLUTION OF CONCUR- 
RING FORCES— CONDITIONS OF EQUILIBRIUM. 


26. Problem of Statics. —The primary conception of 
foroe is that of a cause of motion (Art. 14). If only one 
'force acts on a particle it is clear that the particle cannot 
remain at rest. In statics it is only the tendency which 
forces 'have to produce motion that is considered. There 
must be at least two forces in statics; and they are con- 
sidered as acting so as to counteract each other’s tendency 
to cause motion, thereby producing a state of equilibrium 
in the bodies to which they are applied. The forces which 
act upon a body may be in equilibrium, and yet iMtion 
exist; but in such cases the motion is uniform. Hence 
there are two kinds of equilibrium, the one relating to 
bodies at rest, the other relating to bodies in motion. The 
former is sometimes called Static Equilibrium and the lat- 
ter Kinetic (or Dynamic*) Equmbriiirn. The proUem of 
italics is to determine the conditions under which forces act 
when they heep hodies at rest. 

27. Concurring and Conspiring Forces.— Result- 
ant.— When several forces have a common point of appli- 
cation they are called concurring forces ; when they act at 
the same" point and along the same right line they are 

conspiring forces. . , . . x,- i 

The resultant of two or more forces is that force whicli 
singly will produce the same efEect as the forces them- 
selves when acting together.. The individual forces, when 
eoiisidered with reference to this resultant^ are ca ^ _ 


* Gregory's Mechanics, p. 14. 
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components. The process of finding the resultant of several 
Gdll^di the composition of forces, 

28 . Composition of Conspiring Forces. --Condi.^ 
tioii of Equilibrium. — When two or more conspiring 
forces act in the same direction, it is evident that the 
resultant force is equal to their sum, and acts in the ;Same 
direction. 

When tvro conspiring forces act in opposite directions 
their resultant force is equal to their difference, and. acts in 
the direction of the greater component. 

When several conspiring forces act in different directions 
the resultant of the forces acting in one direction equals 
the sum of these forces, and acts in the same direction ; 
and so of the forces acting in the opposite direction. 
Therefore, the resultant of all the forces is equal to the 
difference of these sums, and acts in the direction of the 
greater sum. Hence, if the forces acting in one direction 
are reckoned positive, and those in the opposite direction 
negative, their resultant is equal to their algebraic sum ; 
its sign determining the direction in which it acts. Thus, 
if Pg, P3, etc., are the conspiring forces, some of 
which may be positive and the others negative, and E ivS 
the resultant, we have 

R ■=. P ^ + P3 + stc. = SP, (1) 

in which S denotes the algebraic sum of the terms similar 
to that written immediately after it. 

Cor. —T he condition that the forces may be in equilib- 
rium is that their resultant, and therefore their algebraic 
sum, must vanish. Hence; when the forces a.re in equilib 
rium we must have P = 0 ; |lierefore (1) becomes 
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Fig.2 


29. Composition of Velocities .— // particle be 
moviag ivith tivo ivjiiforni velocities represented im 
magnitude and direction by the tivo adjacent sides 
of a parallelogram^ the resultant velocity will he 
represented^ in magnitude and direction by the 
diagonal of the parallelogram. 

Let the particle moye with a uniform 
velocity which acting alone will take 
it in one second from A to and with 
a uniform velocity v\ which acting 
alone will take it in one second from A 
to C ; at the end of one second the par- 
ticle will be found at and AD will represent in magni- 
tude and direction the resultant of the velocities represented 
by AB and AC. 

Suppose the particle to move uniformly along a straight 
tube which starts from AB, and moves uniformly parallel 
to itself with its extremity in AC. When the particle starts 
from A the tube is in the position AB. When the particle 
has moved over any part of AB, the end of the tube has 
moved over the same part of AC, and the particle is on the 

line AD. For example, let AM be the ^^th part of AB, and 

AN be the “tii part of AC ; while the particle moves from 

A to M, the end A with the tube AB will move from A to 
N, and tlie particle will be at P, the tube occupying the 
position NL, and PM being parallel and equal to AN. P 
can be proved to be on the diagonal AD as follows : 


AM : MP 


AB AO 


AB : AO (== BD) ; 


therefore P lies on the diagonal AD. Also since 
AM: AB AP:'AD, , 
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tlie resoltant velocity is uniform. Hence, the diagonal AD 
represents in magnitude and direction the resultant of the 
velocities represented by AB and AC. 

This proposition is known as the ParaUelogram of 
Velocities. 

30. Composition of Forces. — From the ParaUeh- 
gram of Velocities the Parallelogram of Forces follows 
immediately. Since two simultaneous velocities, AB and 
AO, of a particle, result in a single velocity, AD, and since 
these three velocities may be regarded as the measures of 
three separate forces all acting for the same time (Art. 19), 
it follow's that the effect produced on a particle by the com- 
bined action, for the same time, of two forces may be pro- 
duced by the action, for the same time, of a single force, 
which is therefore called the resultant of the other two 
forces; and these forces are represented in magnitude and 
direction by AB, AC, and AD. (See Miiichin, p. 7, also 
Garnetfs Dynamics, p. 10.) 

Hence if two concurring forces he represented in magni- 
tude and direction hy the adjacent sides of a parallelogram^ 
their resultant will be represented in magnitiide and direction 
by the diagonal of the parallelogram. Care must be taken 
in constructing the parallelogram of forces that the com- 
ponents both act from the angle of the parallelogram from 
which the diagonal is drawn. 

This proposition has been proved in various ways. It was enun- 
ciated in its present form by Sir Isaac Newton, and by Varignoii, the 
celebrated mathematician, in the year 1687, probably independent of 
each other. Since that time various proofs of it have been given by 
different mathematicians. One wwk gives a discussion, more or less 
complete, of 45 other proofs. A noted analytic proof is given by 
M. Poisson. (See Price's Cal., Vol. Ill, p. 19). Some authors object 
to proving the parallelogram of forces by means of the parallelogram 
of velocities. (See Gregory’s Mechapics, p. 14.) The student who 
wants other proofs is referred to Dnchayla’s proof as found in Tod- 
hunter’s Statics, p. 7, and in Galbraith’s Mechanics, p, 7, and in many 
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other works ; or to Laplace’s proof. (See Mecanique Celeste, Liv. I, 
chap. 1.) 

If d be the angle between the sides of the parallelogram, 
AB and AC (Fig. 2), and P and Q represent the two com- 
ponent forces acting at A, and Prepresent the resultant, 
AD, we have from trigonometry, 

P2 r= P2 + §2 -f. 2FQ cos B (1) 

an equation which gives the magnUude of the resultant of 
two forces in terms of the magnitudes of the two forces and 
the angle between their directions, the forces being repre- 
sented by two lines, both drawn from the point at which 
they act. 

Coe. — If 6 = 90°, and cc and 13 be the angles which the 
direction of P makes with the directions of P and we 
have from (1) 

R^=zP^+Q\ (2) 

Also cos a 

cos i3 

from which the magnitude and direction of the resultant 
are determined. . 

31. Triangle of Forces. — If three eonexirring 
forces he represeivtecl in inagniiude and direction 
by the sides of a triangle ^ tahen in order, they will 
he in equilihriuirv, 

A . B 

Let ABC be the triangle whose 
sides, taken in order, represent in 
magnitude and direction three forces 
applied at the point A. Complete 
2 
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fche parallelogram xiBCD. Then the forces,, AB and BG, 
applied at are expressed by AB and AD (since AD is 
equal and parallel to BG). But the resultant of, AB and 
AD is AC, acting in the direction AO. Therefore the three 
forces represented by AB, BO, and OA, are equivalent to 
two forces, AO and OA, the former acting from A towards 
0 and the latter from 0 towards A, which, being equal and 
opposite, will clearly balance each other. Therefore the 
three forces reprcvsented by AB, BO, and OA, acting at the 
point A, will be in equilibrium. 

It should be observed that though BO represents the 
magnitude and direction of the component, it is not in the 
line of its action, because the three forces act at the 
point A. 

The converse of this is also true ; viz.. If three concurring 
forces are in equilibrium, they may be represented in mag- 
nitude and direction by the sides of a triangle, drawn 
parallel respectively to the directions of the forces. 

Thus, if AB and BO represent two forces in magnitude 
and direction, AC will represent the resultant, and hence to 
produce equilibrium the resultant force AO must be opposed 
by an equal and opposite force 0x1. Therefore, the three 
forces in equilibrium will be represented by AB, BO, and 
OA. ' 

CoK,— When three concurring forces are in equilibrium, 
each is. equal and directly opposite to the resultant of tlie 
other two. 

32. Relations between Three Concurring Forces 
in Equilibrium. — Since the sides of a plane triangle are 
as the sines of the opposite angles, we have (Fig, 3) 

AB : BO (or AD) : AO : : sin AOB : >sin BAG : sin xlBO 
:: sin DxlC : sin BAG : sin BAD, 

Hence, calling P, and J?, the forces represented by AB, 
AD, and AC, and denoting the angles between the direc- 
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2 ? 


tioBS of tlie forces P and Q and and R and by 
A A A 


PQ^ QRy and RP^ respectively, we have 

P _ _ R 


A 

sill QR 


A 

sin RP 


A 

sin PQ 


( 1 ) 


Therefore, when three micurring forces are in eqmlihrkm 
they are respectively in the same proportion as the sines of 
the angles included hetiveen the directions of the other two. 


33. The Polygon of Forces.—// any number of 
GoncAirring forces he representedj in magnitude and 
direction by the sides of a closed polygon tahen in 
order, they ivill be in equilibrium. 

Let the forces be represented in Pb 
magnitude and direction by the lines 
AP,, APg, APg, AP 4 , APg. Take 
AB to represent AP^, through B draw 
BO equal and parallel to APg ; the 
resultant of the forces AB and BC, or 
APi and APg is represented by AC 
(Art, 31). Of course the force, BO, 
acts at A and is parallel to BO. ' Again through 0 draw OD 
equal and parallel to APg, the resultant of AO and CD, or 
APj, APg, and APg is AD. Also through D draw DE 
equal and parallel to AP 4 , the resultant of AD and DE, or 
AP^, APg, APg, and AP 4 is AE. Now if AB is equal and 
opposite to APg the system is in equilibrium (Art. 18). 
Hence the forces represented by AB, BO, OD, DE, EA 
will be in equilibrium. 

OoE. 1. — Any one side of the polygon represents in 
magnitude and direction the resultant of all the forces 
represented by the remaining sides. 

OoB. 2 .“-"If the lines representing the forces do not form 
a closed polygon the forces are not in equilibrium | in this 
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case tlie last side, AE, taken from A to E,, or that which is 
required to close up the polygon, represents in magnitude 
and direction the resultant of the system. 

34. Parallelepiped of Forces. — If three conewp- 
riivg forees, not in the same plane, are represented 
in magnitude and direction by the three edges of 
a parallelopiped, then the resultant will he repre- 
sented in magnitude and direction by the diag- 
onal; conversely, if the diagonal of a parallel- 
opiped represents a force, it is equivalent to three 
forces represented by the edges of the parallel- 
opiped. 

Let the three edges AB, AO, AD of the d»__ — ^ 
parallelopiped represent the three forces, 
applied at A. Then the resultant of the 
forces AB and AC is AE, the diagonal of 

the face ABOE; and the resultant of the b 

forces AE and AD is AF, the diagonal of 

the parallelogram ADFE. Hence AF represents the 

resultant of the three forces AB, AC, and AD. 

Conversely, the force, AF, is equivalent to the three 
components AB, AC^ and AD. 

Let P, Q, 8 represent the three forces AB, AC, AD ; P, 
the resultant; «, (3, y, the angles which the direction of R 
makes with the directions of P, Q, 8, and suppose the 
forces to act at right angles with each other. Then since 


AF^=: AB^ + A0' + AD^, 
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from which the magnitude and direction of the resultant 
are determined. 

EXAMPLES. 

1. Three forces of 5 Ihs., 3 lbs., and 2 ibs., respectiyely, 
act upon a point in the same direction, and two other forces 
of 8 lbs. and 9 lbs. act in the opposite direction. What 
single force will keep the point at rest? Ans. 7 lbs. 

2. Two forces of 5|- lbs. and 3-|- lbs., applied at a point, 
urge it in one direction ; and a force of 2 lbs., applied at 
the same point, urges it in the opposite direction. What 
additional force is necessary to preserve equilibrium ? 

Am. 7 lbs. 

3. If a force of 13 lbs. be represented by a line of 6| 
inches, what line will represent a force of 7|- lbs. ? 

Ans. 3| inches. 

4. Two forces whose magnitudes are as 3 to 4, acting on 
a point at right angles to each other, produce a resultant of 
20 lbs.; required the component forces. 

Ans. 12 lbs. and 16 lbs. 

5. Let ABO be a triangle, and D the middle point of 
the side BO. If the three forces represented in magnitude 
and direction by AB, AO, and AD, act upon the point A ; 
find the direction and magnitude of the resultant. 

Am. The direction is in the line AD, and the magni- 
tude is represented by 3AD. 

6. When P = Q and 6 = 60°, find i?. 

• Ans. E = P 

7. When P zzz Q and d :;= 135°, find E. 

Ans. B = pVa- 

8. When P = Q and d = 120°, find E. 

, Am.. M = P. 
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9. If P = Q, show that their resultant B = %P cos — 

10. If P = 8, and Q = 10, and B. = 60^ find P. 

Ann. B. = 2 VOl- 

11. If P = 144, R = 145, and 0 = 90", find (>. 

Ans, Q =: 17. 

12. Two forces of 4 lbs. and 3 \/% lbs. act at an angle of 
45", and a third force of V42 lbs, acts at right angles to 
their plaue at the same point ; find their resit! taut. 

Ans. 10 lbs. 

36. ResolntioB of Forces.— Py the resolution of forces 
is meant the imcess of finding the components of given forces. 
We have seen (Art. 30) that two concurring forces, P and 
Q ^ AB and AO, (Fig. 2) are equivalent to a single foi’ce 
R — AD ; it is evident then that the single force, P, acting 
along AD, can be rejfiaced by the two forces, P and (>, 
represented in magnitude and direction by two atjjaccnt 
sides of a parallelogram, of which AD is the diagoiiaL 

Since an infinite number of parallelograms, of each of 
wdiich AD is the diagonal, can be constructed, it follows 
that a single force, P, can be resolved into two other forces 
in an infinite number of ways. 

Also, each of the forces AB, AO, may be ri ‘Solved into 
two others, in a way similar to that by which AD was 
resolved into two ; and so‘on to any extent, lienee, u single 
force may be resolved into any number of forces, whose 
combined action is equivalent to the original force. 


Cob. — The most convenient compo- 
nents into which a force can be resolved ^ 
are those whose directions are at right 
angle>s to each other. 'Thus, Jet 0.r oL_L__ 
and OV be any two lines at right 
angles to each other, and P any force acting at 0 in t!ic 
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plane XOY* Then completing the rectangle OMPN wg 
find the components of F along the axes OX and OY to be 
OM and OiY, which denote by X and F. Then we have 
clearly 

F = P sin f ^ ^ 

where cc is the angle which the direction of P makes with 
OX These components X and F are called the rect- 
angular components. The rectangular component of a 
force, P, along a right line is P x cosine of angle between 
line and direction of P. 

In strictness, when we speak of the component of a given 
force along a certain line, it is necessary to mention the 
other line along which the other component acts. In this 
work, unless otherwise expressed, the component of a force 
along any line will be understood to be its redaxigtilar 
comf07ient; «?., the resolution will be made along this line 
and the line perpendicular to it. 


36. To find the Magnitude and Direction of the 
Resultant of any number of Concurring Forces in 
one Plane. — When there are several concurring forces, the 
condition of their equilibrium may be expressed as in 
Art. 33, Oors. 1 and 2. But in practice we obtain much 
simpler results by using the principle of the ResohiMon of 
Forces (Art. 35), than those given by the principle of 
Oompositmi of Forces. 

Let 0 be the point at which all 
the forces act. Through 0 draw the 
rectangular axes XX', FF'.^ Let 
P^, Pj>, Pg, etc., be the forces and xX 
fCg, etc., be the angles which 
tlieir directions make with the axis 
of 2 ;. .. . 

Now resolve each force inCo its two 
components along the axes otx and y. Then the com- 
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poiieiits along the axis of x (ie-componeiits) are (Art. 
35;, Cor.)^ Pj cos cc.^, cos P3 eos ^3,, etc.;, and. those 
along the axis of y are sin' P^ sin ^"3’ 

etc.; and therefore if X and X denote the algebraic sniii of 
the aj-components and ^-components respective! we have 

X = Pj cos cc^ -f P3 cos fCg + Pg cos «3 fete. | . 

= SP cos «, f ' ^ 

F = P^ sin rij -fPg sin tso + P3 sin ^3 +ete. ) 

=r I,P sin a, i ■' 

Let P be the resultant of all the forces acting at 0, and ^ 
the angle which it makes with the axis of x ; then resolving 
P into its x- and ^-components;, we have 

P cos ^ X =: hP COS | 

P sin 6 = F = I^P sin a. S 

•. = X2+ tan 0 = ^, 

which, determines the magnitude and direction of tlie 
resultant. 

ScH. — Eegarding OX and OF as positive and OX'^ and 
OF^ as negative as in Anal. Geom., we see that Ox^, Oy^, 
Oy^ are positive^ and Ox^, Ox^, Oy^ are negative. Lhe 
forces may always be considered as positive^. and hence the 
signs of the components in (1) and (2) will be the same as 
those of the trigonometric functions, dims, sifif'e is 
> 90° and < 180° its sine is positive and cosine is n(‘gaf ive: 
since is > 180° and < 270° both its sine and c*>siiie are 
negative. 

37. The Conditions of Eqnilibriniii for any iiiiinber 
of Concurring Forces in one Plane.— For the equilihrimn 
of the forces we must have P==:0. Hence (4) oT Art. no 
becomes 


(3) 

0) 


X2 4. ra = 0. 


(IJ 
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Now (1) cannot be satisfied so long as X and Y are real 
i^iiaiitities unless X =0, Y = .0 therefore, ■ 

X = cos fc = 0 and Y = 2P sin « = 0. (2) 

Hence these are the two necessary and sufficient conditions 
for the equilibrium of the forces; that is^ the algelraic sum 
of the rectangular components of the forces^ along each of 
two right lines at right angles to each other ^ in the ])lane of 
the forces, is equal to zero. As the conditions of equilibrium 
must be independent of the system of co-ordinate axes, it 
follows that, if any number of concurring forces in one 
plane are in equilibrium, the algebraic sum of the rectan- 
qular components of the forces along every right line in their 
plane is zero. 

EXAMPLES. 

1. Given four equal concurring forces whose directions 
are inclined to the axis of x at angles of 15°, 75°, 135°, 
and 225° ; determine the magnitude and direction of their 
resultant. 

Let each force be equal to P ; then 
X = P cos 15° + P cos 75° + P cos 135° + P cos 225° 

_ pYzi 

r = P sin 15° + P sin 75° + P sin 135° + P sin 225° 
= P(#. 

P = P(5-2V3)^- 

tan = -T 

3^-2 

2. Given two equal concurring forces, P, whose direc- 

tions are inclined to the axis*of x at angles of 30° and 315°; 
find their resultant. Ans. R == 1.59 P. 

2*' .'v, '■ ■ 
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3. Given three concniTiiig forces of 4_, ' anti 6 ibs.^ 

whose 'directions are inclined to the axis of x at angles of 
0°, 60°_, and 135° respectively ; find their resultant. 

Ans. i? = 1/97 + 15 V6 — 39 Vi 

4. Given three equal concurring forces, P, whose direc*^ 

tions are inclined to the axis of x at angles of 30°, 60°, and 
165° ; find their resultant. Am. R = 1.67 F. 

5. Given three concurring forces, 100, 50, and 200 lbs., 

whose directions are inclined to the axis of x at angles of 
0°, 60°, and 180° ; find the magnitude and direction of 
their resultant. Ans. R = 86.6 lbs.; 6 = 150°. 

38. To find tlie Magnitude and Direction of the 
Resultant of any number of Concurring Forces in 
Space. — Let P^, P3, etc., be the forces, and the 

whole be referred to a system of rectangular co-ordinates. A 
Let be the angles -wbich tlie direction of Pj 

makes with, three rectangulai* axes drawn through the point 
of application ; let /3g, be the angles which the direc- 
tion of Pg makes with the same axes; (3^, 73, the 
angles wbich Pg makes with the same axes, etc. Resolve 
these. forces along the co-ordinate axes (Art. 35) ; the coiiu 
ponents of P^ along the axes are P^ cos Pj cos f3^, 
cos 7j. Resolve each of the other forces in the same way, 
and lei A, 1, be the algebraic sums of the components 
of the forces along the axes of y, and z. respectively: 
then we have 1 j ? 

X = Pj cos 4- Pg cos «g -f- Pg cos ccg 4- etc. 

= SP cos a. 

Y =, Pj cos Pi + P2 cos /5g 4. Pg cos Pg 4- etc. 

= SPcos-/?. 

, Z z=z P^ cos 7j 4“ P 3 cos 7g + Pg cos jg 4* etc. 

= ^P cos y. 
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het R be the resultant of all the forces; and let the 
angles which its direction makes with the three axes be a, 
5, e ; then as the resolved parts of B along the three co-or- 
dinate axes are equal to the sum of the resolved parts of 
the several components along the same axes, we have 


B cos a = X, 

P cos & = F, B cos 6* =: Z, 

( 2 ) 

Squaring, and adding, 

we get 


^ = 

= X2 + F2 + 

( 3 ) 

X 


( 4 ) 

cos Ct i— , 

cos 0 = cos e = 


which determines the magnitude of the resultant of any 
system of forces in space and the angles its direction makes 
with three rectangular axes. 

39. The Conditions of Equilibrimn for any num- 
ber of Concurring Forces in Space.— If the forces are 
in equilibrium, i? = 0 ; therefore (3) of Art. 38 becomes 

But as every square is essentially positive, this cannot be 
unless X =0, X = 0, Z == 0 ; and therefore 

HP cos €c = 0, 2P cos j8 = 0, SP cos y = 0 ; (1) 

and these are the conditions among the forces that they 
may be in equilibrium ; that is, the sum of the components 
of the forces along each of the three co-ordinate axes is 



40. Tension of a String. — By the tension of a string 
is meant the pull along its fij^res which, at any point, tends 
to stretch or break the string. In the application of the 
preceding principles the string or cord is often used as a 
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means of commimicating force. 'A string is said to be per- 
fectly when any force, bovrerer small, which is 

applied otherwise than along tlie direction of the string, 
will change its form. In this work the string will be 
regarded as perfectly flexible, inextensible, and without 
weight. 

If such a string be kept in equilibrium by two forces, 
one at each end, it is clear that these forces must he equal 
and act in opposite directions, so that the string assumes 
the form of a straight line in the direction of the forces. 
In this case the tension of the string is the same through-^ 
out, and is measured by the force applied at one end ; and 
if It passes over a smooth peg, or over any number of 
smooth surfaces, its tension is the same at all of its points. 
If the string should be hnotted at any of its points to other 
strings, we must regard its continuity as broken, and the 
tension, in this case, will not be the same in the two por- 
tions which start from the knot. 
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1. A*" and B (Fig. 8) are two fixed 
points in a horizontal line ; at A is 
fastened a string of length h, wdth a 
smooth ring at its other extremity, 0, 
through which passes another string with 
one end fastened at B, the other end of 
which is attached to a given vreight W ; 
determine the position of C. 



it is required to 


Before setting about the solution of statical problems of 
this kind, the student will clear the ground before him, and 
greatly simplify his labor by asking himself the following 
questions: (1) What lines are there in the figure "whose 
lengths are already given ? (2) What forces are there 

W'hose magnitudes are already given, and what are the 
forces whose magnitudes are yet unknown ? (3) What 
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variable lines or angles in the figure would, if they were 
known, determine the required position of C ? 

Now in this problem, (1) the linear magnitudes which 
are given are the lines AB and AO. (2) The forces acting 
at the point 0 to keep it at rest are the weight W, a ten- 
sion in the string OB, and another tension in the string 
Cxi. Of these W is given, and so is the tension in 
OB, which must also be equal to W, since the ring is 
smooth and the tension therefore, of WOB is the same 
throughout and of course equal to W. But as yet there is 
nothing determined about the magnitude of the tension in 
OA. And (3) the angle of inclination of the string OA to 
the horizon would, if known, at once determine the posi- 
tion of C. For if this angle is known, we can draw AO of 
the given length; then joining C to B, the position of the 
system is completely known. 

Let AB =: AC = h, CAB = 0, CBA = 0, and the 
tension of the string AO == T. Then, for the equilibrium 
of the point C under the action of the three forces, W, W, 
and T, we apply (2) of Art. 37, and resolve the forces 
horizontally and vertically ; and equate those acting towards 
the right-hand to those acting towards the left ; and those 
acting upwards to those acting downwards. Then the 
horizontal and vertical forces are respectively 

W eos <p = Teas 0; 

W sin (j) + Tsin 0 = W* 

Eliminating T' we have . 

cos 0 = sin (0 + ^); 

20 + ^ = 90 ^ ( 1 ) 

Also, from trigonometry we have 

sin (0 4- , 

sin (j) ’ 


( 2 ) 
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from (1) and (2) 6 and (p may be found ; and therefore T 
may be found; and thus all the circumstances of the 
problem are determined. 

2. One end of a string is attached to 
a fixed point, A, (Fig. 9) ; the string, after 
passing o?er a smooth peg, B, sustains a 
given weight, P, at its other extremity, 
and to a given point, 0, in the string is 
knotted a given weight, W. Find the posi- 
tion of equilibrium. 

The entire length of the string, AOBP, is of no conse- 
quence, since it is clear that, once equilibrium is estab- 
lished, P might be suspended from a point at any distance 
whatever from B. The forces acting at the point, 0, are 
the given weight, W, the tension in the string, OB, which, 
since the peg is smooth, is P, and the tension in the string 
CA, which is unknown. 

Let AB = a, AC = b, CAB = 6, CBA = 0, and the 
tension of the string, AC = P. Then for the equilibrium 
of the point C, we have (Art. 32), 



P _ cos 6 
W ““ sin (6 + 0) ’ 

also, from the geometry of the figure, we have 

b sin (0 + = a sin 

Prom (1) and (2) we get 


( 1 ) 

m 


P _ ^ cos .0 
a sin (p’ 


■or 


• A ^ 


.% cos (p = 


Va^P^ . 


Jj2 ||A2 (3Qg2 0 


aP 
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Expanding sin (0 + 0) in (2), . and substituting in it these 
values of sin <!> and cos (p^ and reducing, we have the 
equation 


cos^ 0 — 


+ pf2 (^2 + 

2abW^ 


cos^ 6 + 


P^a 

2 



from which 0 may be found. (See Minchin’s Statics, 

p. 29.) 

3. If, ill the last example, the weight, F, instead of 
being knotted to the string at C, is suspended from a 
smooth ring which is at liberty to slide along the string, 
ACB, find the position of equilibrium. 

W 

Ans, sin 0 = — . 

41. Equilibrium of Concurring Forces on a 
Smooth Plane. — If a particle be kept at rest on a smooth 
surface, plane or curved, by the action of any number of 
forces applied to it, the resultant of these forces must be in 
the direction of the normal to the surface at the point 
where the particle is situated, and must be equivalent to 
the pressure which the surface sustains. For, if the 
resultant had any other direction it could be resolved into 
two components, one in the direction of the normal and t lie 
other ill the direction of a tangent ; the first of these would 
be opposed by the reaction of the surface; the second being 
unopposed, would cause the particle to move. Hence, we 
may dispense with the plane altogether, and regard its 
normal reaction as one of the forces by which the particle 
is kept at rest. Therefore if the particle on which the 
statical forces act be on a smooth plane surface, the case is 
the same as that treated in Art. 39, viz., equilibrium of a 
particle acted upon by any number of forces ; and in writ- 
ing down tlie equations of equilibrium, we merely liavc to 
include the normal reaction of the plane among all the 
others.: ' 
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1. A heavy particle is placed on a 
smooth inclined plane, AB, (Pig. 10), 
and is sustained by a force, P, which 
acts along AB in the vertical plane 
which is at right angles to AB ; find 
P, and also the pressure on the in- 
clined plane. 

The only effect of the inclined plane is to produce a' 
normal reaction, P, on the particle. Hence if we intro- 
duce this force, we may imagine the plane removed. 

Let ]¥ be the weight of the particle, and a the inclina- 
tion of the plane to the horizon. 

Eesolving the forces along, and perpendicular to AB, 
since the lines along which forces may be resolved are 
arbitrary (Art. B7), we have successively, 

P — W sin « = 0, or P = W sin « ; 
and R — IF cos «: = 0, or P = W cos u. 

If, for example, the weight of the particle is 4 oz., and 
the incliiiatioii of the plane 30°, there will be a normal 
pressure of 2 V3 oz. on the plane, and the force, P, will 
be 2 oz. 

2. In the previous example, if P act horizontally, find 
its magnitude, and also that of P. 

Eesolving along AB and perpendicular to it, we have 
successively, 

P cos « — hF sin « 0, or P = If tan « : 
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B. If the particle is sustained by a force^ P, making a 
given aiiglcy with the inclined plane^ find the magnitude 
of this force, and of the pressure on the plane, all the forces 
acting in the same vertical plane. 

Eesolving along and perpendicular to the plane succes- 
sively, we have 

P cos B — IF sin « =: 0, 
and P P sin 0 •— IF cos a = 0, 

from which we obtain 

. COS cos B 

Eem. — T he advantage of a judicious selection of direc- 
tions for the resolution of the forces is evident. By resolv- 
’*1 ing at right angles to one of the unknown forces, we 
obtain an equation free from that force; whereas if the 
directions are selected at random, all of the forces will 
enter each equation, which will make the solution less 
simple. 

The student will observe that these values of P and R 
could have been obtained at once, without resolution, by 
„ ■ Art 32. , 

42. Conditions of Equilibrinm for any number of 
Concurring Forces when the particle on which they 
act is Constrained to Remain on a G-iven Smooth 

Surface. —If a particle be kept at rest on a smooth sur- 
face by the action of any number of forces applied to it, 
the resultant of these forces must be in the direction of the 
normal to the surface at the point where the particle is 
situated, and must be equivalent to the pressure which the 
surface sustains (Art. 41). Hence since the resultant is in 
the direction of the normal, and is destroyed by the reac- 
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tion of the surface^ we may regard this reaction, as 

additional force directly opposed to the normal force. 

Let iV^be the normal reaction of the surface, and «, 0, y, 
the angles which N makes with the co-ordinate axes of .r, 
y, and respectively. Let X, Y, Z, be the sum of the 
components of all the other forces resolved parallel to the 
three axes respectively. The reaction N may be considered 
a new force, which, with the other forces, keeps the parti- 
cle in equilibrium. Therefore, resolving N parallel to the 
three axes, we have (Art. 39), 


X + ^ COS « = 0/ 
Y JSf oos 0 =z 0, 
^ + X COS y = d. 


( 1 ) 


Let u ^ f (Xy y, z) = 0, be the equation of the given 
surface, and x, y, z the co-ordinates of the particle to 
which the forces are applied. We have (Anal. Geom., 
Art. 175), 


cos a = 

a \ 


Va'^ + + 1 ’ 1 

COS 0 = 

V [ 


Va'^ + b'^ + 17 

cos y = 

1 1 

+ SMTiY 




where a' and V are the tangents of the angles which the 
projections of Gie normal, iV, on the co-ordinate planes .rs; 
and yz make with the axis of Since the normal is per- 
pendicular to the plane tangent to the surface at (a;, «, 2 ), 
the projections of the normal are perpendicular to the 
traces of the plane. Therefore (Anal. Geom., Art. 27 
Cor. 1), we have 




a 

dx f dx* 

~ Tz’ “ ” 

1 - 

dy 
■ dz’ 

(Calculus^ 

Art. o6a.) Substituting in 


dx 

dx^ 

= 0: 



dz’ 

and 

1 + ^. 

^ dz 

dy’ 

' d£ 

= 0: 


d^’ 


from which 


dod 

dz 

dx 

dz' ~ 

ii 

1 

du 



dz 



du 

dy' 

dz 

- IL 

dd ~ 

~dy~ 

du 


6 '. 


Substituting these values of al and V in (3) and 
ing both terms of the fraction by we have 





oojvDmoirs oip BtimLiBRum. 


rtfch|,e the value, ottk. di«li„n o«™ „(th, 


X=: 


. ^ 


dx 


du 

dy 


dll 

dz 


which express the conditions tl,«f 

applied forces and their directions™” 

resultant may be normal to tbA * f ^heir 

b. eqmlibrii, ™hl t“ ’• ‘bm m«J 

on a given surface, at which a iWv *' 

action of given forces wiU rest in f «nder the 

at which equations (11) are in equilibrium, is the point 

Coe. 1.- 

get 


(? <%* 


/; = 




the two MeTendem Jqu^^^^^ 


we 


( 10 ) 

obtain 
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wliich is the value of the normal resistance of the surface 
\ and is precisely the same as the resultant of the acting 
forces,' as it clearly should be ; but this resistance must act 
in the direction opposite to that of the resultant. 

OoR. 2. — Multiplying (8), (9), (10) by dx^ dy^ d%^ respec^ 
tively, and adding, and remembering that the total differ- 
ential of = 0 is zero, we get 

Xdx + Ydy + Zd% = 0, (13) 

wdiicli is an equation of condition for equilibrium. If (13) 
cannot be satisfied at any point of the surface, equilibrium 
is impossible. 

Cor. 3. — If the forces all act in one plane, the surface 
becomes a plane curve ; let this curve be in the plane xy, 
then ^ = 0; therefore (11) and (13) become 

dx dy 




and Xdx + Ydy = 0, (15) 

in which (14) or (15) may be used according as the equation 
of the curve is given as an implicit or explicit function. 


EXAMPLES. 

1. A particle is placed on the surface of an ellipsoid, and 
is acted on by attracting forces which vary directly as the 
distance of the particle from the principal planes*^' of sec- 
tion ; it is required to determine the position of equilibrium. 

Let the. equation of the ellipsoid be 

u=f(x,y,z) = = 


* Places of zx* 
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du __ 2a; dii __ 2y du _ 
dx ’ dy ”” ^ dz ^ 

/Hid let the x-^ y-, and 5 ;-componeiits of the forces he 
respectively^ 

X = — - F = — F = — • u^z ; 

then (11) will give 

which may be put in the form 

__ __ ‘^'3 _ 

cr^ 0-2 

If these conditions are fulfilled, the particle will rest at all 
points of the surface. 

2. Again, take the same surface, and let the forces vary 
inversely as the distances of tlie point from the principal 
planes; it is required to determine the position of equili- 
brium. 

Here X=-^, Z=-V^-, 

x' y ' z 

therefore (11) becomes 

^ ^ 

^ _ Z — 1 _.i 

% ~ + Wg + 

by putting u for 



MXAMPLEB. 




which in (12) giYCS 


= 






■+• ^2 ■+* 



3, A particle is placed inside a smooth sphere on the con- 
cave surface, and is acted on by gravity and by a repulsive 
force which varies inversely as the square of the distance 
from the lowest point of the sphere; find the position of 
equilibrium of the particle. 

Let the lowest point of the sphere be taken for the origin 
of co-ordinates, and let the axis of be vertical, and posi- 
tive upwards; then the equation of the sphere, whose 
radius is is 

-2)2 q- ^2 q- ^2 _ 2az = 0. 

Let W = the weight of the particle, and r = the distance 
of it from the lowest point ; then 

:= = 2az. 

Also, let the repulsive force at the unit’s distance = w 5 
then at the distance r it will be 

“ ~ 2az^ 


»** .AT f 

%az r 


Y\=z — 

2az * r’ 
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Let y ™ tlie normal pressure of the curve ; then (8) and 
(10) give 


mz 


a 

% — a 


A . ? _ If 4- N — ■ 

%az r a 


from, whicli we have 


iia ^ 

W' 




whence the position of the particle is known for a given 
weight, and for a given value of zi. (See Price’s Anal. 
Mechanics, VoL I, p. 39.) 

4. Two weights, jP and Q, are fastened to the ends of a 
string, (Fig, 11), which passes over a pulley, 0 ; and Q 
hangs freely when F rests on a plane curve, AP, in a 
vertical plane ; it is required to find the position of equili- 
brium when the curve is given. 

The forces which act on P are (1) the 
tension of the string in the line OP, which 
is equal to the weight of (2) the weight 
of P acting vertically downwards, (3) the 
normal reaction of the curve E, 

Let 0 be the origin of co-ordinates, and 
the axis of x vertical and positive down- 
wards. Let OM = X, MP = OP = r, 

POM = 6>, OA = a. Then, ' 





Fia.ii 


X = P - <2 cos 0 — 


ds^ 


A/'t* 

r=-e.m9 + 2g! 
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But since 


wiiicli is the condition that must be satisn^hyv-J^'’^^^ and 
the equation of the curve. 

5. Eequired the equation of the curve, on all points of 
which P will rest. 

Integrating (1) of Ex. 4, we have 


But since P is to rest at all points of the curve, this equa- 
tion must be satisfied when P is at A, from which we get 
X — r = a; therefore (1) becomes 


which in (1) gives 


which is the equation of a conic section, of which the focus 
IS at the pole 0 ; and is an ellipse, parabola, or hyperbola, 
according as P <, =, or > Q» 


i 


1 
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E X A M P. L E S . 

1. Two forces of 10 and 20- lbs. act. on a ■particle at an 

angle of 60'' ; find the resultant. Ans, 26.5 lbs. 

2. The resultant of two forces is 10 lbs. ; one of the 
forces is 8 lbs., and the other is inclined to the resultant at 
an angle of 36°. ' Find it^ and also find the' angle between 
the two forces. (There are two solutions, this being the 
ambiguous case in the solution of a triangle.) 

Am. Force is 2.66 lbs., or 13.52 lbs. Angle is 47° 17' 
05", or 132° 42' 55", 

3. A point is kept at rest by forces of 6, 8, 11 lbs. 
Find the angle between the forces 6 and 8. 

Ans. 77° 21' 52". 

4. The directions of two forces acting at a point are 
inclined to each other (1) at an angle of 60°, (2) at an 
angle of 120°, and the respective resultants are as 
V7 : V3 ; compare the magnitude of the forces. 

Ans. 2 : 1. 

5. Three posts are placed in the ground so as to form an 
equilateral triangle, and an elastic string is stretched round 

.them, the tension of which is 6 lbs.; find the pressure on 
eaelipost. Am. 6 Vs. 

6. The angle between two nnknown forces is 37°, and 

their resultant divides this angle into 31° and 6° ; find the 
ratio of the component forces. Ans. 4.927: 1. 

J 7, If two equal rafters support a w^eight, If, at their 

upper ends, required the compression on eaeli. Loi, the 

length of each rafter be a, and the horizontal distance 

between their lower ends be 5." . u IV 

Ans, - • 
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8. Three forces act at a point, and include angles of 
90"''' and 45"". The first two forces are each equal to %P, 
and the resultant of them all is VlOP; find the third 

force. Ans. P VS- 

9, Find the magnitude, R, and direction, 6, of the 
resultant of the three forces, = 30 lbs., Pg = 70 lbs., 




50 lbs., the 


angle 


being 56% and between 


included between P^ and Pg 
Pg and P3 104°. (It is generally 
convenient to take the action line of one of the forces for 
the axis of 0?. ) 

Let the axis of x coincide with the direction of Pj; then 
(Art. 36), we have 

X = 22.16 ; Y = 75.13 ; R = 78.33 ; 6 := 73° 347 

10. Three forces of 10 lbs. each act at the same point ; 
the second makes an angle of 30° with the first, and the 
third makes an angle of 60° with the second ; find the 
magnitude of the resultant. • Ans. 24 lbs., nearly. 

/ 11. If three forces of 99, 100, and 101 units respectively, 
act on a point at angles of 120°; find the magnitude of 
their resultant, and its inclination to the force of 100. 

Ans. V3; 90°. 

12. A block of 800 lbs. is so situated that it receives 
from the water a pressure of 400 lbs. in a south direction, 
and a pressure from the wind of 100 lbs. in a westerly 
direction ; required the magnitude of the resultant pres- 
sure, and its direction with the vertical. 

Ans. 900 lbs.; 27° 167 

13. A weight of 40 lbs. is supported by two strings, one 
of which makes an angle of 30° with the vertical, the other 
45°; find the tension in each string. 

Ans. 20 {V& - V2) ; 40 (^3 — 1). 
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/ 14 . Two forces, F and F\ acting along the diagonals ol 
a parallelogram, keep it at rest in such a position tliat one 
of its sides is horizontal; show tliat 

F sec cc' z=z F' sec a = W cosec {cc + os'), 

where If is the weight of the parallelogram, and « and « 
the angles between the diagonals and the horizontal side. 

15. Two persons pull a heavy weight by ropes inclined 
to the horizon at angles of 60“ and 30“ with forces of 
160 lbs. and 200 lbs. The angle between the two vertical 
planes of the ropes is 30“ ; find the single horizontal force 
that would produce the same effect. Ans, 245.8 lbs. 


iil® 


r 



16. Ill order to raise vertically a heavy weight by means 
of a rope passing over a fixed pulley, three workmen pull at 
the end of the rope with forces of 40 lbs., 50 lbs. , and 
100 lbs. ; the directions of these forces being inclined to 
the horizon at an angle of 60“. What is the magnitude of 
the resultant force which tends directly to raise the w^eiglit ? 

A71S. 164.54 lbs. 

17. Three persons pull a heavy weight by cords inclined 
to the horizon at an angle of 60“, with forces of 100, 120, 
and 140 lbs. The three vertical planes of the cords are 
inclined to each other at angles of 30“ ; find the single 
horizontal force that would produce the same effect. 

Ans. 10 ^145 + 73 a/ 3 lbs. 

yT8. Two forces, F and Q, acting respectively parallel to 
the base and length of an inclined plane, will each singly 
sustain on it a particle of weight. If; to determine the 
WTUght of If. 


Let « 


inclination of the plane to the horizon ; then 
the plane, so that the normal 


V- 


£;XAM.PL£/S. 


m 


P COS « 


|'Fsin«; Q = 

PQ 


W sin < 


W: 


(P3_<23)i 

A cord 'whose length is '21, is fastened at A and B, in 
the same horizontal line^ at a distance from each other 
equal to 2 ( 1 ; and a smooth ring upon the cord sustains a 
..weight IF; find the tension of the cord. 

Wl 


Alls. T: 


2 


20. A heavy particle, whose weight is PF, is sustained on 
a smooth inclined plane by three forces applied to it, each 

li W ' 

equal to — ; one acts vertically upward, another horizon- 
o 

tally, and the third along the plane ; find the inclination. 


a, of the plane. 4 


Alii, tan - 
2 


21. A body whose weight is 10 lbs. is supported on a 

smooth inclined plane by a force of 2 lbs. acting along the 
plane, and a horizontal force of 5 lbs. Find the inclination 
of the plane. Ans. sin^^ f. 

22. A body is sustained on a smooth inclined plane (in- 

clination a) by a force, P, acting along the plane, and a 
horizontal force, Q. When the inclination is halved, and 
the forces, P and §, each halved, the body is still observed 
to rest ; find the ratio of F to Q. P 

xjL /2o« 

y 

23. Two weights, P and Q, (Fig. 12), rest 
on a smooth double-inclined plane, and are 
attached to the extremities of a string 
which passes over a smooth peg, 0, at a 
point vertically over the intersection of the 
planes, the peg and the weights being in a 


= 2 cos^ -j* 
, 4 
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vertical plane. Find the position of equilibriura, if i =-• the 
length 01 the string and h = GO. 

Ans.. The position of equilibrium is given by the equa-» 

tions ^ ^ , 

p sin « ^ sinjS 

^ cos ^ ^ cos ^ ’ 


cos eg 
sin 6 


+ 


cos j3 _ 
sin ^ 7 




26. Two weights, F and Q, (Fig. 13), 
rest on the concave side of a parabola 
whose axis is horizontal, and are con- 
nected by a string, length I, which 
passes over a smooth peg at the focus, F. 
Find the position of equilibriain. 

At?^!, Let 0 = the angle which FF 


cot 0 


P-Q 

PA-Q 


tan cc. 


24. Two weights, P and Q, connected by a string, 
length I, rest on the convex side of a smooth vertical 
circle, radius a. Find the position of equilibrium, and 
show that the heavier weigiit will be higher up on the 
circle than the lighter, the radius of the circle drawn to P 
making an angle Q with the vertical diameter. 

Ans. P sin & ^ ^ sin 


25. Two weigiits, P and Q, connected directly by a 
string of given length, rest on the convex side of a smooth 
vertical circle, the string forming a chord of the circle ; 
find the position of equilibrium. 

Am. If %a is the angle subtended at the centre of the 
circle by the string, the inclination, i9, of the string to the 
vertical is given by the equation 
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makes with the axis, and 4??^ = the latns rectum of the 
parabola, : then , ' '■ 

Q 

cot - = - "—r z 

^ Vm (i^ 4- Q^) 

27. A particle is placed on the convex side of a smooth 
ellipse, and is acted upon by two forces, F and jP', towards 
the foci, and a force, towards the centre. Find the 
position of equilibrium. 

Ti 

Ana, r = — , where r = the distance of the par- 

Vl — 

tide from the centre of the ellipse ; h = semi-minor axis, 


28. Let the curve, (Fig. 11), be a circle in which the 
origin and pulley are at a distance, a, above the centre of 
the circle ; to determine the position of equilibrium. 

Q 

Ans. r = 


29. Let the curve, (Fig. 11), be a hyperbola in which the 
origin and pulley are at the centre, 0, the transverse axis 
being vertical ; to determine the position of equililniura. 


Ans. X = 


bP 
I (Pa - 


30. A particle, P, is acted upon by two forces towards 

two fixed points, S and //, these forces being ^ and 

respectively ; prove that P will rest at all points inside a 
smooth tube in the form of a curve whose equation is SP. 
PH = k% h being a constant. 


31. Two weights, P and Q, connected by a string, rest 
on the convex side of a smooth cycloid. Find the position 
of equilibrium. 
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Ans. If Z = the length of the striiig, and a = raditis of 
generating circle, the position of equilibrium is defined by 
the equation 

. e _ Q i 

2 ~ i" + 6 ’ 4a’ 

where B is the angle between the vertical and the radius to 
the point on the generating circle which cori'esponds to P. 

32. Two weights, P and rest on the convex side of a 
smooth vertical circle, and are connected by a string which 
passes over a smooth peg vertically over the centre of the 
circle ; find the position of equilibrium. 

" A ns. Let = the distance between the peg, P, and the 
centre of the circle ; B and (p = the angles made with the 
vertical by the radii to P and Q, respectively ; a and 13 = 
the angles made with the tangents to the ciixde at P and 
Q by the portions FB and QB of the string ; I length 
of the string ; then 

B ^sin (p 

cos « ^cos (3^ 

y /sin B sin (p\ 

1 ri -3 I 

\cos cc cos 13/ 
li cos cos 

h cos {(p j3) a cos 13^ 


CHAPTER III. 


COMPOSITION AND RESOLUTION OF FORCES ACTING 
ON A RIGID BODY. 

43. A Rigid Body. — In tlie last chapter we considered 
the action of forces which have a common point of applica- 
tion. We shall now consider the action of forces which are 
applied at different points of a rigid body. 

J. rigid body is one in which the particles retain inyari- 
ahle positions with respect to one another, so that no 
external force can alter them. Now, as a matter of fact, 
there is no such thing in nature as a body that is perfectly 
rigid; every body yields more or less to the forces which 
act on it. If, then, in any case, the body is altered or com- 
pressed appreciably, we shall suppose that it has assumed 
its figure of equilibrium, and then consider the points of 
application of the forces as a system of invariable form. 
The term body in this work means rigid body. 

44. Transmissibility of Force.— When a force acts 
at a definite point of a body and along a definite line, the 
effect of the force will be unchanged at whatever point of 
its direction we suppose it applied, provided this point be 
either one of the points of the body, or be invariably con- 
nected with the body. This principle is called the trans- 
vnssibiUty of a force to any pomt in its line of action. 

Now two equal forces acting on a particle in the same 
line and in opposite directions neutralize each other (Art. 
16) ; so by this principle two equal forces acting in the 
same line and in opposite directions at any points of a 
rigid body in that line ueutralize each other. Hence it is 
clear that when many forces are acting on a rigid liody, 
any two, which are equal and have the same line of action 
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and act in opposite directions^, may be oniitted^, and also 
that two equal forces along the same line of action and in 
opposite directions, may be introduced without changing 
the circumstances of the system. 



=** Miiwjhin’B Statics, p. 85. 


45. Resultant of Two Parallel 
Porce3.^^— (1) Let F and Q, (Fig, 

14), be the two parallel forces acting 
at the points A and B, in the same 
direction, on a rigid body. It is re- 
quired to find the resultant of P 
and Q, 

At A and B introduce two equal 
and opposite forces, F, The introduction of these forces 
will not disturb the action of F and Q (Art. 44). Pand F 
at A are equivalent to a single force, A, and Q and P at B 
are equivalent to a single force, S. Then let E and S be 
supposed to act at 0, the point of intersection of their lines 
of action. At this point let them be resolved into their 
components, P, P, and Q, F, respectively. The two forces, i 

P, at 0, neutralize each other, while the components, P 
and Qf act in the line OG, parallel to their lines of action 
at A and B. Hence the magnitude of the resultant is 
P 4* ft ^d). To find the point, G, in which its line 
of action cuts AB, let the extremities of Pand R (acting at 
A) be joined, and complete the parallelogram. Then the ' 

triangle PAR is evidently similar to GOA ; therefore, 

P GO g GO 

similarly 

• • ■•..'I 

therefoi’e, by dmsion, 

Q ~0A^ Jjy 1 



f 

0 .F 

b/^ 



n 

4 

p|-4r 


Pig. 14 
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(2) Mnien the forces act in opjiosUe directions . — At A and 
B, (Fig 15), apply two equal and opposite forces F, as 
before^ and let II, the resultant of P 
and P, and 8, the resultant of Q and 
F, be transferred to 0, their point of 
intersection. If at 0 the forces, R 
and 8^ are decomposed into their 
original components, the two forces, 

F, destroy each other, the force, P, 
will act in the direction G-0 parallel to the direction of 
P and Q, and the force Q will act in the direction OG. 
Hence the resultant is a force = P — Q, acting in the line 
G-0. To find the point G, we have, from the similar 
triangles, PAE and OGA, 



P GO , Q GO 
F=QA’^^^F=-QB’ 

P_ GJ 
Q-^GA 


( 2 ) 


Hence the residtant of tioo parallel forces, acting in the 
same or opposite directions, at the extremities of a rigid 
right line, is parallel to the components, equal to their 
algelraic smn, and divides the line or the line produced, 
into two segments which are inversely as the forces. 


In both cases we have the equation 


P X GA = a X GB. (3) 


Hence the following theorem : 


If from a point on the resultant of two parallel forces a 
right line be drawn meeting the forces, whether perpendicu- 
larly or not, the products obtained by multiplying each force 
by its distance from the resultant, measured along the arbi- 
trary line, are equal, , 


SoH. — The point G possesses this remarkable property; 
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that, however P and ^ are turned abont their points of 
application, A and Bp their directions remaining parallel, 
G, determined as above, remains fixed. This point is in 
consequence called ih:Q ce^itre of the parallel forces, P 
and Q. 

46. Moment of a Force. —TOe moment of a force loith 
respect to a point is the product of the force and the perpen- 
dicular let fall on its line of action from, the point. The 
moment of a force measures its tendency to produce rota- 
tion about a fixed point or fixed axis. 

Thus let a force, P, (Fig. 16), act on 
a rigid body in the plane of the paper, 
and let an axis perpendicular to this 
plane pass through the body at any 
point, 0. It is clear that the effect of 
the force will be to turn the body round this axis (the axis 
being supposed to be fixed), and the turning effect will 
depend on the magnitude of the force, P, and the perpen- 
dicular distance, p, of P from 0. If P passes through 0, 
it is evident that no rotation of the body round 0 can take 
place, whatever be the magnitude of P; while if P 
vanishes, no rotation will take place however great p may 
be. Hence, the measure of the power of the force to 
produce rotation may be represented by the product 

P • p, 

and this product has received the special name of Moment 

The unit of force being a pound and the unit of length a 
foot, the unit of moment will evidently be ^ foot-pound. 

The point 0 is called the origin of moments, and may or 
may not be chosen to coincide with the origin of co- 
ordinates. The solution of problems is often greatly sim- 
plified by a proper selection of the origin of moments. Tlie 
perpendicular from the origin of moments to the action lino 
of the force is called the arm of the force. 
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47. Sigas of Moments.—-A force may tend to turn a 
body about a point or about an axis, in either of two direc- 
tions; if one be regarded as posiiive the other must be 
negative; and hence we distinguish between jjositive dJiidi 
negative iiioments. For the sake of uniformity the moment 
of a force is said to be negative Nhon it tends^to turn a body 
from left to right, i. in the direction in which the hands 
of a clock move; and positive when it tends to turn the 
body from right to left, or opposite the direction in which 
the hands of a clock move. 

48. Greometric Representation of the Moment of 
a Force with respect to a Point. — Let the line AB 
(Fig. 16), represent the force, P, in magnitude and direc- 
tion, and p the perpendicular 00 ; then the moment of P 
with respect to 0 is AB xp (Art. 46). But. this is double 
the area of the triangle AOB. Hence, the moment of a force 
ivith respect to a point is geometrically represented by double 
the area of the triangle whose base is the line representing 
the force in magniUide mid direction, and whose vertex is 
the given point* 

49. Case of Two Equal and Opposite Parallel 

Forces. — If the forces, P and Q, m Art. 45, (Fig. 15) are 
equal, the equation 

P X GA = e X GB 

gives GA =: GB, which is true only when G is at infinity 
on AB ; also the resultant, P—Q, is equal to zero. Such a 
system is called a 

A Oouple coitsists of two equal and opposite parallel forces 
acting on a rigid body at a finite distance from each other. 

We shall investigate the'^laws of the composition and 
resolution of couples, since to these the composition and 
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resolution of forces of every kind acting on a rigid bodj 
may be reduced. 

50. Moment of a Couple. — Let 0 
(Pig. 17) be any point in the plane of the 
couple; let fall the perpendiculars O^r/ 
and Oh on the action lines of the forces 
P. Then if 0 is inside the lines of action 
of the forces, both forces tend to produce 
rotation round 0 in the same direction^ and therefore the 
sum of their moments is equal to 


,p 


a 0 1 

d 

FsgJ7 



P {Oa + Oh), OY P X ah 

If the point chosen is O', the sum of the moments is 
evidently 

P (O'a —• 0'Z>), or P X ah, 


which is the same as before. Hence the moment of the 
couple with respect to all points in its plane is constant. 

The Ann of a couple is the perpendicular distance 
between the two forces of the couple. 

The Moment of a couple is the product of the arm and 
one of the forces. 

The Axis of a couple is a right line drawn from any 
chosen point perj^endicular to the plane of the couple, and 
of such length as to represent the magnitude of the mo- 
ment, and in such direction as to indicate the diretdion in 
which the cou})le tends to turn. 

As the motion, in Statics is only virtual, and not acfuah 
the direction of the axis is fixed, but not the y?o.S'?7/Vo/ of it; 
it may be any line perpendicular to the plane of the eoupie, 
iind may be drawm as follow^,; imagine a w^atch planed in 
the plane in which several couples act. 'Fhen let the ax(‘S 
of those couples which tend to produce rotation in the 
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directioji of the motion of the hands be drawn dxrwnward 
through the back of the watch^ and the axes of those whicli 
tend to produce the contrary rotation be drawn upward 
through the face of the watch. Thus each couple is com- 
pletely represented by its axis, which is drawn upward or 
downward according as the moment of the couple is })osi- 
tive or negatiye ; and couples are to be resolved and 
compounded by the same geometric constructions performed 
with reference to their axes as forces or velocities, wdth 
reference to the lines which directly represent them. 

We shall now give three propositions showing that the 
effect of a couple is not altered when certain changes are 
made with respect to the couple. 

61 . The Effect of a Couple oiv a Rigid Body is not 
altered if the ainn be turned through any angle 
about one extremity in the plane of the Couple, 

Let the plane of the paper be the p 

plane of the couple, AB the arm of / 

the original couple, AB' its new posi- aJ^—— .b 

tion, and P, P, the forces. At A / 

and B' respectively introduce two 

forces each equal to P, with their bY 

action lines perpendicular to the arm / 

AB', and opposite in direction to 
each other. The effect of the given 
couple is, of course, unaltered by the introduction of these 
forces. Let BAB' = 2d ; then the resultant of P acting at 
B, and of P acting at B', whose lines of action meet at 
is 2P sin d, acting along the bisector A§; and the result- 
ant of P acting at A perpendicular to AB and of P per- 
pendicular to AB', is 2P sin d, acting along the bisector 
A § in a direction opposite to the former resultant. Hence 
these two resultants neutralize each other; and there 
remains the couple whose arm is AB', and whose forces are 
P, P. Hence the effect of the couple is not altered. 
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^ The .Effect of Coivple on a .Elgfrl Body u 
nAit altered if ive transfer the Couple to aaiy other 
Parallel Plane, the Arm remaining parallel to 
itself 

Let AB be tbe arm, and P, P, the ^ 
forces of the given couple; let A'B' 
be the new position of the arm par- 
allel to AB. At A! and B' apply two 
ecpial and opposite forces each equal 
to Py acting perpendicular to A'B', 
and in a plane parallel to the plane of 
the original couple. This will not alter the effect of the 
given couple. * Join AB', A'B, bisecting each other at 0 ; 
then P at A and P at B', acting in parallel lines, and in 
the same direction, are equivalent to %P acting at 0 ; also 
P at B and P at A', acting in parallel lines and in the 
same direction, are equivalent to 2P acting at 0. At 0 
therefore these two resultants, being equal and opposite, 
neutralize each other ; and there remains the couple whose 
arm is A'B', and whose forces are each P, acting in the 
same directions as those of the original couple. Hence the 
effect of the couple is not altered. 

53. The Effect of a Coiople on a Eigicl Bodaj is 
not altered if we replace it by another Couple of 
which the Moment is the same; the Plane remain-- 
ing the same and the Arms being in the same 
straight line and having a 
common extremity. 

Let AB be the arm, and P, P, Hie 
forces of the given couple, and sup- 
pose P = QpR* Produce AB to C Fjg.ao 
so that ^P: 

AB : AC Qa F{=Q + E), (1) 


mRGE AND A CO trPLE. 


m 



at 0 introduce opposite forces each equal to § and parallel 
to P ; this will not alter the effect of the couple. 

Now J2 at A and Q at 0 will balance § + J?at Bfrom 
(2) and (Art. 45); hence there remain the forces, 
icting on the arm, AO, which form a couple whose moment 
s equal to that of F, P, with arm, AB, since by (1) we 
aave 

PxAB=§xAO. 

Hence the effect of the couple is not altered. 

Eem. — From the last three articles it appears that we 
may change a couple into another couple of equal moment, 
and transfer it to any position, either in its own plane or 
in a plane parallel to its own, without altering the effect of 
the couple. The couple must remain unchanged so far as 
concerns the direction of rotation which its forces would 
tend to give the arm, L e., the axis of the couple may be 
removed parallel to itself, to any position within the body 
acted on by the couple, while the direction of the axis from 
the plane of the couple is unaltered (Art. 50). 

54 . A Force and a Couple acting in the same 
Plane on a Rigid Body are equivalent to a Single 
Force, 



I 

f 



Let the force be F and the couple (P, a), that is, P is 
the magnitude of each force in the couple whose arm is a. 

Then (Art. 53) the couple (P, a) = the couple ^P, 

Let this latter couple be moved till one of its forces acts in 
the same line as the given force, P, but in the opposite 
direction. The given force, P, will then be destroyed, and 
there will remain a force, P, acting in the same direction 
as the given one and at a j)erpendicular distance from it 

” P’ 


1 
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Coe. — A force and a couple acting on a rigid body cannot 
yroduce equilibrium, A couple can be in equilibrium only 
loith an equivaletit couple. Equivalent couples are thoee 
whose m-oments are equaL^ / 

The resultant of several couples is one which will produce 
the same effect singly as the comjoonent couples. 

55. To find the Resultant of any number of 
Couples acting on a Bodnj, the Planes of the 
Couples being parallel to each other. 

Let P, P, etc .5 be tlie forces, and a, b^ Cy etc., tlieir 
amis respectively. Suppose all the couples transferred to 
the same plane (Art, 52) ; next, let them all be transferred so 
as to Lave tlieir arms in the same straight line, and one 
extremity common (Art. 51) ; lastly, let them be replaced 
by other couples having the same arm (Art. 53). Let a be 
the common arm, and Qi^ P^, etc., the new forces, 
so that 

Pi« =■ Pa^ = Qby ■ R^a = Rc^ etc., 

then Pi = P-, e, = e-, ^1 = etc., 

a b c 

L <?., the new forces are P-, Q-, R-^ etc., acting on the 

common arm «. Hence their resultant will be a couple ot 
which each force equals - 

P- + Q- + P- + ete., 

and the arm = os, or the moment equals 
Pa d- Qb -f- Rc *4“ etc. 

If one of the couples, as 0, aot in a direction opposite to 

^ The momeiits of ecimvalent couples may have like or unlike signs 


EJSSULTAKT OF TWO ■ COUPLES, 


m 

the other couples its sign will be iiegati?e, and the force at 
each extremity of the arm of the resultant couple will be 

p® _ <2^ + i?^ + etc. 

a ■ ^ m 

Hence the moment of the resultant couple is equal to the 
algebraic sum of the moments of the component couples. 

^ 56. To Find the Resultant of two Couples not 
aetifhg in the same Plane 

Let the planes of the couples be 
inclined to each other at an 
angle y ; let the couples be trans- R 
f erred in their planes so as to 
have the same arm lying along 
the line of intersection of the two 
planes ; and let the forces of the 
couples thus transferred be P and Q. Let AB be the com- 
mon arm. Let R be the resultant of the forces P and Q at 
A acting in the direction AP ; and of P and $ at B acting 
in the direction BP. Then since P and Q at A are parMlel 
to P and Q at B respectively, therefore P at A is parallel 
to P at B. Hence the two couples are equivalent to the 
single couple P, P, acting on the arm AB ; and since 
„„PA$ =:y, we have 

W = P^ + + %PQ cos y (Art. 80). (1) 

Draw Aa, BZ> perpendicular to the planes of the couples 
P, P, and Qy ft respectively, and proportional in length to 
their moments. 

Draw Kg perpendicular to the plane of P, P, and in the 
same proportion to Aa, B§, that the moment of the couple, 
P, P, is to those of P, P, and ft respectively. Then 
A«, Kb^ Kc^ may be taken ats the axes of P, P\ ft § ; and 



* Todhunter’s Statics, p. 42. Also Pratt’s Mecliauics, p. 25. 
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R, My respectiyely (Art. 50). Now the three straight linesj 
Aa, Aoy Al)y make the same angles with each other that 
AP, ARy AQ make with each other; also they are in the 
same proportion in which 

AB • P, AB • P, AB>Qsbmy 
or in which Py Ry Q are. 

But R is the resultant of P and Q ; therefore Ac is the 
diagonal of the parallelogram on Aay Ab (Art. 30). 

Hence if two straight UneSy haring a common extremity , 
represent the axes of Uoo coiipleSy that diagonal of the 
parallelogram described on these straight lines as adjacent 
sides which passes through their common extremity repre- 
sents the axis of the residtant couple, 

CoE. — Since E • AB is the axis or moment of the result^ 
ant couple, we have from (1) 

i22.AB*=: AB-e-AB-cosy. (3) 

If P and M represent the axes or moments of the com- 
ponent couples and Gy that of the resultant couple, (2) 
becomes 

G®=: I? + if2 + 2P- if cosy. (3) 

ScH. 1.-— -If Ly My N, are the axes of three component 
couples which act in planes at right angles to one another, 
and G the axis of the resultant couple, it may easily be 
shown that 

G^z=z IAJrM^ + NK (4) 

li ly fjLy be the angles which the axis of the resultant 
makes with those of the components, we have 
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ScH. 2.— Heme, conversely any couple may be replaced 
by three couples acting in planes at right angles to one 
another ; their moments being G cos X, G cos ja, G cos v ; 
where G is the moment of the given couple^ and X, ii, v the 
angles its axis makes with the axes of the three couples. 

Thus the composition and resolution of couples follow 
laws similar to those which apply to forces, the axis of the 
couple corresponding to the direction of the force, and the 
moment of the couple to the magnitude of the force. 


57. Varignon’s Theorem of Moments. — The mo^ 

merit of the resultant of two component forces 
with respect to any point in their plane is equal 
to the algebraic sum of the moments of the two 
components with r^espect to the same point. 



Fig.22 


Let AP and A Q represent two com- 
ponent forces ; complete the parallelo- 
gram and draw the diagonal, AR, 
representing, the resultant force. Let 
0 be the origin of moments (Art. 46). 

Join OA, OP, OQ, OR, and draw PG 
and Q£ parallel to OA, and let p = the perpendicular let 
fall from 0 to A R. 

Now the moment of about 0 is the product of AP 
and the perpendicular let fall on it from 0 (Art. 46), which 
is double the area of the triangle, A OF (Art. 48), But 
the area of the triangle, AOP, = the area of the triangle, 
^0(7, since these triangles have the same base, AO, and 
are between the same parallels, AO and CP. Hence the 
moment of AP about 0 = the moment of AG about 
0 = AG •p. Also the moment of A Q about 0 is double 
the area of the triangle, ^0^, = double the area of the 
triangle, OP, since the two- triangles have the same base, 
A 0, and are between the same parallels, A 0 and QB. 
Hence the moment of -4 § about 0 = the moment of AB 
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about 0 ^ AB • p. Therefore the sum of the moments oi 
JP and a^hoiit 0 = the sum of the moments of AO 
and hli? about 0 = (-4(7 + AB)p^ = {AB + BE)p, 
(since AC r= BR from the equal triangles hfP (7 and 
= AR *p = the moment of the resultant, 

. If the origin of moments fall between AP and AQ, the 
forces will tend to produce rotation in opposite directionSj 
and hence their moments will have contrary signs (Art. 
47). In this case the moment of the resultant = the dif- 
ference of the moments of the components, as the student 
will find no difficulty in showing. Hence, in either case 
the moment of the resultant is equal to the algebraic sum 
of the moments of the components. 

Coe. 1.— If there are any number of component forces, 
'»ve may compound them in order, taking any two of them 
first, then finding the resultant of these two and a third, 
and so on ; and it follows that the sum of their moments 
(with their propej* signs), is equal to the moment of the 
resultant. 

Coe, 2. — ^If the origin of moments be on the line of 
action of the resultant, ji? = 0, and therefore the moment 
of the resultant = 0 ; hence the sum of the moments of 
the components is equal to zero. In this case the moments 
of the forces in one direction balance those in the opposite 
direction; a, the forces that tend to produce rotation in 
one direction are counteracted by the forces that tend to 
produce rotation in the opposite direction, and there is no 
tendency to rotation. 

Cob. 8.— If all the forces are in equilibrium the resultant 
P = 0, and therefore the moment of R = 0; hence the 
sum of the moments of the components is equal to zero, 
and there is no tendency to motion either of translation or 
rotation. 



:vaeigkon’s theoubm for parallel forces. 

Coil 4. —-Therefore -when the moroent of the resultant 
= Oy we conclude either that the resultant = 0 (Oor. 
or that it passes through the point taken as the origin of 
moments (Cor. 2). 


58. Varignon’s Theorem of Moments for Parallel 
Forces. — The sum of the moments of two parallel 
forces about any point is equal to the moment of 
their resultant about the point. 


Let P and Q be two parallel forces 
acting at A and B, and R their result- 
ant acting at Gr, and let 0 he the point 
about which moments are to be taken. 
Then (Art. 45) we have 









P X AG = e X BG, 

P(OG - OA) = <> (OB - OG), 

(P + (2) OG = P X OA + e X OB, 

P X OG = P X OA + § X OB ; 

that is, the sum of the moments = the moment of the 
resultant. 

Coe.— I t follows that the algebraic sum of the moments 
of any number of parallel forces in one plane, with respect 
CO a point in their plane, is equal to the moment of their 
resultant with respect to the point. 

59. Centre of Parallel Forces . — To the mag- 

nitude, direction, and point of application of the 
resultant of any number of parallel forces acting 
9 n a rigid body in one plane. 


n 


CENTRE OF PARALLEL FORGES. 


ut Pi, Ps, P3, etc., denote the 
forces, M,, M^, M^, etc., their points 
of application. Take any point in 
the plane of the forces as origin and 
draw the rectangular axes OX, OT. ^ ^ 
Let {x„ Vi), {x„ y,), etc., he the “ ® ^ 

points of application, if,, ifg, etc. 

Join if, if® ; and take the point if on M^M^, so that 


Ms 


if, if 

i¥,i4 


P. . 

-Pi + A’ 


( 1 ) 


then the resultant of P, and Pg is P, -f Pg> it ^.cts 
through if parallel to P, (Art. 45). 

Draw ifja, if5, M^c parallel, and M^e perpendicular to 

the axis of y. Then we have 

MiM _ _ Mhzli. 

ifji/g ~ M^e «/s - yi ' 


P 

Mi — yi = ’p 2 ^ 1 ) 5 

... ifS = ^^^^; (2) 


which gives the ordinate of the point of application of the 
resultant of P, and Pg. 

Now since the resultant of P, and Pg, which is 
Pj -|- Pg, acts at if, the resultant of P, Pg at if, and 
P3 at Jfg, is Pi -f Pg + Ps at g, and substituting in (2) 
Pj + Pg, Pg, Mi, and ^3 for Pi, Pg, y^, and y^ respec- 
tiveIy^ we have 


, (P, -f Pg) ifi 4- Pg^s 


— ^ +-^8^2 -t-Piy a . /o\ 

- Pl+Pg+Pg 


CEmEM OF FAEAELEL FOECFS. 
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ScH. 2,— The moment of a force with respect to any line 
is the product of the component of the force perpendicului 


R z=z .Pj 4“ -^3 “f" -^3 “h €stc. == SjP* 


7 , - -Piyi + + -^3^3 + etc. _ 

y- + p, + P 3 + etc. SP 


Similarly, if x be the abscissa of the point of application o- 
the resultant, we have 


ZPx 

2 P* 


- and this process may be extended to any number of parallel 
forces. Let P denote the resultant force and ^ the ordi- 
nate of the point of application ; then we have 


The values of i; y are independent of the angles which 
the directions of the forces make with the axes. Hence 
if these directions be turned about the points of application 
of the forces, their parallelism being preserved, the point of 
application of the resultant will not move. For this reason 
the point (5, y) is called the centre of parallel forces. We 
shall hereafter have many applications in which its position 
is of great importance. 


SOH. 1 . — The moment of a force with respect to a plane 
is the product of the force into the perpendicular distance 
of its point of application from the plane. Thiis, PiPi is 
the moment of the force reference to the plane 

through OX perpendicular to OY. This must be carefully 
distinguished from the moment of a force with respect to 
a point. Hence the equations for determining the position 
of the centre of parallel forces show that the sum of the 
moments of the parallel forces with respect to any plane^ is 
equal to the moment of their resultant. 
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CONDITIONS OF EQUILIBRIUM. 



to tbe line into the shortest distance between the line and 
the line of action of the force. 

60. Conditions of Eqnilibriimi of, a Rigid Body 
acted on hy Parallel Forces in one Plane. — Let 
, P 3 , P 3 ^ etc. 5 den ote th e forces. Take 
my point in the plane of the forces as 
jrigiii, and draw" rectangular axes, OX, 

OY, the latter parallel to the forces. Let 
A be the point where OX meets the direc- 
tion of P^, and let 0-^4 = x^. 

Apply at 0 twm opposing forces, each 
equal and parallel to P^ ; this will not disturb the equili- 
brium. Then Pj at A is replaced by I\ at 0 along OX, 
and a couple whose moment is P^ • OA, i. e,, Pi^i. The 
remaining forces, Pg, P^g, etc., may be treated in like man- 
ner. We thus obtain a set of forces, P^, Pg, Pg, etc., ; I 

acting at 0 along OIL and a set of couples, P^.'^q, ^ 

P^gjTg, etc., in the plane of the forces tending to turn the 
body from the axis of x to the axis of y. These forces are 
equivalent to a single resultant force P^ -f Pg -j- Pg + etc., 
and the couples are equivalent to a single resultaht couple, 

P^x^ + Pg^Tg + P^x^ + etc. (Art. 55). 

Hence denoting the resultant force by R, and the moment 
of the resultant couple by 0, we have 

P = Pj + Pg + Pg + etc. = SP; 

G = P-iX^ + PgiCg -f Ps^^s + etc. = 

that is, a system of parallel forces can be reduced to a 
single force and a couple, wdiich (Art. 54, Cor.) cannot 
produce equilibrium. Hence, for equilibrium, the force "V- 
and the couple must vanish ; or "" ^ 




Fig.25 
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Hence tlie conditions of equilibrium of a system of par- 
allel forces acting on a rigid body in one plane are : 

The sum of the forces must === 0 . 

The sum of the moments of the forces about every point in 
their plane must ^ 





61. Conditions of Equilibrium of a Rigid Body 
acted on by Forces in any direction in one Plane. — 
Let P^, Pg, etc.5 be the forces acting at the points 
(a?!, 2/1), (^3, ^2), {x^, 2/3), etc., in the 
plane xy. Eesolve the force P^ into two 
components, Y^, parallel to OX 
and OY respectively. Let the direc- 
tion of Fj meet OX at M, and the 
direction of X^ meet OF at X. xipply 
at 0 two opposing forces each equal and parallel to Xj, 
and also two opposing forces each equal and parallel to F^ . 
Hence Fj at or If is equivalent to F^ at 0, and a 
couple whose moment is F^ • OM; and X^ at or X, is 
equivalent to X^ at 0, and a couple whose moment is 
Xi . O N. 

Hence F^ is replaced by Fj at 0, and the couple Y^x^ ; 
and X^ is replaced by X^ at 0, and the couple X^y^ (Art. 
4'7). Therefore the force P^ may be replaced by the com- 
ponents Xi, Fj acting at 0, and the couple whose 
moment is 

Y^x-^ ■— X^y^y 

and which equals the moment of P^ about 0 (Art. 57). 

By a similar resolution of all the forces we shall hare 
them replaced by the forces (Xg, Fg), (Xg, Fg), etc., 
acting at 0 along the axes, and the couples 

^2^3 — s//s^ ' ^ 3^3 



Adding together the couples or moments of Pj, Pg, etc., 


1 
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EQUILIBRIUM UNDER THREE FORGE Sl , 

and denoting by G the moment of the resultant couple^ we 
get the total moment 

G — E.{Yx^Xy). 

If the sum of the components of the forces along OX is 
denoted by SX, and the sum of the components along OY 
by the resultant of the forces acting at 0 is given by 
the equation 

== (sx)2 + (srK 

If a be the angle which R makes with the axis of X, we 
nave 

i? cos « = SX, sin « =: ZTi 
• % tan a = 

Therefore, any system of forces acting in any direction 
in one plane on a rigid body may be reduced to a single 
force, R, and a single couple whose moment is 6, which 
(Art. 54, Cor.) cannot produce equilibrium. Hence for 
equilibrium we must have = 0, and G =: 0^ which 
requires that 

sx=o, sr=o, 

2(ra;~Xy) r= 0. 

Hence the conditions of equilibrium for a system of 
forces acting in any direction in one plane on a rigid body 
are : 

T/ie sum of the components of the forces parallel to each of 
two rectangular axes must = 0,^ 

The sum of the moments of the forces round every point i t 
their plane must z=z 0, , 
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EXAMPLES. 


Tf two of the forces are parallel, the third must be 
■rallel to them, and equal and directlj opposed to their 
.-ciitant. 

EXAMPLES. 

1 . Suppose six parallel forces proportional to the numbers 
1. *2, 3, 4, 5, 6 to act at points (—2, —1), (—1, 0), (0, 1), 
(1, 2), (2, 3), (3, 4) ; find the resultant, R, and the centre 
ji parallel forces. 

By Art. 59 we have ' 


Cor. — C onversely, if the forces are in equilibrium the 
sum of the components of the forces parallel to any direc- 
tion will = 0, and also the sum of the moments of the 
forces about any point will = 0. 


62. Condition of Equilibrium of a Body under the 
Action of Three Torces in one Plane . — If three 
forces maintcbijv a body in eqwitibrvumv, their 
directions must meet in a point, or be parallel 


Suppose the directions of two of the forces, P and Q, to 
meet at a point, and take moments round this point ; then 
the moment of each of these two forces = 0 ; therefore the 
moment of the third force R =: 0 (Art. 61, Cor.), which 
requires either that 7? = 0, or that it pass through the 
point of intersection of P and Q, HR is not = 0, it must 
pass through this point. Hence if any two of the forces 
meet, the third must pass through their point of intersec- 
tion, and keep it at rest, and each force must be equal and 
opposite to the resultant of the other two. If the angles 
between them in pairs be q, r, the forces must satisfy the 
conditions 


UXAMPLES. 


SPa; = — 3 — 3 + 4 + 10 + IS = ; 

^Py = _ 1 + 3 + 8 +. 15 + 34 = 49. 

■SP® 38 _ - _ ^_y _ 

X 21 ’ ^ '^P 

3. At the three vertices of a triangle parallel forces are 
applied which are proportional respectively to^ the opposite 
sides of the triangle; find the centre of these forces. 

Let(x„ 1 / 1 ), if,), if,) be the vertices, and let «, 

h, 0 be the sides opposite to them; then 


“j- hx^ 4" ^^3 , 
a^h+G 


#4" 


3. If two parallel forces, P and Q, act in the same direc- 
tion at A and B, (Fig. 14), and make an angle, 0, with 
AB, find the moment of each about the point of iippliea- 

tion of their resultant. 

The moment of P with respect to 6? is 

P • A (? sin 6 (Art. 46). 

But from (1) of Art. 45, we have 

P+ Q _ AB ^ 

~~Q~^ - AG’ 


AG 


P + Q' 


which in P • AO sin 6 gives 


P+Q 


AB sin B, 


for the moment of P which also ei|uals the moment of Q 
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4. Two parallel forces, acting in the same direction, 
have their magnitudes 5 and 13, and their points of applica- 
tion, ^ and By 6 feet apart. Find the magnitude of their 
resultant, and the point of application, ff. 

Ans, B = 18, AG 4|, BG = If. 

: 5. On a straight rod, AF, there are suspended 5 weights 

of 5, 15, 7, 6, and 9 pounds respectively at the points A, B, 
D, F, F; AB = 3 feet, BB = 6 feet, DF = 6 feet, 
FF =z 4: feet. Find the magnitude of the resultant, and 
the distance of its point of application, G, from A, 

Ans. B = 42 pounds. AQ feet. 

A heavy uniform beam, AB, rests , 

in a vertical plane, with one end, A, on a ^ ^ 

smooth horizontal plane and the other 
end, B, against a smooth vertical wall; | w c j 

the end, A, is prevented from sliding by a f 1^,27 9 

a horizontal string of given length fas- 
tened to the end of the beam and to the wall; determine 
the tension of the string and the pressures against the 
horizontal plane and the wall. 

Let 2a = the length of the beam, and let W belts weight, 
which as the beam is uniform, we may suppose to act at its 
middle point, G. Let B be the vertical pressure of the 
horizontal plane against the beam ; and B' the horizontal 
pressure of the vertical wall, and T the tension of the hor- 
izontal string, AO ; let BAG = a known angle, since 
the lengths of the beam and the string are given. Then 
(Art. 61), we have 

for horizontal forces, ?= i?'; 

for vertical forces, W ^ B \ 

for moments about A (Art. 47), %B' a b\xx u =zWa cos 

# ■ ■■ 

B' = y = y cot«. 


y 

ci'T 5-' e 

Fia-27 9 . 


determine 


-yc. 



Otherwise thus: since the beam is in equilibrium uiulet 
the action of only three forces, they must meet in a point 0, 
(Art. 62), and therefore we obtain immediately from the 
geometry of the figure, 



0 ^ 




\r 






c 

'w 


Fig.ae 


7. A heavy beam, AB = a + h, rests 
on two given smooth planes which are 
inclined at angles, cc and /?, to the 
horizon; required the angle 6 which 
the beam makes with the horizontal 
plane, and the pressures on the 
planes. 

Let a and i be the segments, AG and BG, of the beam, 
made by its centre of gravity, G; let B and E' be the 
pressures on the planes, AC and BC, the lines of action of 
which are perpendicular to the planes since they are smooth, 
and let IF be the wmght of the beam. Then we have 

for horizontal forces, E sin « = E/ sin 13; (1) 

for vertical forces, E oos a + E' cos j3 =z W; (2) 
for moments about G, Eaeos (a+^)=:E'd cos (3) 

Dividing (3) by (1), we have 

^ cot « — a tan 0 5 cot /3 + g tan & ; 

a cot ix. — 1) cot /? 


i 

k 


therefore. 


tan B = 
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and 


ir~ sm {a + (^y 


• \ E 


W sxn 

sin (f« + py 


Also since tlie angles, GOA and GOB, are equal to « and ft 

7T 

respectively, and BGO = - — ft we have 

{a + b) cot BGO = a cot GOA — b cot GOB; 


therefore, 


a cot €c -^b cot ft 

a + i 


Hence, if ~ beam will rest in a horizontal 

b tan P’ 

position, 

^ 8. A heavy uniform beam, AB, rests with c. 
one end. A, against a smooth vertical wall, ^ 
and the other end, B, is fastened by a string, ' \ ^ 

' BO, of given length to a point, G, in the ^ \ 

wall ; the beam and the string are in a vertical 
plane ; it is required to determine the pressure Ihb 

against the wall, the tension of the string, and ^1^,29 
the position of the beam and the string. 

. Let AG=:GB=.^, AG = x, BO = ft 

weight of- beam = IF, tension of string = T, pressure of 
/ wall = Ej , 

BAE ==ft BOA = ^. 

Then we have 

for horizontal forces, E = TBm(l>y (1) 

' for vertical forces, W T cos <!>; (2) 

for moments about A, Wa sin 0 = T- AB = Tx sin 4>\ (3) 
. • . a sin 0 == x tan 0 ; (4) 


1 
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and by the geometry of the figure 


y 

2a 

X 

2a 


mn d ^ 
sin^^ 


sin (6’—(p) ^ 
sin ^ 


( 6 ) 

( 6 ) 


Solving (4)5 ( 5 )^ and (6), we get 


“ L 3 J ' 

^ %ri^ — 

eos,^ = ^[_— ^-J; 

. ^ . 1 ri6«2 — 

““* = sL~rd' 


from wliich E and T become known. (Pricers Anal. 
Mecli’s., Vol. I, p. 69). 

To determine all the unknown quantities many problems in Statics 
require equations to be formed by geometfic relations as well as iitatio 
relations. Thus (1), (2), (3) are static equations,' and (5) is a geometric 
equation. 

f 

9. A uniform heavy beam, AB = 2a, 
rests with one end, A, against the inter- 
nal SLirface of a smooth hemispherical 
bowl, radius = r, while it is supported 
at some point in its length by the edge 
of the bowl ; find the position of equili- 
brium. 

The beam is kept in equilibrium by three forces, viz., the 
reaction, J?, at A perpendicular to the surface of contact^ 
(Art. 42) and therefore perpendicular to the ])owl, the 
reaction, R\ at 0 which, for the same reason, is perpein 
dicular to the beam, and. the weigiit IP acting at G, 



Fhj.30 
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Let B = tlie inclination of tlie beam to the horizon 
= <ACD. The solution will be most readily effected by 
resolving the forces along the beam and taking moments 
about 0, by which we shall obtain equations free from the 
unknown reaction, R* Then we have 

for forces along AB, R cos B W sin (1) 

for moments about 0, 

R • 2r cos 0 sin 0 = W (2r cos B — a) cos (2) 
Prom (1) we haye 

Bz=zW\MiLBy 

which in (2) gives, after reducing, 

2r sin^ B — 2r cos^ <9 + cos 0 = 0, 
or, 4zr cos^ 6 a cos B — 2r = 0, ( 3 ) 

a ± -v/33r® + a* 

cos 5 = ^ 

Otherwise thus: since the beam is in eqailibrium under 
the action of only three forces, they must meet in a point 
0 (Art. 62). Draw the three forces AO, OO, GO, which 
keep the beam in equilibrium. Let the line, OG, meet the 
semicircle, DAO, in the point, Q. Then AQ is a horizontal 
line. Also 

<QAG = <DCA = 0, 
therefore <OAQ. = 20. 

Hence AQ = AO cos 20, 

AQ = AG cos 0; 


and also 
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therefore 2r cos %0 = a cos 

or 4f cos^ 0 — ^ cos 0 — %r = 0^ 


wiiich is the same as (3) obtained by the other method. 

The student may prove that the reaction^ J2> at 0 
a 


W 


/ 


2r 


^ 10. Find the position of equilibrium of 
a uniform heavy beam, one end of which 
rests against a smooth vertical plane, and 
the other against the internal surface of a 
smooth spherical bowl. 

The beam is in equilibrium under the 
action of three forces, the weight, IT, 
acting at G, the reaction, i?, at A, perpen- 
dicular to the surface and hence passing through the centre, 
0, and the reaction, of the vertical plane perpendicular 
to itself and hence horizontal. 

Let the length of the beam, AB, = 2a, r = the radius 
of the sphere, d = CD, the distance of the centre of the 
sphere from the vertical wall, W = the weight of the beam ; 
and let 0 =: the required inclination of the beam to the 
horizon, and ^ = the inclination of the radius AC to the 
horizon. Then we have 



for vertical forces, B sin (j> W; (1) 

for moments about B, J?* 2a sin (^—0) = W* a cos d ; (2) 
Dividing (2) by (1) we have 

2 sin (0 — d) 


sin> o 


cos 0, 


ot 


tan ^ = 2 tan 6, 


( 3 ) 
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Then we liaTe^ from the geometry of the figure, the 
horizontal distance from A to the wall = the horizontal 
projection of AC + CD, that is, 

2a QOS 6 =: r COB (j) + (L (4) 

From (3) and (4) a value of 0 can be obtained, and hence 
the position of equilibrium. 

Otherwise thus : since the beam is in equilibrium under 
the action of only three forces they must meet in a point, 0. 
Geometry then gives us • 

2 cot 0GB = cot AOG — cot GOB = cot AOG, 
or 2 tan 6 = tan 

which is the same as (3). 

63. Centre of Parallel Forces in Different Planes. 

To find the magnitude ^ direction^ and point of 
application of the resultant of any number of 
parallel forces acting on a rigid body. 

The theorem of Art. 59 is evidently true also in the case 
in which neither the parallel forces nor their fixed points of 
application lie in the same plane, hence, calling i the third 
co-ordinate of the point of application of the resultant, we 
have for the distance of the emtre of pdf alhl forces from 
iliQfiimQsyz^zXymdixy^ 

. 'ZPx ^ ^Py ^ ^Pz 

Hence (Art. 59, Sch.) the equations for determining the 
position of the centre of parallel forces show that the sum 
of the moments of the parallel forces loith respect io any 
plane is equal to the moment of their resultant. 
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Let Pg, Pg, efcc., denote tlie forces, and let 


z yv 



^P, 


^Pi 


64. Conditions of Equilibrium of a System of 
Parallel Forces Acting upon a Rigid Body in 
Space. 

them be referred to three rectangular axes, 

OX, OT, 0Z\ the last parallel to the 
forces ; let z^), y^, z^), etc., 

be the points of application of the forces, 

Pj, Pg, etc. Let the direction of P^ 
meet the plane, xy, at 

Draw perpendicular to the axis 

of X meeting it at Apply at 0, and also at two 
opposing forces each equal and parallel to Pj. Then the 
force Pj at M.^ is replaced by 

(1) Pj at 0 along 0Z\ 

(2) a couple formed of P^ at and Pj at I 

(3) a couple formed of Pj at and P^ at 0. 


n0.32 


The moment of the first couple is Pi^/i, and this couple 
may be transferred to the plane yz, which is parallel to its 
original plane, without altering its effect (Art. 52). The 
moment of the second couple is P-^x^, and the couple is in 
the plane xz. 

Eeplacing each force in this manner, the whole system 
will be equivalent to a force 

Pi +i ^2 + P 3 + etc., or HP at 0 along OZ 
together with the couple 

PiVi +P%y 2 + Pzy^ + or -LPy, in the plane yz, 
and the couple 

P^rri -f PgCi^g-f PgiTg -l-etc., or I^Px in the plane xz. 

, . r- 

The first couple tends to turn the body from the axis of ?/ 
to that of round rhe axis of a;, and the second couple 
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tends to turn tbe body from the axis of a: to that of 
round the axis of y. It is ciistomary to consider those 
couples as positive which tend to turn the body in the 
direction indicated by the natural order of the letters^, i. e.y 
positive trom x to y, round the 2 :-axis; from y to z round 
the a:-axis; and from % to x round the y-axis ; and 
negative in the contrary direction. 

Hence the moment of the first couple is +2:Py, and 
therefore OX is its axis (Art. 50); and the moment of 
the second couple is — SPar, and therefore OY^ is its axis. 
The resultant of these two couples is a single couple whose 
axis is found (Art. 56) by drawing OL (in the positive 
direction of the axis of x) = SPy, and OM (in the nega- 
tive direction of the axis of y) = SPav and completing the 
parallelogram OLOM. If 0 Gy the diagonal, is denoted by 
G, we have 

G^ 

and B = SP ; 

P- being the resultant force. 

Now since this single force, P, and this single couple, G, 
cannot produce equilibrium (Art. 54, Cor.), we must have 
P = 0, and = 0, and (t cannot be = 0 unless =: 0 
and SPy = 0; the conditions therefore of equilibrium are 

P = 0, 

IPx — 0, SPy = 0. 

Hence, the conditions of equilibrium of parallel forces in 
space are: 

The sim of the forces must = 0. 

The sum of the moments of the forces with respect to 
every plane parallel to them must 0, 
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: : 65. Conditions of Eqmlibrinm; /Of a System of 
Forces- acting- in any Direction on a: 'Rigid Body in 
Space. — Let P^, Pg, P 3 , etc., denote tbe forces, and let 
them be referred to three reetangnlar axes, OX, O Y^ OZ ] 
let z^), (iTg, ^ 3 , z^), etc., be the points of applica- 

tion of Pj, Pg, etc. 

Let A I be the point of application of 
resolve P^ into components 
Fj, Fi, parallel to the co-ordinate axes. 

Let the direction of meet the plane 
xy at J/j, and draw perpendicu- 

lar to OX. Apply at and also at 0 
two opposing forces each equal and par- 
-allel to Z^. Hence Z^ at A-^ or is equivalent to Z^ at 
0 , and two couples of which the former has its moment = 
Z^ X Aqifj = Z^y^j and may be supposed to act in the 
plane yz, and the latter has its moment = x ON^ = 
— Z{X^ and acts in the plane zx. 

Hence Z^ is replaced by F, at 0, a couple Z^y^ in the 
plane yz, and a couple — Z-^x^ (Art. 64) in the plane zx. 
Similarly may be replaced by X^ at 0, a couple 
in the plane zx, and a couple -- X^y^ in the plane xy. 
And Fj may be replaced by Fj at 0, a couple Y^x^ in the 
plane xy^ and a couple — Y^z^ in the plane yz. Therefore 
the force P^ may be replaced by X^, F^, acting at 0 , 
and three couples, of which the moments are, (Art. 56), 

—■ Y^z^ in the plane yz, around the axis of 
X^z^ — Z-^x^ in the plane zx, around the axis of y, 
Y^x^ “ X^y^in the plane xy, around the axis of ’ 

By a similar resolution* of all the forces we shall havs 
them replaced by the forces 

:Si;, ■ y y, ' ■' 

acting at 0 along the axes, and the couples 





Vu 
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S {Zy ~ Yz) = L, suppose, in the plane yz, 

^ {Xz — Zx) = siij)pose, in the plane 
2 {Yx — Xy) =: Xy suppose, in the plane 

Let E be the resultant of the forces which act at 0; a, 
?, c, the angles its direction makes with the axes j then 
(Art, 38), 

E^ = (SX)2 + (y.Yy + (I.Z)% 

^X , SF 2^ 

cos a = cos 0 = cos c = 

xh K M 

Let Q be the moment of the couple which is the result- 
»nt of the three couples, L, M, N] I, /j., v, the angles its 
axis makes with the co-ordinate axes ; then (Art. 56, Sch.), 


G^= J? + 3P + J^, 


cos X =z cos fi 


M 

G’ 


cos V 


N 

G 


Therefore any system of forces acting in any direction on 
a rigid body in space may always be reduced to a single 
force, R, and a single couple, G, and cannot therefore pro- 
duce equilibrium (Art. 54, Cor.). Hence for equilibrium 
we must haye R = 0 and G — 0; therefore 

(SX)8 -f (sr)2 4- {^Zf = 0, 

and 13 + M^ + 3P = 0. 

These lead to the six conditions, 

2X1=0, 2F=0, l.Z=0, 

S {Zy - Yz) = 0„ 2 {Xz — Zx) = 0, 

I. {Yx - Xy) = 0. 
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E X A M P L E S ./. ; 

1. If the weights, 1, 'S,. 3, .4, 5 lbs., act perpendicularly 
to a straight line at the respective distances of 1, 2, 3, 4 
5 feet from one extremity, find the resultant, and the dis- 
tance of its point of application from the first extremity. 

A}is. jK'= 15 lbs., X = 3f feet. 

2. Four weights of 4, —7, 8,-3 lbs., act perpendicularly 
to a straight line at the points A, B, C, D, so that AB = 
5 feet, BC = 4 feet, CD = 2 feet ; find the resultant and 
its point of application, G. 

Ans. E =: 2 lbs., AG == 2 feet. 

3. Two parallel forces of 23 and 42 lbs,, act at the points 

A and B, 14 inches apart; find GB to three places of 
decimals. A?is, 4 954 ins. 

4. Two weights of 3 cwts. 2 qrs. 15 lbs., and 1 cwt. 3 qrs. 

25 lbs. are supported at the points A and B of a straight 
line, the length AB = 3 feet 7 inches ; find AG to three 
places of decimals of feet. 1.268 ft. 

5. A bar of iron 15 inches long, weighing 12 lbs., and of 
uniform thickness, has a weight of 10 lbs. suspended from 
one extremity ; at what point must the bar be supported 
that it may Just balance. 

The weight of the bar acts at its centre. 

Ans. in. from the weight. 

' 6. A bar of uniform thickness w^eighs 10 lbs., and is 
5 feet long ; weights of 9 lbs. and 5 lbs. are suspended from 
its extremities ; on what point will it balance ? 

Ans. 5 in. from the centre of the bar. 

7. A beam 30 feet long balances itself on a point at one- 
third of its length from the thicker end ; but when a weight 
of 10 lbs. is suspended from the smaller end, the prop must 


91 


E.^UiPLES. 

be moved two feet towards it, in order to maintain the 
equilibrium. Find the weight of the beam. 90 lbs. 

8. A uniform bar, 4 feet long, weighs 10 lbs., and weights 
of 30 lbs. and 40 lbs. are appended to its two extremities ; 
where must the fulcrum^ be placed to produce equilibrium ? 

Am, 3 in. from tlie centre of the bar. 

9. A bar of iron, of uniform thickness, 10 ft. long, and 
weighing 1|- cwt, is supported at its extremities in a hori- 
zontal position, and carries a w^eight of 4 cwt. suspended 
from a point distant 3 ft. from one extremity. Find the 
pressures on the points of support. 

Ans, 3.55 cwt., and 1.95 cwt. 

\i 10. A bar, each foot in length of which weighs 7 lbs., 
rests upon a fulcrum distant 3 feet from one extremity ; 
what must be its length, that a weight of 71^ lbs. sus- 
pended from that extremity may just be balanced by 
20 lbs. suspended from the other ? Ans, 9 ft. 

11. Fiye equal parallel forces act at 5 angles of a regular 
hexagon, whose diagonal is a ; find the point of application 
of their resultant. 

Ans, On the diagonal passing through the sixth angle, at 
a distance from it of 

12. A body, P, suspended from one end of a lever with- 
out weight, is balanced by a weight of 1 lb. at the other 
end of the lever ; and when the fulcrum is removed 
through half the length of the lever it requires 10 lbs. to 
balance P ; find the weight of P. Am, 5 lbs. or 2 lbs. 

13. A carriage wheel, whose weight is W and radius r, 
rests upon a level road; show that the force, P, necessary 
to draw the wheel over an obstacle, of height is 

r h 


* Tlie support on wWola it roste. 
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14. A beam of uniform thickness, 5 feet long, weighing 
10 lbs., is supported on two props at the ends of the beam ; 
find where a weight of 30 lbs. must be placed, so that the 
pressures on the two props may be 15 lbs. and 25 lbs. 

A71S. 10 ins. from the centre. 

15. Forces of 3, 4 , 5, 6 lbs. act at distances of 3 ins., 
4 ins., 5 ins. 6 ins., from the end of a rod ; at what distance 
from the same end does the resultant act ? 

Ans. 4 -J inches. 

16. Four yertical forces of 4, 6 , 7, 9 lbs. act at the four 
corners of a square ; find the point of application of the 
resultant. Ans. ^3 of middle line from one of the sides. 

17. A flat board 12 ins. square is suspended in a hori- 

zontal position by strings attached to its four corners. A, 
B, C, D, and a weight equal to the weight of the board is 
laid upon it at a point 3 ins. distant from the side AB and 
4 ins. from AD; find the relative tensions in the four 
strings. Ans» As f : 4 : J • A* 

18. A rod, AB, moves freely about the end, B, as on a 

hinge. Its weight, IF, acts at its middle point, and it is 
kept horizontal by a string, AC, that makes an angle of 45° 
with it. Find the tension in the string. . IF 

V2 

19. A rod 10 inches long can turn freely about one of 
its ends ; a weight of 4 lbs. is slung to a point 3 ins. from 
this end, and the rod is held by a string attached to its free 
end and inclined to it at an angle of 120 °; find the 
tension in the string when the rod is horizontal. 

A?is. I Vs lbs. 

20. Two forces of 3 lbs. and 4 lbs. act at the extremities 
of a straight lever 12 ins. long,^and inclined to it at angles 
of 120° and 135° respectively; find the position of the 
fulcrum. jfis. ( 8 — 3 Ve) x 9.6 ins. from one end. 
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21. Find tlie true weight of a body which is foand to 

weigh 8 ozs. and 9 ozs. when placed in each of the scale- 
pans of a false balaLice. 6 ozs. 

22. A beam 3 ft. long, the weight of which is 10 lbs., 
and acts at its middle point, rests on a rail, with 4 lbs, hang- 
ing from one end and 13 lbs. from the other ; find the point 
at which the beam is supported ; and if the weights at the 
two ends change places, what weight must be added to the 
lighter to preserve equilibrium ? 

Ans, 12 ins. from one end ; 27 lbs. 

23. Two forces of 4 lbs. and 8 lbs. act at the ends of a 
bar 18 ins. long and make angles of 120® and 90® with it ; 
find the point in the bar at which the resultant acts. 

Ans, If (4 — V3) ins. from the 4 lbs. end. 

24. A weight of 24 lbs. is suspended by two flexible 

strings, one of which is horizontal, and the other is inclined 
at an angle of 30® to the vertical. What is the tension in 
each string ? s VS lbs. ; 16 VS lbs. 

25. A pole 12 ft. long, weighing 25 lbs., rests with one 
end against the foot of a wall, and from a point 2 ft. from 
the other end a cord runs horizontally to a point in the 
wall 8 ft. from the ground ; find the tension of the cord and 
the pressure of the lower end of the pole. 

11.25 lbs.; 27.4 lbs. 

26. A body weighing 6 lbs. is placed on a smooth plane 
which is inclined at 30® to the horizon ; find the two direc- 
tions in which a force equal to the body may act to produce 
equilibrium. Also find what is the pressure on the plane 
in each case. ■ 

Ans, A force at 60® with the plane, or vertically upwards ; 
jR = 6 V3, or 0. 

27. A rod, AB, 5 ft. long,Vithout weight, is hung from 
a point, C, by two strings which are attached to its ends 



32. Two equal smooth cjiintlers rest in eoniuet on two 
smooth planes inclined at angles, « and /5, to the Ijorizon: 


and to the point ; the string, AC, is 3 ft., and BO is 4 ft. in 
lengtli, and a weight of 2 lbs. is hung from A, and a wadglit 
of 3 lbs. from B ; find the tensions of the strings. 

An6\ V 5 Ihs. ; 2 Vo lbs. 

28. .Find the height of a cylinder, which can Just rest on 

an inclined plane, the angle of which is dO'', the diameter 
of the cylinder being 6 ins. and its weight acting at the 
middle point of its axis. J?is, 3.46 ins. 

29. Two equal weights, P, are connected by a string 
which passes over two smooth pegs, P, situated in a 
horizontal line, and supports a weight, which hangs 
from a smooth ring through which the string passes ; find 
the position of equilibrium. 

Am, The depth of the ring below the line 

W 


AB 


>AB. 


2 V4P2 ~ 

30. The resultant of two forces, P, acting at an angle, 
is = (2m -f 1) VP^ + when they act at an angle, 

^ — 0, it is = (2m — 1) V P^ + Q‘^ ; show that tan d = 

m 1 
w + 1* 

JSL A uniform heavy beam, AB = 2a, 
rests on a smooth peg, P, and against a 
smooth vertical wall, AD ; the horizontal 
distance of the peg from the wall being 
/i ; find the inclination, d, of the beam to 
tlie vertical, and the pressures, P and P, on the wall and peg. 
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find the incliBation, d, to the horizon of the line jomiiig 
their centres. Ans. tan 0 = -|- (cot « — cot 0). 

33. A beam, 5 ft. long, weighing 5 lbs., rests on a yer- 
tical prop, CD = 2^ ft.; the lower end, A, is on a hori- 
zontal plane, and is preyented from sliding by a string, 
AD = 3|- ft.; find the tension of the string. 

^r^r fflbs. 

I 34. A uniform beam, AB, is placed with one end, A, 
inside a smooth hemispherical bowl, with a point, P, rest- 
ing on the edge of the bowl. If AB = 8 times the radius 
P, find AP. Ans. AP = 1.838 B. 

35. A body, weight IF, is suspended by a cord, length Z, 

from the point A, in a horizontal plane, and is thrust out 

of its yertical position by a rod without weight, acting at 

another point, B, in the horizontal plane, such that 

AB = d, and making the angle, with the plane ; find 

the tension, T, of the cord. . ^ tt/ ^ x 

" Ans. y = IF 3 cot B. 

d 

36. Two heayy uniform bars, AB and 
CD', movable in a vertical plane about 
their extremities, A, D, which rest on a 
horizontal plane and are prevented from 
sliding on it; find their position of 
equilibrium when leaning against each 
other. 

Let the bars rest against each other at B, and let 
AD =: a, AB = CD = c, BD =. x, W and IF^ = the 
weigiits of AB and CD, respectively acting at their middle 
points ; then we have 

2:t*® IF {a^ + — x^) = e {a^ ^ P) {P + x? — dF)^ 

which is an equation of the fifth degree, and hence always 
has one real root, the value^ of which may be determined 
when numbers are put for and 
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37. A parabolic curve is 
placed ill a vertical plane with 
its axis vertical and vertex 
downwards, and inside of it, 
and against a peg in the focus, 
and against the concave arc, a 
smooth uniform and heavy 
beam rests ; required the posi- 
tion of equilibrium. 

Let PB be the beam, of 
length Z, and of weight W, 
resting on the peg at the focus, 
F ; let AF =: p and AFP = 6, 


3S. Find the form of the. curve in a vertical plane such 
that a heavy bar resting on its concave side and on a peg at, 
a given point, say the origin, may be at rest in all 
positions. 

Ans, r = Tc sec 6>, in which I = the length of the 
bar, k an arbitrary constant, and 0 the inclination of. the 
bar to the vertical. It is the equation of the conchoid of 
Nicomedes. 


39. A rod whose centre of gravity is not its middle point 
is hung from a smooth peg by means of a string attaclied 
to its extremities ; find the position of equilibrium. 

Ans, There are two positions in which the rod hangs 
vertically, and there is a third thus defined : — Let F be the 
extremity of the rod remote from the centre of gravity, h 
the distance of the centre of gravity from the middle point 
of the rod, 2a the length of the string, and 2c the length of 
the rod; then measure on the string a lengtli FP from P 

equal to « -f and place *the point P over the peg. 

This will define a third position of equilibrium. 
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40. A smooth lieiinsphere is fixed on a liorizontal phino, 
with its convex side turned upwards and its base lyii.]g in 
tlie plane. A heavy unifomi beam, AB^ rests against the 
hemisphere, its extremity A being just out of contact with 
the horizontal plane. ‘ Supposing that A is attached to a 
rope which, passing over' a smooth pulley placed vertically 
over the centre of the hemisphere, sustains a weight, find 
the position of equilibrium of the beam, and the requisite 
magnitude of the suspended weight. 

Ans, Let If be the weight of the beam, %a its length, P 
the suspended’ weight, r the radius of the hemisphere, li 
the height of the pulley above the plane, B and ^ the 
inclinations of the beam and rope to the horizon ; then the 
position of equilibrium is defined by the equations. 


r cosec B =. li cot 
r cosec^ 6 = a (tan 0 + cot 0), 
which give the single equation for 0^ 

T {r — a sin B cos B) = a/i. sin® ft 
sin 0 


Also 


If- 


cos 


B) 


( 1 ) 

( 2 ) 

( 3 ) 


a sin® B + A® sin® B 


(4) 


41. If, in the last example, the position and magnitude 
of the beam be given, find the locus of the pulley. 

: A?ts.. A right line joining A to the point of intersection 
of the reaction of the hemisphere and If. 

42. If, in the same example, the extremity, A, of the 
beam rest against the plane, state how the nature of the 
problem is modified, and find the position of equilibrium. 

Ans, The suspended weight must be given, instep of 
being a result of calculation. Equation (1) still holds, but 
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not (2) ; and the position of equilibrium is defined bj the 
equation , , - ’ 

PJi^ Go^ (p =2 War Bin^ p. 

43. If the fixed hemisphere be replaced by a fixed sphere 
or cylinder resting on the plane, and the extremity of the 
beam rest on the ground, find the position of equilibrium. 

ylns. If h denote the vertical height of the pulley above 
the point of contact of the sphere or cylinder with the 
plane, we have 

0 

root- = A cot 0, 

2 

6 

Pr (1 + cot - cot d) cos (f) = Wa cos 
2 

•' 44. One end, A, of a heavy uniform beam revsts against a 
smooth hoiizontal plane, and the other end, B, rests against 
a smooth inclined plane ; a rope attached to B passes over 
a smooth pulley situated in the inclined plane, and sustains 
a given weight; find the position of equilibrium. 

Let 0 be the inclination of the beam to the horizon, a the 
inclination of the inclined plane, IF tlie weight of the beam, 
and F the. suspended weight ; then the position of equili- 
brium is defined by the equation 

cos ( IF sin « 2P) =: 0. (1) 

Hence we draw two conclusions :~ 

(a) If the given quantities satisfy the equation If sin « 
— 2P ==: 0, the beam wall rest in all positions, 

(h) There is one position of equilibrium, namely, that in 
which the beam is vertical. 

This position requires that both planes be conceived o,s 
prolonged through their line of intersection. 

45. A uniform beam, AB, movable in a vertical plane 
about a smooth horizontal axis fixed at one extremity, A, is 



» 



EXAMPLES. 

attached by means of a rope BO, whose weight is negligible, 
to a fixed point 0 in the horizontal line through A, such 
that AB = AO ; find the pressure on the axis. 

Ans. 11 6 = <OAB, W = weight of beam, the re- 

action is 

/ TTa ^ 

4 sm^ ^ + sec^ 
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CHAPTER IV« 

CENTRE OF GRAVITY* (CENTRE OF MASS). 

66. Centre of CSrravity. — Gravity is the name given tc 
the force of attraction which the earth exerts on all bodies ; 
the effects of this force are twofold^ (1) statical in virtue of 
which all bodies exert pressui’e, and (2) kinetical in virtue 
of which bodies if unsupported, will fall to the ground 
(Art. 15). The force of gravity varies slightly from place 
to place on the earth's surface (Art. 23) ; but at each place 
it is a force exerted upon every body and upon every 
particle of the body in directions that are normal to the 
earth's surface, and which therefore converge towards the 
earth's centre; but as this centre is very distant compared 
with the distance between the particles of any body of 
ordinary magnitude, the convergence is so small that the 
lines in which the force of gravity acts are sensibly parallel 

The centre of gravity of a tody is the 'point of appUcatmi 
of the resultant of all the forces of gravity which act upon 
every particle of the hody ; and since these forces are 
practically parallel^ the prohlem of finding its position may 
he treated in the same way as that of finding the centre of a 
system of parallel forces (Arts. 45, 59, 63). The centre of 
gravity may also be defined as the point at which the whole 
weight of a hody^ acts. If the body be supported at this 
point it will rest in any position whatever. 

The tveight of a body is the resultant of all the forces of 
gravity which act upon every particle of it ^ and is equal in 
magnitude and directly opposite to the force which tvill just 
support tJie iody^ SiTice centre of gravity is here 

* Called also Centre of Mass md Cerdre of Inertia ; and the term Centroid has 
lately come into use to designate it 
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regarded as the centre of parallel forces, it is more truly 
conceived of as the ■^ centre of mass;’^ yet in deierenoe to 
usage we shall call the point the “ centre of gravity*” 

67. Planes of Symmetry.~Axes of Symmetry, — If 
a lioinogeneous body be symmetrical with reference to any 
plane, the centre of gravity is in that plane. 

If two or more such planes of symmetry intersect in 
one line, or axis of symmetry, the centre of gravity is in 
that axis. . ' 

If three or more planes of symmetry intersect each other 
in a point, that point is the centre of gravity. 

By observing these principles of the symmetry of the 
figure there are many cases where the centre of gravity is 
knovm at once ; thus, the centre of gravity of a straight 
line is its middle point. The centre of gravity of a circle 
or of its circumference, or of a sphere or of its surface, is its 
centre. The centre of gravity of a parallelogram or of its 
perimeter is the point in which the diagonals intersect. 
The centre of gravity of a cylinder or of its surface is the 
middle of its axis ; and in a similar manner we shall 
frequently conclude from the symmetry of the figure, that 
the centre of gravity of a body is in a particular line which 
can be at once determined. 

When we speak of the centre of gravity of a line, we 
are really considering a material line of the same density 
and thickness throughout, whose section is infinitesimal ; 
and when we consider the centre of gravity of any surface, 
we are really considering the surface as a thin uniform 
himina, the thickness of which, being uniform, can be 
neglected. 

68. Body Suspended from a l?oint,—When a lody is 
suspended from a point about xoMcTi it can turn freely, it 
?vill rest with its centre of gravity in the vertical line passing 
through the point of suspension. For^ if the point of sus- 
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BODY SUPPORTED ON A SURFACE, 

pension and tbe centre of gi'ayit? are not in a vertical linGj 
the weight acting vertically downwards at the centre of 
gravity and the reaction of the point of suspension vertically 
upwards form a statical couple and hence there will be 
rotation* 

69. Body Supported on a Surface. — When a doily is 
placed on a surface it will stand or fall according as the 
vertical line through the centre of gravity falls within or 
withotit the base. For if it falls within the base the reaction 
of the surface upward and the action of the weight down- 
w^ard will be in the same vertical line, and so there will be 
equilibrium. But if it falls without the base the reaction 
of the surface upward and the action of the weight down- 
ward form a statical couple and hence the body will rotate 
and fall. 


70. Different Kinds of Equilibrium. — According to 
the proposition just proved (Art. 69) a body ought to rest 
upon a single point without falling, provided that its centre 
of gravity is placed in the vertical line through the point 
which forms its base. And, in fact, a body so situated 
would be, mathematically speaking, in a position of equili- 
hriiim, though practically the equilibrium would not sub- 
sist. The body would be moved from its position by the 
least force, and if left to itself it would depart further from 
it, and never return to that position again. This kind of 
equilibrium, and that which is practically possible, are 
distinguished by the names of unstable and Thus 

an egg on either end is in a position of unstable equilibrium, 
but when resting on its side it is in a position oi stable 
equilibrium. The distinction may be defined generally as 
follows: 

When the body is in such a position that if slightly dis- 
placed it tends to to its original position, the equili- 

brium m stable. When it tends to move further away from 




m 


^ ' VMINTMM OF , GMAVITT OF A TRIANGLE, 

its original position, its equilibrium is unstaUe. When it 
remams^ in its fiew position, its equilibrium is neutral, A 
sphere or cylindrical roller, resting on a horizontal surface, 
is in neutral equilibrium. In stalle equilUrium the centre 
of gravity occupies the lotvest qjossible position j and in 
unstaMe it occupies the highest position. 

We shall first give a few elementary examples. 

71. Given the Centres of Gravity of two 
Ml and 31^, to find the Centre of Gravity of the two 
Masses as one System.— Let gi, denote the centre of 
gravity of the mass Mi, and g^ the centre of gravity of the 
mass Jfcj, Join gi g^ and divide it at the point, G, so that 

r= then is the centre of gravity of the two 
Gg<^ Ml 

masses as one system (Art. 45). 

72. Given the Centre of Gravity of a Body of 
Mass, Jl, and also the Centre of Gravity of a part 
of the Body of Mass, m, to find the Centre of 
Gravity of the remainder. — Let G denote the centre of 
gravity of the mass, if, and gi the centre of gravity of the 
mass, nil. Join Ggi and produce it through G tog^, so that 

— then is the centre of gravity of the 
remainder (Art. 45). 

73. Centre of Gravity of a Triangular Figure of 
Uniform Thickness and Density.— Let ABO be the 
triangle; bisect BO in D, and join AD; 
draw any line Me parallel to BO ; then it 
is evident that this luie will be bisected by 

AD in d, and will therefore have its centre 

of gravity at similarly every line in the ® f ^ 
triangle parallel to BO will jiave its centre 

of gravity in AD, and therefore the centre of gravity of the 
triangle must be somewhere in AD. 





Coe. 3. — Let the co-ordinates of A, referred to any axes^^ 
be I those of B, y^, Zq ; and those of C, 

^3, 2:3 ; then (Art. 59), the co-ordinates, 5, of the centre 
of gravity of three equal particles placed at A, B, 0, respeo 
tively, are 

_ -f ^3. ^ ft + ■ 
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In like manner the centre of gravity must lie on the line 
BE which joins B to the middle point of AO. It is there- 
fore at the intersection, G, of AD and BE. 

Join DE, which will be parallel to AB ; then the triangles, 
ABG, DEff, are similar; therefore 


AG 

GD 


AB 

DE 


Hence, tofaid the centre of gravity of a triangle^ bisect any 
side, join the point of bisection tvith the opposite angle , the 
centre of gravity lies one third the toay up this bisection. 


OoE. 1. — If three equal particles be placed at the vertices 
of the triangle ABC their centre of gravity will coincide 
with that of the triangle. 

For, the centre of gravity of the two equal particles at B 
and C is the middle point of BC, and the centre of gravity 
of the three lies on the line joining this point to A. 
Similarly, it lies on the line joining B to the middle of AO. 
Therefore, etc. 


Coe. 2. -—The centre of gravity of any plane polygon may 
be found by dividing it into triangles, finding the centre of 
gravity of each triangle, and then by Art. 59 deducing the 
centre of gravity of the whole figure. 
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\vhicli are also tlie co-ordinates of the centre of gravity of 
the triangle ABO (Got. 1). , 

74. Centre of Gravity of a Triangular Pyramid, of 
Uniform Density. — Let D-ABC he a triangular pyramid; 
bisect , AO at E; Join BE, DE; take EE 
= -|EB, then E is the centre of gravity of 
ABC (Art. 73). Join ED ; draw ah^ he, ca 
parallel to AB, BC, CA respectively, and 
let DF meet the plane, ctbc, at /; Join hf 
and produce it to meet DB at e. Then 
since in the triangle ADC, ac is parallel 
to AC, and DE bisects AC, e is the middle point of ac; also 

5/ _ D^ _ ef 
BE“^DE'~BE’ 

but EE == i-BE, 

therefore 

therefore /is the centre of gravity of the triangle ahe (Art. 
73). Now if we suppose the pyramid to be divided by 
planes parallel to ABC into an indefinitely great number of 
triangular lamina, each of these laminae has its centre of 
gravity in DF. Hence the centre of gravity of the pyramid 
is in DF. 

Again, take EH = -^ED ; Join HB cutting DF at G. 
Then, as before the centre of the pyramid must be on BH. 
It is therefore at the intersection, G, of the lines DF 
and BH. 

Join FH ; then FH is parallel to DB. Also, EF = -JEB, 
therefore FH = -^DB ; and in the similar triangles, FGH 
and BGD, we have 

i;g_fh_i. 

DG “■ pB 3’ 



therefore 


EG = iDG = iDP, 
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Hence, the centre of gravity of the pyramid is one fourth 
of the way up the line joining the centre of gravity of the 
iase with the vertex. (Todhunter’s Statics^ p. 108. Also 
Pratt’s Mechanics, p. 53.) 

Coe. 1. — The centre of gravity of four equal particles 
placed at the vertices of the pyramid coincides with the 
centre of gravity of the pyramid. 

Coe. 2.— Let y^^ z^) be one of the vertices ; (x^, y^, zj) 
a second vertex, and so on ; let (i, i) be the centre of 
gravity of the pyramid ; then (Art. 59) 

^ i (‘'^'*1 + ^2 H " + ^ 4 :)p 

y = i0ji + ^s+y3 + yi)> 

^ = i (^1 + + *3 + ^ 4 )- 

Coe. 3.-- The perpendicular distance of the centre of 
gravity of a triangular pyramid from the base is equal to -J 
of the height of the pyramid. 

75. Centre of Gravity of a Cone of Uniform 
Density having any Plane Base. — Consider a pyramid 
whose base is a polygon of any number of sides. Divide 
the base into triangles; join the vertex of the pyramid with 
the vertices of all the triangles; then we may consider the 
pyramid as composed of a number of triangular pyramids. 
Now the centre of gravity of each of these triangular 
pyramids lies in a plane w^hose distance from the base is 
one-fourth of the height of the pyramid (Art. 74, Cor. 3) ; 
therefore the centre of grarity of the whole pyramid lies in 
this plane, i.e.^ its perpendicular distance from the base is 
one-fourth of the height of the pyramid. 

Again, if we suppose the pyramid to be divided into an 
indefinitely great number of laminae, as In Art. 74, each of 
these laminae has its centre of gravity, on the right line 
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- joining the vertex to the centre of gravity of the base ; and 
hence the centre of gravity of the whole pyramid lies on 
this line, and hence it must be one-fourth the way up this 
line. There is no limit to the number of sides of the poly- 
gon which forms the base of the pyramid, and hence they 
may form a contin nous curve. 

, Therefore, the centre of gravity of a cone whose base is 
any plane curve whatever is found by joining the centre of 
gravity of the base to the vertex^ and taking a point one- 
fourth of the way up this line* 



76. Centre of Gravity of the Friistnm of a Pyra-* 

mid. — Let ABC-abc (Fig. 38) be the frustum, formed by 
the removal of the pyramid, D-abc^ from the whole pyramid, 
D-ABC ; let h^ and II be the perpendicular heights of these 
pyramids, respectively; let m and if denote their masses; 
and let z^, z denote the perpendicular distances of the 
centres of gravity of the pyramids D-ABO, and J)-abc^ and 
the frustum, from the base ; then we have (Art. 59, Sch. 1) 


or 


Mz^ = z {M — m) -]- mz^ \ 

« _ Mz^ — mz^ 

® - M—m ■ 


( 1 ) 


But 





Also, the masses of the pyramids are to each other as their 
volumes* by (1) of Art. 10, and therefore as the cubes of 
' their heights. Hence (1) becomes 


* If the bodies are homogeneous, the volumes or the weights are proportional to 


108 


£}XAMPLE8. 




- + 3A/ 


H^h 

4 


1 m + %mi^ - 
Hh^ 


Instead of the heights we may use any two corresponding 
lines in the lower and upper bases^, to which the heights are 
proportional, as for example AB and ab. Denoting these 
lines by a and and the altitude of the frustum by (2) 
becomes 

Ih -j- ^cib -f- 35^ . 


+ ab + b^ 


This is true of a frustum of a pyramid on any base, a 
and b being homologous sides of the two ends, and hence it "" 
is true of the frustum of a cone standing on any plane base. 


EXAMPLES. 


1, Find the centre of gravity of a trapezoid in terms of 
the lengths of the two parallel sides, a and and of the 
line, h, joining their middle points. 

Take moments witli reference to the longer parallel side. 


Ans, On the line bisecting the parallel sides and h-t a 

A 


distance from its lower end = 


3 a + b 


2. If out of any cone a similar cone is cut so that their 
axes are in the same line and their bases in the same plane, 
find the height of the centre of gravity of the remainder 
above the base. • 


Take moments with reference to the base. 




0 

Iv 
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Anis-. J- • where h, is the height of the original 

oone, and li', the height of that which is cut out of it. 

3. If out of any cone another cone is cut haying the 
same base and their axes in the same line, find the height 
of the centre of gravity of the remainder above the base. 

where h and hi are the respective 
heights of the original cone and the one that is cut out 
of it. 

4. If out of any right cylinder a cone is cut of the same 
base and height, find the centre of gravity of the remainder. 

Am. -|ths of the height above the base. 



I 

i 

[ 




77. Investigations Involving Integration.— The 
general formula for the co-ordinates of the centre of gravity 
vary according as we consider a material line, an area or 
thin lamina, or a solid ; and assume different forms accord- 
ing to the manner in which the matter is supposed to be 
divided into infinitesimal elements. 

In either case the principle is the same ; the quantity of 
matter is divided into an infinite number of infinitesimal 
elements, the mass of the element being dm ; multiplying 
the element by its co-ordinate, x, for example, we get 
X • dm, which is the moment of the element"^ with respect to 
the plane yis: (Art. 63); qmA fx • dm is the sum of the 
moments of all the elements with respect to the plane yz, 
and which corresponds to SPa? of Art. 63. Also, fdm is 
the sum of the masses of all the elements which correspond 
to SP of the same Article. Hence, dividing the former by 
the latter we have 

* The moment of the force acting on element dm is strictly dm hut since 
the constant ff appears in both terms of expression for co-ordinates of centre of 
gravity, it may he omitted and it become^ more convenient to speak of the momen 
of the demenU meaning hy it the prbdimt of the mass of the element dm. and its 
^irm, X. The moment of an element measures its effect in determining the positioi: 
of the centre of gravity. 
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fx*dmi 

fdm 

( 1 ) 

Similarly 

fy- dm 

m 


fz - dm ^ 
z — 1 

( 3 ) 


the limits of integration being determined by the form of 
the body ; the sign, J\ is used as a general symbol of sum- 
mation, to be replaced by the symbols of single, double, or 
triple integration, according as dm denotes the mass of an 
elementary length or surface or solid. Hence, the co-or- 
dinate of the centre of gravity referred to any plane is equal 
to the sum of the moments of the elements of the mass 
referred to the same plane divided hy the sum of the elements^ 
or the tvliole mass. If the body has a plane of symmetry L 
(Art. 67), we may take it to be the plane xy, and only (1) 
and (2) are necessary. If it has an axis of symmetry we 
may take it to be the axis of x, and only (1) is necessary. 

78. Centre of G-ravity of the Arc of a Curve.— If 

the body whoso centre of gravity we want is a material line 
in the form of the arc of any curve, dm denotes the mass of 
an elementary length of the curve. 

Let ds = the length of an element of the curve; let 
h = the area of a normal section of the curve at the point 
{x, y, %\ and let p = the density of the matter at this 
point. Then (Art. 11), we have dm = hpds, which is the 
mass of the clement ; multiplying this mass by its co-or- 
dinate, X, for example, we have the moment of tlie element, 
{hpxds\ with respect to the plane, y%. 

Hence, substituting for dm m (1), (2), (3), of Art. 77, ^ 

the linear element, Tcpds, we pbtain, for the position of the 
centre of gravity of a body in the form of any curve, th^ 
equations ' ■ 


EXAMPLES. 


Ill 


_ ___ flcpxds 

* fkpds * 

(1) 

fhpyds 
^ ~ fkpds ’ 

m 

fkpzds 

^ fkpds 

(3) 


The quantities h and p must be given as functions of the 
position of the point {x, z) before the integrations can 
be performed. 

If the curve is of double curvature all three equations 
are required. If it is a plane curve, we may take it to be 
in the plane xy, and (1) and (2) are sufficient to determine 
the centre of gravity, since i = 0. If the curve has an axis 
of symmetry, the axis of x may be made to coincide with 
it, and (1) is sufficient. 

EXAMPLES. 

1. To find the centre of gravity of a circular arc of uni- 
form thickness and density. 

Let BO be the arc, A its middle point, y Fig.SD 
and 0 the centre of the circle. Then as 
the arc is .symmetrical with respect to OA 
its centre of gravity must lie on this line. ^ \ 

Take the origin at 0, and OA as axis of x, M 

Tiien, since h and p are constant, (1) be- \/ 
comes 

" 5-.^. ri) 

fds’ 

t being the co-ordinate of any point, P, in. the arc. Let 0 
be the angle POA, and a the radius of the circle, and let 
a = the angle BOA. Then 


I 


¥■ 
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Hence 


/ a pa 

cos d dO I cos 6 dd 

a —a 


= a ' 


_ sm eg 
a 


llierefore, the distance of the centre of gravity of the arc of 
a circle from the centre is the product of the radius and tlu 
chord of the arc divided by the length of the arc. 

Con. — The distance of the centre of gravity of a semi- 
^a 

circle from the centre is — • 

2. Find the centre of gravity of the c|iiadrantj, AD^ (Fig, 
39), referred to the co-ordinate axes OX^ O.K 
The equation of the circle is 




dy __ 'fdx^ 4- dy"^ 


ds 
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3. Find the centre of graYity of the arc of a cycloid. 
Take the origin at the starting point of the cycloid, and 
let the base be taken as the axis of x. The equation of 
the curve is 


= a vers"'^ ~ ~ {2ay — 5 


& dy ds 

' ' i2a — y)^ ~ (3a)^ ’ 


it is evident that the centre of gravity will be in the axis of 
the cycloid ; therefore x = mi; and as k and p are constant, 
(2) becomes 

y dy 




4. Find the centre of gravity of a circular arc of uniform 
section, the density varying as the length of the arc from 
one extremity. 

Let AB (Fig. 39), be the arc ; let p be the density at the 
ts distance from A, then will be the density at the 
from A ; let OA ^be the axis of cr, and A the 
for p, and a cos 0, a sin 0, a dd, 


f 




Cob.-— F or the arc of a semi-cycloid, we get 



Coe. — ^F or a qnadrant we get 


5. Find the centre of gravity of one-half ot a 
temniscate whose equation is r® 20 I 

length of the half-loop. ’ 


6. Find the centre of gravity of a straight rod, the den- 
sity of which varies as the wth power of the distance of 
each point from one end. 

Take the origin at this end, suppose the axis of to coincide with 
the axis of the rod, and let I = the length of tlie rod 
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7. Find the centre of grayity of the arc of a semi-car-' 
;dioid 5 its equation being 

r a {I + cos oy 

Ans. The co-ordinates of ihe centre of gravity referred 
to the axis of the curve and a perpendicular through the 
cusp^ as axes of ^ and are 

5 r= 2^ = ja. 

79. Centre of Gravity of a Plane 
Area. — Let ABCD be an area bounded 
by the ordinates, AO and BD, the curve 
AB whose equation is given, and the axis 
of X ; it is required to find the centre of 
t gravity of this area, the lamina (Art. 67) 
being supposed of uniform thickness and density. We 
divide the area into an infinite number of infinitesimal 
elements (Art. 77). Suppose this to be done by drawing 
ordinates to the curve. Let PM and QN be t'wo consecu- 
tive ordinates, let (a;, y) be the point, P, and let y be the 
centre of gravity of the trapezoid, MPQN, whose breadth is 
dx and whose parallel sides are y and y + dy. The area of 
this trapezoid is y (Cal, Art. 184). 

Let p be the density and the thickness of the lamina. 
Then (Art. 11) we have dm = which is the mass 

of the element MPQK ; multiplying this mass by its co-or- 
dinate, for example, we have the moment of the element 
(kp xydx), with respect to OY, and multiplying by the 
other co-ordinate, Jy, we have the moment wdth respect to 
OX. Hence, substituting for dm in (1) and (2) of Art 77, 
the surface element, hpy dx, and remembering that k and p 
are constants, we obtain, for the position of tlto centre of 
gravity of a body in the form of a plane area, the eqnationSj 
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fxydx - 

Sydx’ ^ ^ fy dx ’ 


the integrations extending over the whole area GABD* 


EXAMPLES. 


1. Find the centre of gravity of the area of a semi-parab- 
ola whose equation is 

Let a = the axis, and b the extreme ordinate, then we 
have from (1) 

f f dx 


's/'^px^dx J* xi 


“ = 1^1 





8. Find the centre of gravity of the area of an elliptic 
quadrant whose equation is 


MXAMPLE8. 


m 


46 

dn 


Hence for tlie centre of gravity of the area of a circular 
quadrant we have 

4a 


m z=i y 




3. Find the centre of gravity of the area of a semi- 
cycloid. 

Take the axis of the curve as axis of av and a tangent at 
the highest point as axis of y ; then the equation is (Anal. 
Geom., Art, 157), 


y a vers“^- + w%ax — x^; 


where a is the radius of the generating circle. From (1) we 
have 


0 ? = 


y ryx^ Px^ 

Jo 


pHa r p -iSa 

Jo 

, ™. (2a)a 


\y^ — J {^ax — 




since when iu =s 0 and 2^, ^ = 0 and m 


Also, 

X so p /» -fa 

y^dx \fx — %Jyxdy^ 
y~ i ~7m 


J, 
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fx—% J y {%az —■ a;3)i 




{%ax~a?)i vers-i | dx~2 f (2ax~xi) dx1 


STTfi^ 


2a 

-0 


[fx ~ 2ax^ 4- -2af {2ax - x^)i vers'i ^ dxT 

■ — ^ Jq 

Sna^ 


dna^ 


Sna^ 




-I), 


V7hic]i the student can verify by assuming 


vers" 


if 

a 


(See Todhunter’s Statics, p. 118.) 

80. Polar Elements of a Plane 
Area. Let AB be the are of a curve, ^ 
and let it be required to find the centre of 
gravity of the area bounded by the arc 
AB and the extreme radii-veetors, OA 
and OB, drawn from the pole, 0, to the 
extrejnities of the arc. 

Divide the area into infinitesimal triangles, such as POQ 

ncuded between two consecutive radii-veetors, OP and 

S? f DAA ^ point, P, then the area of the 

oienient POQ = it^ dO (Oal., Art. 191) ; and if the thick- 
ness and density of the lamina are uniform, the centre of 
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graYity of tliis elementary triangle will be on a straight line 
drawn from 0 to the middle of PQ, and at a distance of 
two-thirds of this straight line from 0 (Art. 73). Hence 
the co-ordinates of the centre of gravity,^, of POQ^ are 
OM and or, 

f r cos Si and f r sin d. 


Hence, (Art. 77), 


/|r cos S • dS 


, /r® cos B ^ 
^ frHB ^ 


~7ir»de 

the integrations extending over the whole area, AOB. 


( 1 ) 


EXAMPLE. 

Find the centre of gravity of the area of a loop of Ber- 
nouilli’s Lemniscate whose equation is cos %B. 

As the axis of the loop is symmetrical with respect to 
the axis of x, ^ = 0, and the abscissa of the centre of 
gravity of the whole loop is evidently the same as that of 
the half-loop above the axis. Substituting in (1) f :>r r its 
value a cos'^ 20, we h'ave 


f 


/ cos^ 20 cos 0 dS 

.'lo 


cos 2d dO 


ss y^(l “ 2 sin® 0)5 sin A 


Pnt sin 0 


:^.tben 
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s _ ^dct> = ■ I % (Cal., Art. 157), 

3'\/3‘^o 3V2 

m 

a? =: r=® 

4^3 

.81. Double Integration. — Polar Formulae.--- When 
the density of the lamina yaries from point to pointy it may 
be necessary to divide it into elements of the second order 
instead of rectangular or triangular elements of the first 
order (Arts. 79 and 80). 

Suppose that the density of the lamina AOB (Fig. 41), 
is not uniform. If we divide it into triangular elements, 
POQ, the element of mass will be no longer proportional to 
the element of area, POQ = dB ; nor will the centre of 
gravity of the triangle, POQ, be f r distant from 0. 

Let a series of circles be described with 0 as a centre, 
the distance between any two successive circles being dr. 
These circles will divide the triangle, POQ, into an infinite 
number of rectangular elements, abed = rdBdr. If h is 
the thickness and p is the density of the lamina at this ele- 
ment, the element of mass will be dm = hprdddr^ and 
the co-ordinates of its centre of gravity will be r cos 0 and 
r sin 0. Hence, from (1) and (2) of Art. 77, we have 



J hprdOdr J J^hprdBdr 


m 



In each of these integrals the values of i and p are to he 
substituted in terms of r and and the integrations taken 
between proper limits. 
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MX AMPLE. 


E X A M P L E . 


Find the centre of grayifcy of the area of a cardioid in 
which the density at a point increases directly as its distance 
from the cusp. 

Let = the density at the unit’s distance from the 
cusp, then p = is the density at the distance r from 
the cusp. 

^ As the axis of the curve is an axis of symmetry (Art.' 67), 
^ == 0, -and the abscissa of the whole curve is the same as 
for the half above the axis ; then (1) becomes 


a? = 


ff 

«/0 e/n 


r® cos 6 dB dr 


r r r^dB dr 

</© t/ft 

> ^0 


/© t/Q 

^ cos B dB 


4 " n-ir 

Jo ^ ^ 

by performing the r-integration. 

The equation of the curve is 

B 

^ r = a (1 +■ cos B) == 2a cos^ 


V- 1 X/ 


Substituting this value for r, and putting ^ we have 


; fa 


COS® ^ (2 cos^ ^ — 1) dip 


f: 


cos® ^ # 
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82 . Donble Integration.— Eectangiilar Pormnlae.— 
Let a series of consecutive straight lines be drawn parallel 
to the axes of x and respectively, dividing the area, ABCD, 
(Eig. 40), into. an infinite number of rectangular elements 
of the second order. Then the area of each element, as 
(tbcd^ = dx dy ; and if Tc and p are the thickness and density 
of the lamina at this element, the element of mass will be 
dm = hp dx dy \ and the co-ordinates of its centre of gravity 
will be X and y. Hence from (1) and (2) of Art. 77/ we 
have 




J*lcpxdxdy 

--- ■ ■ — - • 

J* J" Icpdxdy 
J* J^hpydxdy 

S S 


the integrations being taken between proper limits 


EXAMPLE 

Find the centre of gravity of the area of a cycloid the 
density of which varies as the ?ith power of the distance 
from the base. 


BimFAOJS OF REVOLUTION, 
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Let p === the distance y from the base. 

It is evident that the centre of gravity will be in the axis of 
the cycloid; therefore « = Trrij ; and as /r is constant (2) 
'becomes 

J J dx 

V — ^ ^ 


pHira py 

Jo Jo 


+ 1 « 

p^vra 

■'o 


n + 2 

t 

p%TTa 

j dx 



pfia yn^Z gy 


w + 1 ' 

1 

> 


« + 3 

pM yn+%cly 



^0 A/%ay — y^ 


p%a 

y^'^^ dy 

n + 1 

3w + 5 ^ *^0 

V 2ay — y^ ^ 

» + 3 ' 

w + 3 ^ 

y^'^^ dy ’ 


'S/^ay — y^ 


n 1 2^ + 5 
n + "2 + 3 ^ 


83. Centre of Gravity of a Surface of Revolu- 
tion. — Let a surface be generated by the reyolntion of the 
curve, AB (Fig. 40), round the axis of x. Then the 
elementary ai'c, P§, (= els), generates an element of the 
surface whose area = 2ny els (OaL, Art. 193). If h is the 
thickness and p the density of the lamina or shell in this 
elementary zone, the element of mass will be dm = 27Tjcpy ds. 
Also the centre of gravity of this zone is in the axis of x at 
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EXAMPLES. 


the point if whose abscissa is x and ordinate 0. Henc^ (1) 
of Art. 77 becomes^ after cancelling 27r, 


hpxy d$ 

, — 

/ kpyds 

the integrations being taken between proper limits* 


(1) 


EXAMPLES. 


1. Find the centre of gravity of the surface formed by 
the revolution of a semi-cycloid round its base. 

The equation of the generating curve is 

X a vers~^ ^ 


or 


dx dy _ , 

y V ^ay — ^/%ay ^ 

dy 


ds 




y 


which in (1) gives, after cancelling *\/2aip. 


xydy 


t 

^0 — y 

y dy 

^0 




^ 2 ^ 


y 




2. Find the centre of gravity of the surface formed by 
. the revolution of a semi-cycloid round its axis. 

It is clear that the centre of gravity lies on the axis of 
the curve ; hence ^ =: 0. 


: ' EXAMPLES, ■ 

The equation of the generating curve is 

11 =: a vers"^ - + 

n a 
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Here 


’2a — » 


dx. 


dy = 


ds — ^ ^ dXf 


which in (1) gives 


» = 


dx 

J^yx'^dx 

\%yA - f/ Ady'^ 
^yA — ^fx^ dy'^ 

^yx^ — ij* 9;V2a — x 

j^ 2 ^a:i — 2 J* ^ 

l-Tra (2a)^' — (%a)'^ 

~~ 27ra (2a)4 — | (2a)i 


: ® 


15 Tr — 8 
3ff — 4* 


3 . Find the centre of gravity of the surface formed by 
ihe revolution of the semi-cycloid round the axis of y m the 
last example, L e., round the tangent to the curve at the 

highest point. 

J.MS. y = yk (Idir — 8 ). 


. ^ Aj[rr amvBi) smpAOM. 

Snrface.- 


hpxds 

J^Jcpds 



and similar expressions for y and 
. Substituting the value of ds (( 
ling Jc and we have 


cancel- 


centre of 


BOMB BP R R 
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„ First perform tFe, ;^-mtegra- 
tion, X being constant, from 
= 0. to ^ = 

tlie effect will be 
to sum up all the elements 
similar to pq from H to 1. 

The effect of a subsequent 
ai-integration will he to sum 
all these elemental strips that 
are comprised in the surface 
of which OAB is the projec- 

tion, and the limits of this integration axe a; = 0 and 
x= OA=^ a. Hence 

X dx dy 



m pvx X dx dy 

Jo Jo - f)^ 


pa pvi dx dy 

Jo Jo 


P ^nx dx 
£indx 
y = ^n, s — 


Similarly 

3. Find the centre of gravity of one-eighth of the surface 
of the sphere if the density varies as the z-ordinate to any 
point of it. Here p=f‘2. 


4a - 
Ans. ^ ^ y 


4a 

^ 3^’ 


2a 


z = 


85. Centre of Gravity of a Solid of Revolution. 

Let a solid be generated by the revolution of the curve, AB, 
X «), round the Mis ol » Then the element™, 
teoLgle, (=St*). sen™*** an element ot the 
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SOLID ojp REVOLUTION-. 


solid whose volume = (C]a] ‘Av/- ooq\ tt 

density of the solid is uniform we W fo! 'tv 
the oent« J 


fvyhidx Jy^dx 

f^ry^dx Jy^dx 


( 1 ) 


CABB,‘Sr:Ltfor““ ™ 

b. to Snif nt 1"”';* "’•" ‘o 

rtpy ax. Hence, we shall have in this case, 


47 = 


J^ py'^xdx 
J^py^ dx 


m 


-£jJr r r“ ‘ “;c 


f fpxydxdy 

J J py^x:dy ’ 


( 3 ) 


performed first, from 0 to ^ the 
mate of a point P, on the bounding curve • and then 
the a;-mtegrations from 00 to OD. ^ 


MXAIfPLES. 
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exampi-es. 

1. Bnd th« centre of ginritj of the ieimspliere gene»W 
by the revolntlon of the quadrant, AD, (Fig. 89), round 0 
( akeu « atisof a), (1) .-hen the denerty .. umiorm ; (^ 
when it ie eonst.ut over a section IK,r[.ud.enlut t» “d 

varies as tlie distance of tins section from OD, ( ) ^ 
it is constant at the same distance from OA and vanes as 

this distance. 


(1) From (1) we have 


I' yh;dx 
J fdx 


Putting a = r CO. «, and » = r »■> ». 

radius of the circle and integrating between 8 _ 0 and 

^ , we have 


0 




N- 


* = |r. 

(2) Since p = f«8, we have from (2) 

J' ii?y^dx 

« = -ji ■» 

/ xy^dx 

which gives ® 

(|5) Since p = py, we have from (3) 

J'J^ xfdxdy fxfdxe 
J J^y^dxdy J'fdx 


\ 



and the previous substitutions for x and 


y give 


centre of gravity of a paraboloid of revolu. 
tion, the length of whose axis is h. „ 2 ^^ 


snherdd"^tbri ""'“ft" f ^ ^ 

is^c and^ 9 ^ measured from the vertex 

IS Cy and (2) of a liemi-spheroid. 


4 3a 


86. Polar Formulae.— Let a solid be generated bv fb» 
J.I.I .U of AB, (RV. 41), ™.,.d the axirSr 4™ the 
elementary rectangle, abed, whose mass = pr dd dr Uvt 
81), the thickness being omitted, generates a ring whieft’ 
an element of the solid whose volume = sin L, 
and the abscissa of the centre of gravity of the rinff ia 
r cos 6. Hence (1) of Art. 77 becomes ^ 


,L 


ffpr^ sin (? cos ededr 


ffpr^ 


sin ededr 


in which p must be a function of r and 0 in order tb«f th. 
integrations may be effected. ' 

If the density depends only on the distance from a fixed 

o:ridn™nd^/)mdl*b P°“* ““7 be taken as 

origin, and p mil be a function of r j if the density depends 
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CBXTRM OF GBAVITT OF ANT SOLID. 

the sphere, the base of the cone being a portion of the sur- 
face of the sphere. Find the distance of the centre of 
graTity of the cone from its Tertex, %a being its vertical 

angle, and n, the radius of the spheie. ^ ^ - 

Here the r-limits are 0 and 2ai cos 6 ; the ^-limits are C 
and « ; p is constant ; hence from (1) we have 


rr,, 

'^0 


■3 sin e cos 6 dO dr 


na pr 

/ / si 

t/Q ^0 


sill 0 dO dr 




f\2a cos ey sin 0 cos ed& 
. dp 

/ (2a cos Oy^ sin 6 dB 

Jp 

I cos^ 6 sill 0 dO 
. dp 

la 

/ cos^ 0 sin 0 dB 
dp 


COS® & 


cos^ a 


87. Centre of Gravity of any Solid.— Let {x, y, r) 
and (a; + dx, y dy, z + dz) be two consecutive points E 
and F, (Fig. 42), within the solid whose centre of gravity is 
to be found. Through E, pass three planes parallel to the 
co-ordinate planes xy, yz, zx-, also through F pass three, 
planes parallel to the first. The solid included by these six 
planes is an infinitesimal parallelepiped, of which E and F 
are two opposite angles, and the volume = dx dy dz. If p 
is the density of the body at B, the element of mass at E 
^odxdy dz. Hence the co-ordinates of the centre of 
gravity of the solid are given by the equations 



/// p (lx (ly dz 

J* J pydxdydz 


j’fj p dx dy dz 
j" j* j^pz dxdy dz 


J J pdx dy dz 

fche integrations being extended over tlie whole solid. 


EXAMPLES. 


1. Find the centre of gravity of the eighth part of a^' 
ellipsoid included between its three principal planes.*^ 


Let the equation of the ellipsoid be 


Here the limits of the ^-integration are 


5+l>5 = ‘- 


* Planes of cew, yz, zx^ 


which call z^ and 0 ; the limits of y are 


i? = 5 and 0, 

call yi and 0 ; the tr-limits are a and 0. 


POLAR ELEMENTS OF MASS. 
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First .integrate with respect to s, and we obtain the 
infinitesimal prismatic column whose base is PQ, (Fig. 42), 
and whose height is Yp. Then we integrate with respect 
to y, and obtain the sum of all the columns which form 
the elemental slice ^phnq. Then integrating with respect 
to X, we obtain the sum of all the slices included m the 
solid, OABC. Hence (1) becomes, since the density is 
uniform, 


pa PVx p 

Jq Jq t/ 0 

•— pa pVx p 

Jq Jq ^0 

'x clx dy d% 

dx dy dz 

r(i — - 

Jo ' « 

, 

^ . * 

a, 

1 ! 

eH 

rii - - 

Jo \ a 

J)* 


i = •!«:. 

Similarly ij = « = 1^* 

2. Find centre of gravity of the solid bounded by the 
planes e = ^x, z ^ ya:, and the cylinder f = 2ax - xK 

A«s. * = |u; y = 0; « = “8 (^ + t)- 


88. Polar Elements of Mass.-Let Fig. 43 repre- 
sent the portion of the volume of a solid included between 
its hounding surface and three rectangular co-ordinate 
planes. 
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POLAR ELEMENTS OF MASS. 


(1) Througli the axis of draw 
a series of consecutive planes, divid- 
ing tlie, solid into wedge-shaped 
slices such as OOBA. 

(2) Round the axis of z describe 
a series of right cones with their 
vertices at 0, thus dividing each 
slice into elementary pyramids like 
0-PQST. 

(3) With 0 as a centre describe 

a series of consecutive spheres ; 
thus the solid is divided into elementary rectangular par- 
allelopipecls similar to ahpi, whose volume = ap - • sU 



Let 


XOA = COP = 6, Op 
AOB = d<i), POQ = dB, pa 

/ 

Then pq is the arc of a circle whose radius is r, and the*^ 


r, 

dr. 


angle is dO ; therefore 


pq = rdB, 


Also ps is the arc of a circle in which the angle is 
and the radius is the perpendicular from p on OZ, or 
r sin <9 ; therefore 

ps =: r sin 0 d(l>. 


Therefore the volume of the elementary parallelopiped = 
sin OdrdB d(l>; 


and if p is the density of the solid at j?, the element of 
mass is 

pr^ sin 0 dr dO d(l)» 


Also the co-ordinates of the centre of gravity of this 
element are 


. 


EXAMPLES^ 
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hence for the centre of gravity of the whole solid we have 

sin^ 6 cos ^ dr dOd(p 

J J J pr^sinOdrd&dfj) 

S S S ^ ^ 


f = 


///^-^ sin 6 dr dd d<j> 


fff^ sin B cos B dr dB d^ 
sin B dr dB d<t> 


the limits of integration being determined by the figure of 
the solid considered. 

The angles, ^ and 0, are sometimes called the codatitude^ 
and longitude^ respectively. 


EXAMPLES. 

1. Find the centre of gravity of a hemisphere whose 
density varies as the ^th power of the distance from the 
centre. 

Take the axis of i; perpendicular to the plane base of the 
liemisphere. Let <35 = the radius of the sphere, and 
p — where p is the density at the. units distance from 
die centre. First integrate with respect to r from 0 to 
and we obtain the infinitesimal pyramid 0~PQST. Then 
integrate with respect to 6 from 0 to Jtt, and we obtain the 
sura of all the pyramids which form the elemental slice, 
CO BA. Then integrating with respect to (f) from 0 to 2n, 
we obtain the sum of all the slices included in the hemi- 
sphere. Hence, 


m 


SPjSCIAIj mwteobs. 


P%rt ri\tr /na 

j ^”'■*’3 sin 0 cos 0 dr dB d((i 

Jq Jq e/Q , 

/»3>r plir /*a 

I / / sin 0 dr do d(li 

dn t/n «/n 


-f” 3 
+ 4:^ 


pfirt p\Tr 
, ^0 *^0 


sin 0 cos 0 dB d<li 


AStt p\Tr 

f / smO dB dp 

«/n i/n 


n S a 

.% s = — ~ • -^5 

4- 4 2 

and it is clear that 5 = y = 0. 

2* Find the centre of gravity of a portion of a solid 
sphere contained in a right cone whose vertex is the centre 
of the sphere, the density of the solid varying as the ^zth 
power of the distance, from the centre, the vertical angle of 
the cone being = 2«, and the radius = a. 

Take the axis of the cone as that of 2, and any plane through it as 
that from which longitude is measured. 

Ans. k = " (1 + COS a), and « = ^ = 0. 

^ 4- 42 ^ ' 

89 . Special Methods. — In the preceding Articles we 
have given the usual formulae for finding the centres of 
gravity of bodies, but particular cases may occur which may 
be most conveniently treated by special methods. 


EXAMPLES. 


1. A circle revolves round a tangent line through an ^ 
angle of 180° ; find the centre of gravity of the solid 
generated. 
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EXAMPLES* - 

‘ Let 0 y be tlie tangent line about 
wbich the circle revolves^ and let the 
plane of the paper bisect the solid; the 
centre of gravity will therefore lie in 
the axis of x. Let P and Q be two 
consecutive points ; and let OM = 
and MP =: ?/ = The 

elementary rectangle, PQ^^p, will gen- 
ei'ate a semi-cylindrical shell, whose volume = ^ymclx, 
the centre of gravity of which will be in the axis of x at a 
S'?* ' 

distance ~ from 0 (Art 78, Ex. 1, Oor.). Hence, 



2. Find the centre of gravity of a right pyramid of uni- 
form density, whose base is any regular plane figure. 

Let the vertex of the pyramid be the origin, and the axis 
of the pyramid the axis of £r; divide the pyramid into slices 
of the thickness dx by planes perpendicular to the axis. 
Then as the areas of these sections are as the squares of 
their homologous sides, and as the sides are as their dis- 
tances from the vertex, so will the areas of the sections be as 
the squares of their distances from the vertex, and therefore 
the masses of the slices are as the squares of their distances 
from the vertex. ISTow imagine each slice to be condensed 
into its centre of gravity, which point is on the axis of x* 
Then the problem is reduced to finding the centre of grav^^ 
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TBEOBEMS OF PAFPUS> 


it y of a mateiial line in ’which the density Taries as the 
square of the distance from one end, and which may be 
found as in Ex. 6, (Art. 78), Calling a the altitude of the 
pyramid, we have 


which is the same as in Art. 75. 


90. Theorems of Pappns.* — (1) If a plane curve 
revolve round any axis in its planOf the area of the 
surface generated is equal to the length of the 
revolving curve multiplied hy the length of the 
path described by its centre of gravity. 


Let s denote the length of the curve, y, the co-ordinates k 
of one of its points, y, the co-ordinates of the centre of 
gravity of the curve; then, if the curve is of constant 
thickness and density, we have from (2) of Art. 78, 


f yds 

7 ^’ 


%nys z=z %rtj^y d$\ 


the second member of which is the area of the surface 
generated by the revolution of the curve whose length is s 
about the axis of x, (OaL, Art. 193) ; and the first member 
is the length of the revolving curve, 5, multiplied by the 
length of the path described by its centre of gravity, ^rry. 


* Usually called Gulclin’s Thebrems, but originally enunciated by Pappus. (See 
Walton’s Mechanical Problems, p. 42, 3d Ed.) 





THEOREMS OF PAPPUS* 

(2) If a- plane area revolve rowml any axis in its 
plane, the volume generated is ecpval to the area of 
the revolving figihre multiplied by the length of the 
path described by its centj^e of gravity* 

Let A denote the plane area, and let it be of constant 
thickness and density, then {2) of Art. B2 becomes 


J J ydx dy 
j J dxdy 


or %T!yJ'fdk = 27:JJy dx dy. 


the integral being taken for every point in the perimeter of 
the area; but the second member is the volume of the 
solid generated by the revolution of the area (Cal., Art. 
203) ; and the first member is the area of the revolving 
figure, A, multiplied by the length of the path described 
by its centre of gravity, 2rcy. 

Cor.— If the curve or area revolve through any angle, 6, 
instead of Stt, (1) and (2) become 

6ys =1 d J* y dSf (3) 


and the theorems are still true. 


ScH. — If the axis cuts the revolving curve or area, the 
theorems still apply with the convention that the surface 
or volume generated by the portions of the curve or area on 
opposite sides of the axis are affected with opposite signs. 


(substituting dK for dx dy), 

27ryA = TT^ y'^dx. 


and 


eyA = ^e y^dx. 
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E X A M P L E S, 

1. A circle of radius, «, revokes round an axis in its own 

plane at a distance, c, from its centre; find the surface of 
the ring generated by it. ^ ^^unacc or 

The length (circumference) of the revolving curve - 
• the length of the path described by its centre 7f 
= mcl ' 

• • the area of the surface of the ring = 4:it^ae. 

2. An ellipse revolves round an axis in its own plane 
the perpendicular distance of which from the centre^is c • 

revolSkm 

Let a and 5 be the semi-axes of the ellipse; then the 
revolving area = md; the length of the path described by 
its centre of gravity = Sttc; ^ 

the volume of the ring = SttVSc. 

distance from that axis to the centre of the ellipse is the 

Ur, ^ «. =' 4va2; the 

ength of a semi-cireumference ^ na; find the length of 

the ordinate to the centre of gravity of the arc of a semi- 

Ans.y = ^±. 

7T 

4. The volume of a sphere, of radius «, = the 
a 0 a semicircle _ ^na^; find the distance of the centre 
tile semicircle from the diameter. 




A ns. 


■ ia 


circular tower, the diameter of which is 20 ft. , is 
built, and for every foot it rises it inclines 1 in. from 


MXAMPLm, 
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the Terti(3al ; find the greatest height; it can reach #itnoiit 
falling. : ' ■ ' ,MO,ft.,: ■ 

6. A circular table weighs 20 lbs. and rests on four legs 
in its circumference forming a square ; find the least ver- 
tical pressure that must be applied at its edge to overturn it. 

,1- Ans. 30 (v^ + 1) = 48.38 lbs. 

, 7. If the sides of a triangle be 3, 4, and 5 feet^ find the 
distance of the centre of gravity from each side. 

Am, f, 1, f ft. 

8. An equilateral triangle stands vertically on a rough 
plane ; find the ratio of the height to the base of the plane 
when the triangle is on the point of overturning. 

Ans, V? : 1. 


^ 9. A heavy bar 14 feet long is bent into a right angle so 

that the lengths of the portions which meet at the angle 
are 8 feet and 6 feet respectively ; show that the distance 
of the centre of gravity of the bar so bent from the point 
of the bar which was the centre of gravity when the bar 

was straight, is feet. 


10. An equilateral triangle rests on a square, and the base 
of the triangle is equal to a side of the square ; find the 
centre of gravity of the figure thus formed. 

A71S, At a distance from the base of the triangle equal to 
3 ' 

— ^ of tiie base. 

8 4 2 v/3 


11. Find the inclination of a rough plane on which half 
a regular hexagon can just rest in a vertical position with- 
out overturning, with the shorter of its parallel sides in 
contact with the plane. 3 : 5 . 

^ 12. A cylinder, the diameter of which is 10 ft., and height 
60 ft., rests on another cylinder the diameter of which is 
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18 fL, and lieiglit 6 ft ; and their axes eoincido ; fnul tbcii 
coramon centre of grayity. 27||:f- ft from the base. 

^ 13. Into a liollow cylindrical vessel 11 ins. high, .and 
weighing 10 lbs., the centre of gravity of which is 5 ins. 
from the base, a uniform solid cylinder 6 ins. long and 
weighing 20 lbs., is just fitted ; find their common centre of 
gravity. Ans. 3-| ins. from base. 

,14. The middle points of two adjacent sides of a square 
are joined and the triangle formed by this straight line and 
the edges is cut off ; find the centre of gravity of the 
remainder of the square. 

Ans, -gV of diagonal from centre. 

15. A trapezoid, whose parallel sides are 4 and 12 ft. 
long, and the other sides each equal to 5 ft., is placed with 
its plane vertical, and with its shortest side on an inclined 
plane ; find the relation between the height and base of the 
plane when the trapezoid is on the point of falling over. 

Ans, 8 : 7. 

• IG. A regular hexagonal prism is placed on an inclined 
plane with its end faces vertical ; find the inclination of 
the plane so that the prism may just tumble down the plane. " 

Ans, 30°. 

17. A regular polygon just tumbles down an inclined 

plane whose inclination is 10°; how many sides has tlm 
polygon ? Ans, 18. 

18. From a sphere of radius R is removed a sphere of 
radius r, the distance between their centres being find 
the centre of gravity of the remainder. 

Ans, It is on the line joining their centres, and at a dis- 

tance from the centre. 

, R^ — 'T 

19. A rod of uniform thickness is made up of equal 
lengths of three substances, the densities of which taken in 
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order uro in the proportion of 1, 2, and 3 ; find tlie position 
of the centre of gravity of the rod. 

At -dy whole length from the end of the 

densest part 

> 20. A heavy triangle is to be suspended by a string pass- 
ing through a point on one side ; determine the position of 
the point so that the triangle may rest with one side 
vertical. 

Ans, The distance of the point from one end of the side , 
=: twice its distance from the other end. 

21. The sides of a heavy triangle are 3, 4, respectively ; 
if it be suspended from the centre of the inscribed circle 
show that it will rest with the shortest side horizontal. 

22. The altitude of a right cone is h, and ‘'a diameter jof . 
the base is ; a string is fastened to the vertex and toi a 1 
point on the circumference of the circular base, and is then 
put over a smooth peg ; show that if the cone rests with its 
axis horizontal the length of the string is V {h^ + W), 

23. Pind the centre of gravity of the helix whose equa- 
tions are 

0 ? = cu cos 0 ; y 1 = a 

. - j ij ^ . — a; - z 

Am, X Tea-; y := lea ; 2 = jr* 

% % A 

24. Find the distance of the centre of gravity of the 
catenary (OaL, Art. 177), from the axis of a;, the cuiwe 
being divided into two equal portions by the axis of y, 

Ans, If %l is the length of the ciitve and (7?., Ic) is the 
extremity, the centre of gravity is on the axis of ^'-at a 

distance — from the axis of a?. 
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EXAMPLES. 


^ lllG COUtrG of OTflvify t-U * ■ 

.,..e p..M:7=tr«::L'S:s 

Ans. B == ^ ■ T. ^ 

. ,g^j2 

being 1/ = ^ £! 

2a — X A?zs, i = |(^., 


‘ of Agn!S^ of the witch 

dh™Ll,f th?£rciS^ ^ «f fho 

tween the arc^ofTtem^cyS^ area included be- 
generating circle, and the base of the c'yeloS thT c 

ss'irt :“:r7r“. “ 7 »' 7?r 

wdimofthsgMe^H ” ‘“”S “Si”. «b< 1 « th, 

.2 r 2 : 72 - 7 ; “■-* .. 

ailore the axis otx. d ~ ^ ^ hich is 


Ans. X =z a 


IStt — 40 ’ ^ ~ 


a 


dn ^ 8* 


of the circular sector” BOCA ^(K^^Sgf 

Ans. X = fa ® 
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B 2 . Find the distance of the centre, of gravity of the 
circular segment, BCA, (Fig. 39), from the centre. 

j 'gsin^d _ BC^ 

ns. izj — f ^ ^ ~ 12 area of ABC 


33, Find the centre of gravity of the area bounded by 
the cardioid r = a(l cos &). Ans. i = fa. 


34 . Find the centre of gravity of the area included by a 

loop of the curve r ^ a cos 20, , i28a 

Ans. X = 

10 c JT 


35. Find the centre of gravity of the area included by a 
loop of the curve r = a cos 30. , 81^2 


36. Find the centre of gravity of the area of the 

sector in Ex. 31, if the density varies directly as the dis- 
tance from the centre. j ~ sin 0 

j!inS» X — “T- • — ^ 

4 6 

37. Find the centre of gi'avity of the area of a circular 
sector in which the density varies as the power of the 
distance from the centre. 

A ns. where a is the radius of the circle, I the 

V n d I 

length of the arc, and c the length of the chord, of the 
sector. 

38. Find the centre of gravity of the area of a circle in 
which the density at any point varies us the wth power of 
the distance from a given point on the circumference. 

Ans, It is on the diameter passing through the given 
point at a distance from this point equal to 
a being the radius. 



of « dlfp “inSf fr'?' »' “ 1"“'!“”* 

the di.ta„„e ae poat f,lrtail2f ■“ “ 

Ans.^ = ^a;^=^i, 

16 

Let a = the altitude. ^ 

Ans. X =: |.^,. 

reTOlving the giavitj of the surface formed by 


round the initial line. 


: « (1 -f COS 6)^ 


A?is, 


ma 
63 ‘ 


«cl . pta, peiadicu, J to ae”tl° X* 

the ,ertos equal to } of the latus reclnm 

»». Its istoee-from the vertex = fj (1.1,3 recto,) 

distoce ton. a p.^lel plane thre,;. 

Let the vertex be tie ortgi, and fth. altrt* . 

Am. ^ = ±±1^^ 

e.e^, p:M^„^X?£2el^;”XtetXtfe 

'^’de* “ *“■ *'‘° ™‘'* “ “e ertgiii and a the 

45. Find the centre of gravity of the volume r.f -r 
coutained between i 

is the vertex of ^ a cone whose 

the hemisphel hemisphere and base is the base 



, f. 
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Ails. A* = where the vertex is the origin and .^55 the 

/y ' ■ 

altitude. 

46. Find the distance of the centre of gravity of a hemi- 
sphere from the centre, the radius being a, • 

A ns. i == 

47. Find the centre of gravity of the solid generated by 
the revolution of the semicycloid, 

y = '\/2acc — A- ^ 

(1) round the axis of x, and (2) round the axis of 

48. Find the centre of gravity of the volume formed by 
the revolution round the axis of x of the area of the curve 


^4 — ^^^2 A- x^ z= 0. 


Ans. X = 


49. Find the centre of gravity of the volume generated 
by the revolution of the area in Ex. 29 round the axis of y. 

5a 

Ans. y = 

50. Find the centre of gravity of a hemisphere when 
the density varies as the square of the distance from the 

51. Find the centre of gravity of the solid generated by a 
semi-parabola bounded by the latus rectum, revolving 
round the latus rectum. 

Ans. Distance from focus = of latus rectum. 




14 B . isxA^rPLE^. 

52. Tlie vertex of a right circular cone is at the centre of 
a sphere ; find the centre of gravity of a body of uni form 
density contained within the cone and the sphere. 

Am. The distance of the centre of gravity from the ver- 
tex of the cone = ^ (1 + cos a), where a = the seini« 

vertical angle of the cone and a = the radius of the 
sphere. • 

53. Find the distance from the origin to the centre of 
gravity of the solid generated by the revolution of the 
cardioid round its prime radius, its equation being 

r = ^ (1 + cos d). 

Ans. 00 = 

54. Find by Art. 90 (1) the surface and (2) the volume 
of the solid formed by the revolution of a cycloid round 
the tangent at its vertex. 

A71S. Surface = Volume = ttV. 

55. Find (1) the surface and (2) the volume of the solid 
formed by the revolution of a cycloid round its base, 

Ans. ( 1 ) ^-TToJ ^ ; ( 2 ) 

V 56. An equilateral triangle revolves round its base, 
^ose length is a ; find (1) the area of the surface, 
and (2) the volume of the figure described. 

Ans. (2)^* 

57. Find (1) the surface and (2) the volume of a ring 
with a circular section whose internal diameter is 12 ins., 
and thickness Sins. ^ 

Ans, (1) 444.1 sq. in.; (2) 333.1 cub. in. 





CHAPTER V. 

FRICTION. ■ 

91.. Friction . — Friction is that force whicB acts between 
two bodies at tlieir surface of contact, and in the direction 
of a tangent to that sui’face, so as to resist their sliding on 
each other. It depends on the force with which the bodies 
are pressed together. All the curyes and surfaces yvhich we 
have hitherto considered were supposed to be smooth, and^ 
as such, to offer no resistance to the motion of a body in 
contact with them in any other than a normal direction. 
Such curves and surfaces, however, are not to be found in 
nature. Every surface is capable of destroying a certain 
amount of force in its tangent plane, it possesses a certain 

degree of rougJmess^ in virtue of which it resists the sliding 
of other surfaces upon it. This i-esistance is called friction, 
and is of two kinds, viz., sliding m& rolling friction. The 
first is that of a heavy body dragged on a plane or other 
surface, an axle turning in a fixed box, or a vertical shaft 
turning on a horizontal plate. Friction of the second kind 
is that of a wheel rolling along a plane. Both kinds of 
friction are governed by the same law^s; the former is much 
greater than the latter under the same circumstances, and 
is the only one that we shall consider. 

A smooth surface is one which opposes no resistance to 
the motion of a body upon it. K rough surface is one 
which does oppose a resistance to the motion of a body 
upon it. 

The surfaces of all bodies consist of very small elevations and 
depressions, so that if they are pressed against each other, the 
elevations of one fit, more or less, into the depressions of the other, 
and the surfaces interpenetrate each other ; and the mutual penetra^ 
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^ gr-ter. He^ce, 

With which it is iu ^« it b°dy to move on another 

place, either to break off the'elevationT^^*"'^'’ motion can take 

bodies to separate far enoulrto n 
Much of this roughnm mtiy be removed 'by doV V 

ofmuchof itmay bedes4edb;Tublt^^^^^^^ 

contact ; and ite^dire^tfarfa^oppShf to\hlt of thfl^ 

investigations in mechanics it^^n^b Produce or aid it. In 

opposition to every motion whoc;#- ri* a force acting- in 

or .k= ,w. b«e/ “.1—*^“" !'“ » ‘1» Pl«. .< « 
a body resting upon a horizo^tf ^ tbe direction in which we move 
always act in the opposite direction To I"?® “®f f friction will 

-0 o«d. . w, a.™ rteS pto ; In' ‘ *• 

the plane. A surface mav alert t ! ^ 3,ppear as a force up 

between its -bstancel^L^Tt^raiXri^^^^^^^^ ^ 

least foref whief win'^St'^the bo?“ 
surface. “otion along the 


92. Laws of Friction t« 

Morin have tstaWiahed the lolloring hws ol So” “ 

fT”””' « 

quent experiments' have '^'^'d^din the mme. Subst 

this law, and shown that it cir^h modifiei 

appro.xiniation to the truth Wh ^ ofrij as ai 

great it is found that the "f ^ pressure is ven 
would give. than this lau 
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(2) The friction is independent of the extent of the sur- 
faces in contact so long as 'the normal pressure remains ^ the 
.same. When the surfaces in contact are Yery small, as for 
instauce a cjhiiider resfciiig.oii a surface, this law gives the 
friction much too great. 

These two laws are true when the body is on the point of moving, 
and also when it is actually in motion ; but in the case of motion the 
magnitude of the friction is not always the same as when the body is 
‘beginning to move ; when there is a difference, the friction is greater 
in the state bordering on motion than in actual motion. 

(3) The friction is independent of the velocity ivlien the 
body is in motion.. 

It follows from these laws that, if B be the normal 
pressure between the bodies, F the force of friction, and g 
the constant ratio of the llitter to the former when slipping 
is about to oisue, we have 

F=zpR. (1) 

The fraction y is called the co-efficient of friction ; and if 
the first law were true, g would be strictly constant for the 
same pair of bodies, whatever the magnitude of the normal 
pressure between them might be. This, however, is not 
the case. When the normal pressure is nearly equal to that 
which would crush either of the surfaces in contact, the 
force of friction increases more rapidly than the normal 
pressure. Equation (1) is nevertheless very nearly true 
when the differences of normal pressure are not very great ; 
and in what follows we shall assume this to be the case. 

Ebmabk. — T he laws of friction were estahlished by Coulomb, a 
distinguished French officer of Engineers, and were founded on 
experiments made by him at Rociiefort. ‘The results of these experi 
ments were preseoted in 1781 to the French Academy of Sciences, and 
in 1785 his Memoir on Friction was published. A very full abstract 
of this paper is given in Be Young's JSicftuml Philo, g, Yo}. U\ 
p. 170 (1st Ed.). Further experiments were made at Metz by xMoiiii. 
1881-34, by direction of the French military authorities, the result ot 
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which has been to confirm, with slight exceptions, all the results oS 
i.oa,omh and to determine wilh couhderable precision the numerical 
values ot the coefficients of friction, for all the substances usually 
employed in the construction of machines. (See Galbraith’s mJ- 
chamcs,_p. 68, Twisden’s Practical Mechanics, p. 188, and Weisbach’s 
Mecliamcs, Vol. I, p. 317 .) 

93. Magnitudes of Coefficients of Friction.— Prac- 
tically there is no observed coefficient much greater than 1. 
Most of the ordinary coefficients are less than J-. The fol- 
lowing results, selected from a table of coefficients,* will 
aiiord an idea of the amount of friction as determined by 
experiment ; these results apply to the friction of motion. 

loi iron on stone /i varies between ,3 and .7. 

For timber on timber “ “ « .3 and .5. 

For timber on metals “ “ « .'s Ind k* 

For metals on metals " “ « .15 ^nd .35 

For full particulai-s on this subject the student is referred 
to Eankines Applied Mechanics, p. 309, and Moseley’s 
, P- 134, also to the treatise of M. Morin, where 

le will fand the subject investigated in all its completeness. 

94. Angle of Friction. — I7ie angle at which a rough 
plane or surface may be inclined so that a body, when acted 
upon by the force of gravity only, may just rest upon it with- 
out sliding, is called the Angle of Friction, f 

Let a be the angle of inclination of 
the plane AB just as the weight is on 
the point of slipping down; W the 
weight of the body ; R the normal pres- 
sure on the plane; F the force of fric- 
tion acting along the plane = gR (Art. 

93). Then, resolving the forces along and perpendicular to 
the plane we have for equilibrium 

* iiankine’s Applied Mechanics, p. 211, 

leLmnct'™^ “«>e limiting angle ol 



Fjg.45 


153' 







nr‘ 




MEA.eriOiY, OF A EOUGM VUEVK 


IF sin « ; R = IF cos a] 


which gives the limiting value of the inclination of the 
plane for which equilibrium is possible. The body will rest 
on the plane when the angle of inclination is less than the 
angle of friction, and will slide if the angle of inclination 
exceeds that angle ; and this will be the case how-ever great 
W may be ; the reason being that in wiiatever manner 
we inci’ease Wy in the same proportion we increase the 
friction upon the plane, which serves to prevent If from 
sliding. 

From (1) we see that the tangent of the angle of friction 
is equal to the coefficient of friction. 

95. Reaction of a Rough Curve 
or Surface.— Let AB be a rough curve ’ 

or surface ; P the position of a particle 
on it ; and suppose the forces acting on Fig.46 

P to be confined to the plane of the 
paper. Let = the normal resistance of the surface, 
acting in the normal, PN, and P = the force of friction, 
acting along the tangent, PT, 

The resultant of and F, called the Total Resistance^ 
of the surface, is represented in magnitude and direction by 
the line PR = R, which is the diagonal of the parallelo- 
gram determined by and F. We have seen that the 
total resistance of a smooth surface is normal (Art, 41) ; but 
this limitation does not apply to a surface. Let 
denote the angle between R and the normal then is 
given by the equation 


* MincMn’s Statics, p. 54. 
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Hence, ^ will be a maximum when the force of friction, 
F, bears the greatest ratio to the normal pressure But 
this greatest ratio is attained when the body is Just on the 
point of slipping along the surface, and is what we called 
the coefficient of friction (Art. 92), that is 



. • . tan </) = |a. 

Therefore the greatest angle hy which the Total Resistanr^e 
of a rough curve or surface can deviate from the normal ts 
the angle whose tangent is the coefficient of friction for the 
-bodies in contact ; and this deviation is attained lohen slip- 
ping is about to commence. 

Cor.— B y (1) of Art. 94, tan oc = 

0 = cc; 

hence, the direction of the total resistance^ Ry Is inclined at 
an angle cc to the normal ; i. e., the greatest angle that the 
Total Resistance of a rough curve or surface can make with 
the normal is equal to the angle of friction, ^corresponding 
to the t'wo bodies in contact | 

96. Friction on an Inclined Plane. — A body rests on 
a rough inclined plane, and is acted on by a given force, P, 
in a vertical plane which is perpendicular to the inclined 
'plane ; find the limits of the force, and the angle at which I 

the least force capable of drawing the particle up the plane 

must act. , ■ ■ . jr, 

, V Let i == the inclination of the plane to the horizon ; 0 == 
the angle between the inclined plane and the line ot action ' 

of P; = tl^e coefficient of friction ; and let us first sup- ^ ! 

pose 'that the body is on the point of moving down the | 
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plane, so that frietion is a force acting up the plane, then 
resolving along, and perpendicular to, the plane, we have 

^ + P cos 0 = IF sin i, 

P + P sin 0 = IF cos *, 


F = fiP; 


P=F 


sin i — cos % 


cos 0 — fi sin 0 


And if P is increased so that motion the plane is just 
beginning, P acts in an opposite direction, and therefore 
the sign of must be changed and we have 


P= W 


sin i + fi' cos ^ 
cos 0 + /-t sin 0 


Hence, there will be equilibrium if the body be acted on by 
a force, the magnitude of which lies between the values of 
P in (1) and (2). Substituting tan ^ for (Art. 95) , (2) 
becomes 

P = (») 

COS 

To determine 6 in (2) so that P shall be a minimum we 
must put the first derivative of P with respect to 0 — 0, 

therefore 

^ p .V sin 0 — II COS 0 ^ , 

^ = IF (sin » + cos .) 6)2“’'’ 

tan 0 = (I ; 

that is, the force P necessary to draw the body up the plane 
will be the least possible when 0 = the angle of fuction. 
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Hence we infer that a given force acts to the greatest 
advantage in dragging a weight np a hill^, if the angle at 
which its line of action is inclined to the hill is equal to 
the angle of friction of the hill Similarly, a force acts to 
the greatest advantage in dragging a weight along a hori- 
zontal plane if its line of action is inclined to the plane 
at the angle of friction of the plane. We may also deter- 
mine from this the angle at which the traces of a drawing 
horse should be inclined to the plane of traction. 

These results are those which are to be expected, because 
some part of the force ought to be expended in lifting the 
weight from the plane, so that friction may be diminished. 
(See Price’s Anal. MeclTs, Vol. I, p. 160.) 

97. Friction on a Double-Inclined Plane.—Two 

bodies, whose weights are P and Q, rest on a rough double- 
inclined plane, and are connected by a string which passes 
over a smooth peg at a point. A, vertically over the intersec- 
tion, B, of the two planes. Find the position of equili- 
brium. 

Let « and p be the inclinations of 
the tvvo planes ; let ? = the length of 
the string, and h = AB; and let 0 
and O' be the angles the portions of 
tne string make with the planes. 

Suppose P is on the point of 
ascending, and Q of descending. 

Then, since the motion of each body is about to ensue, the 
total resistances, and 8, must each make the angle of 
friction with the corresponding normal (Art. 95, Oor.) ; and 
since the weight, P, is about ‘to move upwards the friction 
must act downwards, and therefore R must lie below the 
normal, while, since Q is about to move downwards, the 
friction must act upwards, and therefore 8 must be above 
the normal. 


A 
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If r is the tension of the string, we have for the eqm- 

iibriiiio..of P, .(Art. 32), 

cos(0 — 


And for the equilibrium of Qy 


7 = Q 


sin (g — 
cos {6^ + <#>) 


Equating the Talues of P we get 


„sin ( a + 4') __ (1) 

P cos \e — 4) ^ eos (0' + 4) 

and if P is about to move down the plane, the friction acts 
in an opposite direction, and therefore the sign of 4 must 
be changed and we have 

„sin {«-<?>)_ ,, sm{(i + 4) . ( 3 ) 

^ cos {6 + 4) ^ cos {O' — 4) 

(1) or (3) is the only statical equation connecting the 

given quantities. . , , 

We obtain a geometric equation by expressing the length 

of the string in terms of h, «, ft ft and ff, which is 


Z = {■ 


bos fc cos 
.sin"¥ ^ sin Bl 


^ W 0 sin ^7 

From (1) or (2) and (3) the values of Q and & can be found, 
and this determines the positions of P and Q. 

Otherwise thus : 

Instead of considering the total resistances, B and ft we 
may consider two mrn^al resistances. Pi and S^, and two 



the angles d and 6' being connected by (3), 
There will be equilibrium if Q be acted 
Vliose magnitude lies between P, and P„. 


dousTjE^tnclined plane. 


forces of friction, iiR^ and acting respectively down 
the plane a and up the plane /3. In this ease, considering 
the equilibrium of P, and resolving forces along, and per- 
pendicular to, the plane «, we have 


-P sin es -p = T cos d, 


cos 0, ) 

P cos a = + T sin 6, ) 

and for the equilibrium of Q, 


Osin/3 = fi8i + FcosB', 


0 cos /3 = Pj -I- Psin 


cos 6', ) 

line', j 


Eliminating R^, S^, and T from (4) and (5), we get (1), 
the same statical equation as before. 

The method of considering total resistances iriltead o^ 
their normal and tangential components is usually more 
simple than the separate consideration of the latter forces. 
(See Minchin’s Statics, p. 60.) 


CoE.--If Q is given and P be so small that it is about to 
ascend, its value, Pj, will be given by (1), 


jp Q sin (J3 — 0) cos {d — 

sin (« -f- 0^ cos 0) 


and if P is so large that it is about to drag Q up, its value 
Pg, will be given by (3) 


P = Q s™ + 0) cos id + 0) 
® ^ sin {a — (/>) cos (d' — (p) 
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98. Friction on Two Inclined Planes.— A beam 
rests on two rough inclined planes; find the position of 
equilibrium. 

Let a and 5 be the segments, AG Ao/*^ 

and BG, of the beam ; let 6 be the 
inclination of the beam to the hori- 
zon, « and (3 the inclinations of the 
planes, and M and S the total resist- 
ances. Suppose that A is on the 
point of ascending ; then the total 
resistances, R and S, must each 
make the angle of friction with the corresponding normal 

and act to the right of the normal. _ _ n / a + 

The three forces. If, R, S, must meet in a point 0 (Art. 
62); and the angles GOA and GOB are equal to « + <P, 
and i3 - <p, respectively. 

*Hence (a 5) cot-BGO = a cot GOA - I cot GOB, 
(a 5) tan 9 = a cot [a -b <t>) — ^ 

COK.— If the planes are smooth, ^ = 0, and (1) becomes 
(a + d) tmd = a cot cc — 5 cot p. 


or 


(See Ex. r. Art. 62.) 

99. Friction of a .Tznnmon.*—Tnmmons are the 

cylindrical projections from the ends of a shaft, which rest 
on the concave surfaces of cylindrical boxes. ^ A shaft lests 
in a horizontal position, with its trunnions on rougi 
cylindrical surfaces; find the resistance due to friction 
which is to be overcome when the shaft begins to turn 
about a horizontal axis. 


^ Sometimes called “ 
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Lefj SAcZ and BAED be two right 
sections of the trunnion and its box; 
the two circles are tangent to each 
other internally. If no rotation 
iakes place the trunnion presses 
upon its lowest point, H, through 
which the direction of the resulting 
pressure, i?, passes ; if the shaft 
begins to rotate in the direction AH, the trunnion ascends 
along the inclined surface, EAB, in consequencb of the 
friction on its bearing, until the force, S, tending to moye 
it down just balances the friction, F, Resolying J? into a 
normal force A" and a tangential one, /S', we h aye, since the 
tangential component of E in urging the trunnion down 
the surface = the friction which opposes it. 



S^ Fz=:fi]Sr; but =:z 8^ + ' 


or 


therefore 
and the friction 
F-. 


M:=z 

E 


JV‘ = 


fiE 


Vi + 


E tan ^ 


or 


Vl+tan^^ 
F E sin 


(Art. 95), 


'B.moe, to find the friction upon a trunnion^ multiply the 
resultant of the forces ichich act upon it ly the sine of the 
angle of friction. 


100. Friction of a Pivot— A heavy circular shaft 
rests in a yertical position, with its end, winch is a circular 
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section, on n horizonttil i»late; find the resistance due to 
friction which is to be overcome, when the shaft begins to 
revolve about a vertical axis. 

Let a be the radius of the circular section of the shaft ; 
let the plane of (r, 6) be the horizontal one of contact 
■ between the end of the shaft and the plate ; and let the 
centre of the circular area of contact be^ the pole. Lot 
JY — the weight of the shaft, then the vertical pressure on 

Tt7 ■ 


each unit of surface is ; and therefore, if r dr dd is the 

TTCr 


area-elemeiitj we have 


W 


the pressure on the element — r dr dB ; 


W 

the friction of the element = r dr d0» 

The friction is opposed to motion, and the direction of its 
action is tangent to the circle described by the element; 
the moment of the friction about the vertical axis through 
the centre 

fiWr^drdd 

* TTa^ ^ 

therefore the moment of friction of the whole circular end 




nWt^drde _2tiWa 

" 3 ■ ^ ’ 


and oonpeqnently varies as the radius. Hence arises the 
advantage of reducing to the smallest possible dimensions 
the area of the base of a vertical shaft revolving with its 
end resting on a horizontal bed. 

From (1) we may regard the whole friction due to the 
pressure as acting at a single point, and at a distance from 
the centre of motion equal to two-thirds o“f the radius o 
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the base of the shaft. This distance is called the mean 
lever of friction. 

WJmi’the shaft is vertical^ and rests tipon its circular end 
in a cylindrical socket the cylindrical iwojection is called a 
Pivot, 


EXAMPLES. 


1. A mass whose weight is 750 lbs. rests on a horizontal 
plane, and is pulled by a force, P, whose direction makes 
an angle of 15° with the horizon; determine P and the 
total resistance, P, the coefficient of friction being ,62. 

Ans, P = 413. 3 lbs. ; R = 756. 9 lbs. 


2. Determine P in the last example if its direction is 
horizontal. Am P = 465 lbs. 




6, A body whose weight is 20 lbs. is just sustained on a 
rough inclined plane by a horizontal force of 2 lbs., and a 
force of 10 lbs* along the plane ; the coefficient of friction is 
I; find the inclination of the plane. Ans. 2 tan”^ (||-), 


^ • 


3. Find the force along the plane required to draw a 
weight of 25 tons up a rough inclined plane, the coefficient 
of friction being and the inclination of the plane being 
such that 7 tons acting along the plane would support the 
weight if the plane were smooth. 

Ans. Any force greater than 17 tons. 

^ 4. Find the force in the preceding example, supposing 
it to act at the most advantageous inclination to the plane. 

Ans, 15-^ tons. 


^ 5, A ladder inclined at an angle of 60° to the horizon 
rests between a rough pavement and the smooth wdl of a 
house. Show that if the ladder begin to slide wdien a man 
has ascended so that his centre of gravity is half way up, 
then the coefficient of friction between the foot of the 
ladder and the pavement is I Vs. 
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EXAMPIjSS, 

-? A heavy body is placed on a rough plane whose 

the etring 1. the ptoe, the 

S A heavy body, acted upon by a force equal in mapi- 
fude to its weightfis Just about to ascend a rough inclined 
St elr ihe M.ince ot this force ; tod the ...l.oatoe, 

0, of tlie force to the inclined plane. 


7i 

Ans. 0 := 2 


_ i, or 2^ + i J where i = inclination 


of the plane. »d * = angle of friction. (« « 
posed to he meoaiiMd from the npftr side of the mclm 

plane). It | 

vill act towards the mm*?- side. 

9 111 the first solution of the last example, what is the 
magnitude of the pressure on 

10 If the shaft, (Art. 100), is a square prism of the 
wei4t If and rotates about an axis in its centre, prove 
S 1 Alnt of the friction of the s,n»re end w.es .. 
the side of the square. 

11 . If the shaft is cempcKd of 
CTlinders placed side by side, and mtatK abont the line 
^ ^ 4 - two evlinders, show that the moment of the 

Se" in co;t.ct the .hori^ntal plane 

_ 32qaF 

. Qtt 

10 What is the least coefficient of friction that will 

allow of a heavy body’s being just kept from sliding down 
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111 ! inclioed plane of given inclination, the body (whose 
weight is Pf ) being sustained by a given horizontal force, P ? 

W im i — P ■ 


Ans. 


.PP'" + ,jP.,taii, ^ 


13, It is observed that a body whose weight is known to 
be IF can be Just sustained on a rough incliiied plane by a 
horizontal force P, and that it can also be Just sustained on 
the same plane by a force Q up the plane; express the 
angle of friction in terms of these known forces. 

PW 

Ans. Angle of friction ^ 


COS“ 


qVp^+ 


14. It is observed that a force, acting up a rough 
inclined plane will Just sustain on it a body of weight If, 
and that a force, (Jg, acting up the plane will Just drag the 
same body up ; find the angle of friction. 

Q2-Q1 


A ns. Angle of friction = sin 


-1 , 




15.. A heavy uniform rod rests with its extremities on 
the interior of a rough vertical circle ; find the limiting 
position of equilibrium. 

Ans. If 2cc is the angle subtended at the centre by the 
rod, and A the angle of friction, the limiting inclination of 
the rod to the horizon is given by the equation 


tan 6 == 


sin 2A 


cos 2X + cos 2cs 


16. A solid triangular prism is placed, with its axis 
horizontal, on a rough inclined plane, the inclination of 
which is gradually increased ; determine the nature of the 
initial motion of the prism. 

Ans. If the triangle ABC is the section perpendicular to 

e, A 


EXAMPLES. 
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being the lower vertex, the initial motion will be one of 
tumbling if 

4A ’ 

the sides of the triangle being a, b, c, and its area A. If /i 
is less than this value, the initial motion will be one of 
slipping. 

17. A frustum of a solid right cone is placed with its 
base on a rough inclined plane, the inclination of which 
is gradually increased; determine the nature of the initial 

motion of the body. - _ 

Ans. If the radii of the larger and smaller sections are A 
and r, and Ji is the height of the finstnm, the initial motion 
will be one of tumbling or slipping according as 

AR R? + Rr + 1^. , 

A ■ + 2Rr + 3f®' 

18. An elliptic cylinder rests in limiting equilibrium 
between a rough vertical and an equally rough horiKontal 
plane, the axis of the cylinder being horizontal, and the 
major axis of the ellipse inclined to the horizon at an angle 
of 45°. Kud the coefficient of friction. 

Ans. p = - — » « eccentricity 

of the ellipse. 


CHAPTER VI/ 

THE PRINCIPLE OF VIRTUAL VELOCITIES.^ 


101. Virtual YelooitY— If the point of application of 
u force be conceived as displaced through an indefinitely small 
space, the resolved part of the displacement in the direction 
of the force, is called the Virtual Velocity of the force ; and 
the product of the force into the virtual velocity has been 
called the virtual moment\ of the force. 

Thus, let 0 be the original, and A 
tlie new point of application of the \ 

force, P, acting in the direction OP, n ^ 

and let AN be drawn perpendicular to 
it; Then ON is the virtual velocity of 
P, and P • ON is the virtual moment, OA is called the 
virtual displacement of the point. 

If the projection of the virtual displacement on the line 
of the force lies on the side of 0 toward which P acts, as in 
the figure, the virtual velocity is considered positive; but 
if it lies on the opposite side, i, e., on the action line pro- 
longed through 0, it is negative. The forces are always 
regarded as positive; the sign, therefore, of a virtual mo- 
ment will be the same as that of the virtual velocity. 

Cor.— If Q be the angle between the force and the virtual 
displacement, we have for the virtual moment, 

P . ON = P • OA cos <9 = P cos 0 • OA. 


* The principle of Virtual Velocities was discovered by Galileo, and was very 
fully developed by Bernouilli and Lagrange. 

t Sometimes called “ Virtual Work.” The name Virtual Moment ” was given 
by Duhamel. 






VIRTUAL VELOCITIES. 


iO^ 


'r- . 


>■ 






2vow P COS d is the projection of the force on the direction 
of the displacement, and is ecLual to OM, OP being the 
force and PM being drawn pei-pendicukr to OA. Hence 
we maj’ also define the virtual moment of a force as the 
product , of the virtual displacement of its point of applica- 
tion into the projection of the force oh the diwction of this 
displacements and this definition for some purposes is 
more convGiiieiit than tho formor. 

Remabk.— A force is said to do work if it moves tlie body to which 
it is applied ; and the work done by it is measured by the ]n'odiict of 
the force into the space through which it moves the body. Generally, 
the work done by any force during an infinitely small displacement of 
its point of application is the product of the resolved part of 
in the direction of the displacement into the displacement ; and this 
is the same as the mrtual moment of the force. 

XG2. Principle of ITirtuail ITclocitics. (1) Tlw 

virtual moment of a force is equal to the sum of the virtual 
moments of its components. 

Let OE represent a force, li, act- 
:iig at 0, and let ifcs components be 
P^and represented by OP and 
OQ. Let OA be the virtual dis- 
placement of 0, and let its projec- 
tions on i?, P, and Q, be r, p, and 
a, respectively. Then the virtual _ 

moments of these forces are R-r, P- p, Draw 

Pm, and Qo, perpendicular to OA. Then Ow, Oin, an ■ ^ o 
(= mn), are the projections of B, P, and Q, on the direc- 
tion of the displacement ; and hence (Art. 101, Cor.) we ai e 

p . r = OA • Om ; 

P ‘p— OA* Om; 



Fig.SI 


Q ■q = OA • mn. 
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VIRTUAL VELOCITTEB:^ 

Hence P • j? + Q • ^ = OA {Om + mn) 

= OA ‘ 0^^ = i2 * r. 

(See Mincliin^s Statics, p. 68.) 

(2) If there are any number of component forces we maj 
compound them in order, taking any two of them firsthand 
hnding the virtual moment of their resultant as above, then 
finding the virtual moment of the resultant of these two 
and a third, likewise the virtual moment of the resultant of 
the first three and a fourth, and so on to the last ; or we 
may use the polygon of forces (Art. 33). The sum of the 
virtual moments of the forces is equal to the virtual dis- 
placement multiplied by the sum of tlie projections on the 
displacement of the sides of.tbe polygon which represent 
the forces (Art. 101, Cor.). But the sum of these projec- 
tions is equal to the projection of the remaining side of the 
polygon,* and this side represents the resultant, (Art. 33, 
Cor. 1). Therefore, the sum of the virtual moments of any 
number of concurring forces 'is equal to the virtual moment 
of the resultant, 

(3) If the forces are in equilibrium, their resultant is 
equal to zero ; hence, it follows that when any number of 
concurring forces are in equilibrium, the stim of their 
virhcalmometits =z 0, 

This principle is generally known as the Prmciple of 
Virtual Velocities, and is of great use in the solution of 
practical problems in Statics. 

^ i’rom the nature of projections (Anal. Geom., Art. 168), it is clear that in any 
series of points the projection (on a given line) of the line which joins the first and 
last, is equal to the sum of the projections of the lines which join the points, two 
and two. Thus, if the sides of a closed polygon, taken in order, be marked with 
arrows pointing* from each vertex to the next one ; and if their projections bo 
marked with arrows in the same directions, then, lines measured from left to right 
being considered positive, and lines from right to left negative, Ihe mm of the pro- 
jections of the sides of a dosed pol'ygon. on any right Ivm is 

■ - 8 
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103. Mature of the Dispiacemeat.---It must be care- ' 
fiiilj observed that the displacement of the particle on 
which the forces act is virtual and arhUrary, Tlie word 
virtual in Statics is used to intimate that the displacements 
are not really made, but only supposed^ i. e.^ they are not 
actual but imagined displacements ; but in the motion of a. 
particle treated of in Kmeiics, the displacement is often 
taken to be that which the particle actually undergoes. 
In x^rt. 101, the displacement was limited to an infinitesi- 
mal. In some cases, howrever, infinite displacement may be 
used, and it may be even more convenient to consider a 
finite displacement. But in very many cases any finite dis- 
placement is sufficient to alter the amount or direction of 
the forces, so as to prevent t\\Q prmciple of virtual velocities 
from being applicable. This difficulty can always be avoid- 
ed in practice by assuming the displacement to be infinitesi- 
mal ; and if tlie virtual displacement is infinitesimal the 
virtual velocities are all infinitesimal. 

104. Equation of Virtual Moments.— Let Pg, 

Pg, etc., denote the forces, and dp^, 6p,^, dpg, etc., the vir- 
tual velocities ; then the principle of virtual velocities is 
expressed (Art. 102) by the equation . 

^ 1 • d" 4* P3 • + ©tc. = 05 

or ^P6p = 0, (1) 

which is called the equation of virtual moments.^ 

SoH. — If the virtual displacement is at right angles to 
the direction of any force, it is clear that 6p, the virtual 
velocity, is equal to zero. Hence, ivlien the virtual dis- 
placement is at right aiigles to the direction of the force^ 

* Or virtual work (See Art. 101, Eem.). This equation has been made by La. 
granpfe the foundation of his great work on Mechanics, “ Mecauique Analytique.” 
(Price’s Anal. Mech., YoL I, p. 143.) 



tuoiig the lines etc., by t 

and tlieir virtual velocities by <5/j, 


SYSTEM OF PARTICLES. 


the virtual moment Of the foi-ce = 0, and the force will mi 
enter into the equation of virtual moments. 


Such a virtual displacement is always a convenient one 
to choose when we wish to get rid of some unknown force 
which acts upon a particle or system. 


^105. System of Particles Rigidly Connected.-(l) 

it a particle in equilibrium, under the action of any forces 
be constrained to maintain a fixed distance from a given 
fixed point, the force due to the constraint (if any) is 

directed towards the fixed point. 


Let B be the particle, and A the fixed point. Then it is 
clear that we may substitute for the string or rigid rod 
which connects B with A, a smooth circular tube enclosing 
the particle, with the centre of the tube at A. Now, in 
order that B may be in equilibrium inside the tube, it is 
necessary that the resultant of the forces acting upon it 
should be normal to the tube, i. e., directed towards A. 


(2) Let there be any number of 


particles, m 




etc.. 


acted on by any forces, Pj, P^, 


Fig.52 


etc., and connected with the others 
by inflexible right lines so that the 
figure of the system is invariable. 

Then each particle is acted on by all 
the external forces applied to it, and 
by all tJie internal forces proceeding from the internal con- 
nections of the particle with the other particles of the 
system. Thus the particle, m, is acted on by Pj^, P„, etc., 
and by the internal forces which proceed from its connec- 
tion with mg, etc., and which act along the lines, 

mrn.^, mm^, etc., by (1) of this Article. Denote the forces 
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imagine that tlie system is slightly displaced so as to 
occupy a new position. , Then (1) of Art. 104 gives us 
form,. 

4“ -|- otc. -p Hh d" otc. 0, (1) 

for 

-^JP4: + -^ 5#6 + ■('^) 

proceeding in this way as many equations may be formed as 
there are particles in the system. 

ISTow it is clear that and in (1) have contrary 
signs from what they have in (2). Thus if the system is 
moved to the right in its displacement, and t^dt^ will 
be positive in (1) and negative in (2) (Art. 101), and hence, 
if we add (1) and (2) together, these terms will disappear ; 
in the same way, the virtual moment of the internal force 
along the line connecting m with any other particle disap- 
pears by addition, and the same is true for the internal 
force between any two particles of the system. Hence, 
adding together all the equations, the internal forces 
disappear, and the resulting equation for the whole 
system is 

= 0 , ( 1 ) 

and the same result is evidently true whatever be the num* 
her of particles forming the system. Hence, if any man- 
her of forces in a system are in equilibrium^ the sum of 
their virtual moments = 0. 

The converse is evidently true, that if the sum of the 
virtual moments of the forces vanishes for every virtual 
displacement, the system is in equilibrium. 

The following are examples which are solved by the 
principle of ’irtual velocities. 




1 Tl.t. . 

'^^tQl*Xj[ijj^Q fl^ * 

«f a hea,, 

be th^ . notion 

^««tauied on the oi* the bodr 

r at 

»f •Stt 

"ox” «»«■>■» «'■»«, (Art ,„a 

I'”'" “ * ;c:,f ‘ «*ier.r?"t • ’*S- it 

at f,“'P“'i'«oIar to V"* f "“Kwiie'a “r>“^"“"* of 

• -tieoce fi) 

Trr _ ' ' 


But 


Om 


'^ • On Si 
' sin cc. 


■■ 0. 


(1) 


and 

f ! ^ Cos 6 • 

therefore 

•^sfn «_ p 

a. Xt ’’ 

. . -^i't 41 

the force a A 

becomes Pai-alJe] ^ fh« , 

plane, P -- n . ^ , 

P-W. -"’“-ifl) 

'’'bfeh agrees 
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2. Suppose the plane in Ex, 1 to be rough, and that the 
body is on the point of being dragged up the plane, tlnd 
the condition of equilibrium. 

Tiie normal resistance will now be 
replaced by the total resistance, R, 
inclined to the normal at an angle 
= 0, the angle of friction {x4.rt. 95, 

Cor. ) . Let the xirt n al displacement, 

OA, take place perpendicularly to 
R, then (1) of Art. 104, gives 

W • 0'/?^ — P • = 0. 

But Om = OA sin (« + (p), 

and On = OA cos — 0) ; 

therefore W sin (cc + = P cos (r/) — . 0) ; 

which agrees with (3) of Art. 96. 

3, Determine the horizontal force 
which will keep a particle in a given 
position inside a circular tube, (1) 
when the tube is smooth and (2) 
when it is rough. 

(1) Let the virtual displacement, 

OA, be an infinitesimal, = ds, along 
the tube. Then since ds is infinites- 
imal the virtual velocity of R = 0. Then the equation 
virtual moments is 

— W • Om -I- P • 0^ =s 0. 

Om = ds • sin 0, 

On = ds * cos 

W • sin ^ == P - cos Q\ 



_ hill 


RXf '1 







Vy 


FiS..S4 


But 

and 

therefore 
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(2) Suppose the force, P, Just snstfiins the particle - the 
normal resistance must now be replaced by the total resist- 
ance, making the^angle, <t>, with the normal at the right of 
L r 1 virtual displacement, OA', at right angles to 

at infin-V’"'’ be as Lore, 

an infinitesimal, ds. Then ( 1 ) of Art. 104, gives 

— W . Om P . 0??' = 0. 

Om = ds • sin (e — 

On' = ds . cos (I? — 0 ), 

therefore W - sin (d - 0 ) = P . cos (0 ~ 4 >) . 

P = W • tan ($ <p), 

“f w“ 

P = W • tan (e + <j>), 

4. Solve by virtual velocities Ex. 6 , Art. 62. 

Let the displacement be made by diminishing the angle 
«, which the beam makes with the horizontal plane, by L 
he ends of the beam still remaining in contact with the 
horizontal and vertical planes. Then the virtual velocity of 


and that of 


T _ if . 2 a cos « = — 2 a sin « <?«; 


W = ifasin « = acosa<f«. 


and those mf the reactions, Band E', vanish. Then the 

equation of Virtual moments is 


MXAMPLm. 


m 


I 



wMch, combined witli (5) of Ex. 8 , Art. 62, gives ns the 
values of sin 0 and cos (p ; and these 41 ( 6 ) of that Ex. 
^ive us the value of a;. 


6 . Solve Ex. 38, Art. 65, by virtual velocities. 

Since the bar is to rest in all positions on the curve and the 
))eg, its centre of gravity will neither rise nor fall when the 
bar receives a displacement, hence its virtual velocity will = 0 ; 


>--'T2asm«^ + W acos€i(h :==■ 0; . 

,% 2 T sill <« , = W cos / 

5 . Solve Ex. 8 , Art. 62, by idrtnal velocities. 

Let the displacement be made by increasing the angle 
# by d0^ the point, A, remaining in contact with the wall; 
the virtual displacement of B is at right angles to the 
direction of the tension, T, and hence the virtual moment 
of T is zero ; the virtual velocity of W is 

g (5 cos (p — a cos 6) := a sin B dB & sin <p #. 


Then 


( 1 ) 


of 


But from the geometry of the figure we have 
t sin ^ = 2 a sin 0 ; 

**• i cos (p d(p :=:=> %a cos B d9 1 
2 tan (p = tan 0 ; , 


Art. 104, gives 

W {a sin 6 dB — h sin (p d(p) = 
I sin <p d<p a sin B dB, 


05 
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7. In Ex. 4, Art. 42, prore that (1) is the equation of 
virtual monients. 

8. Find the inclination of the beam to the vortical in 
Ex. 31, Art. 65, by virtual velocities. 

9. Deduce, by virtual velocities, (1) the formula for the 
triangle of forces (see 1 of Art. 32), and (2) the formula foi 
the parallelogram of forces (See 1 of Art. 30). 


CHAPTER VIE 


MACHINES. 

, 106. Functions of a Machine . — J waclmie^ Staiir- 
(dUf^ is any instrument by means of which we may cltanye 
the direeiiond niaynitudel and point of application of a- 
((iven force; and ICinetmdly^ it is any instrument by ’ineui^s 
if which we may change the direction and velocity of a 
given motion. 

In applying tlie principle of virtual velocities to a system 
of connected bodies, advantage is gained by choosing the 
virtual displacements in certain directions (Art. 104, Seh.). 
When we use tliis principle in the discussion of inachines 
^ the displacements which we shall choose will be those which 
the different parts of a machine actually undergo when it 
is employed in doing work, and instead of equations of 
virtual work ^ve shall have equations of actual work ; and 
in future the principle of virtual velocities will often be 
referred to as the Principh of Work. (See Minchin’s 
Statics, p. 383.) 

Every machine is designed for the purpose of overcoming 
certain forces which are called resistances; and the forces 
which are applied to the machines to produce this effect are 
called movmg forces. When the machine is in motion, 
every moving force displaces its point of application in its 
own direction, while fcbe point of application of a resistance 
is displaced in a direction opposite to that of the resistance. 
Hence, a moving force is one whose elementary work'*' is 
positive^ and a resistance is one whose elementary work is 
negative. The moving force is, for convenience, called the 


* See Art. 101, Keba. 
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power ; and because the attraction of gravity is the most 
common form of the force or resistance- to be overcome it is 
usually called the tceighU 

The weight or resistance to be overcome may be the earth's attrac- 
tion. as in raising a weight ; the molecular attractions bi^tween the 
particles of a body as in stamping or catting a metal, or dividing 
wood ; or friction, as in drawing a heavy body along a rough road. 
The power may be that of men, or horses, or the steam engine, etc,, 
and may be just sufficient to overcome the resistance, or it may be in 
excess of what is necessary, or it may be too small. If just sufficient, 
the machine, if in motion, will remain uniformly so, or if it be at rest 
it will be on the point of moving, and the power, weight, and friction 
will be in equilibrium. If the power be in excess, the machine will 
be set in motion and will continue in accelerated motion. If the 
power be too small, it will not be able to move' the machine ; and if 
it be already in motion it will gradually come to rest. 

The general problem with regard to machines is to find 
the relation between the power and the weight. Some- 
times it is most convenient that this relation should be one 
of equality, ie,, that the power should equal the weight. 
Generally, however, it is most convenient that the power 
should be very different from the weight. Thus, if a man 
has to lift a weight of one ton hanging by a rope, it is clear 
that he cannot do it unless the mechanical contrivance 
provided enable him to lift the weight by exercising a pull 
of very much less, say one cwt. When the power is much 
smaller than the weight, as it is in this case, which is a 
very common one, the machine is said to work at a mechan- 
ical advantage, When, as in some other cases, it is desirable 
that the power should be greater than the weight, there is 
said to he a mechanical disadvantage of the machine. 

^vl07. Mechanical Advantage.—(1) Let P and PF be 

the power and weight, and p and ic their virtual velocities 
respectively ; and let friction be omitted. Then from the 
equation orvirtual work (Art. 104), we have 

Pp — = 0, or 

W I? 
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wliicli shows that the smaller P is in comparison with IT, 
the smaller w wall be in comparison with j?. But the 
smaller P is in comparison with IB, the greater is the 
meclianiml advanktge. Hence, the greater the mechanical 
advantage is the less will be the virtual velocity of the 
weight in comparison with that of the power. ]^ow% if 
motion actually takes place the virtual velocities become 
actual velocities ; and hence we have the principle uliat is 
.gained in poiver is lost in velocity, 

(2) There are no cases in which the weight and pov^er 
are the only forces to be considered. In every movement 
of a machine there will always be a certain amount of fric- 
tion ; and this can never be omitted from the equation of 
virtual work. There are cases, how^ever, as that of a balance 
on a knife-edge, where the friction is very small ; and for 
these the principle, wdiat is gained in power is .lost in 
velocity, is very approximately true. Where the friction is 
considerable this is no longer the .case. 

Let F and / be the resistance of friction and its virtual 
velocity, then the equation for any machine wiH take the 
form 

Pp — Wiv — = 0, 

which shows us that although P can be made as small as we 
wish by taking p large enough, yet the mechanical 
advantage of diminishing P is restricted by the fact that / 
increases with p ; and therefore as P diminishes there is a 
corresponding increase of the work to he done against fric- 
tion. Hence if friction be neglected, there is no practical 
limit to the ratio of P to W ; but if the friction be con- 
sidered, the advantage of diminishing P has a limit, since 
if Pjo remain's the same, Wtv must decrease as increases; 
i. e., the work done against friction increases with the 
complexity of the machine ; and thus puts a practical limit 
to the mechanical advantage which it is possible to obtain 
by the use of machines. 
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SIMPLE MACEINES. ^ 

"’*108. Simple Machines. — The siEiple machines;, some- 
times called the Mechanwal Fotvers, are generally enumer- 
ated as six in number ; the Lever ^ the Wheel and -Axle, the 
Inclined Plahe^ the Pnlley^ the Wedge, and the Screw. 
The Lever, the Inclined Plane, and the Pulley, mdi>j be 
considered as distinct in principle;, while the others are 
combinations of them. 

The efficiency^ of a machine is the ratio of the useful 
work it yields to the whole amount of work performed by 
it. The useful work is that which is performed in over- 
coming useful resistances, while lost work is that which is 
spent in overcoming wasteful .resistances. Useful resist- 
ances are those which the machine is specially designed to 
overcome, while the overcoming of tvasteful resistances is 
foreign to its purpose. Friction and rigidity of cords are 
wasteful resistances while the iveiglit of the body to be 
lifted is the useful resistance. 

Let W be the work done by the moving forces, Wu the 
useful and Wi the lost work when the machine is moving 
uniformly. Then 

W=^Wu+Wi, 

and if if denote the efficiency of the machine, we have 



In a perfect mebchine, where there is no lost work, the 
efficiency is unity; but in every machine some of the work- 
is lost in overcoming wasteful resistances, so that the 
efficiency is always less than unity ; and the object of all 
improvements in a machine is to bring its efficiency as near 
unity as possible. 

The most noticeable of the wasteful resistances are fric- 
tion and rigidity of cords; and of these we shall consider 


* Sometimes called modulus. 




KqmLlBRlUM OF TMF LEVmt 


P _ perpendicular on directi on of W 
W perpendicular on direction of P: 


only the first. The student who w^ants information on the. 
experimental .laws of the rigidity of cords is referred to 
Weisbach’s Mechanics, Vol. 363. 

''"100. The Lever. — A lexer is a rigid bar, straight or 
curved, movable about a fixed axis, wdiich is called the 
fulcrum. The parts of the lever into which the fulerimi 
divides it are called the arms of the lever. When the arms 
are in a straight line it is called a straight lever ; in all 
other cases it is a bent lever. 

Levers are divided, for convenience, into three kinds, 
according to the position of the fulcrum. In the first kind 
the fulcrum is betvyeen the power and the weight; in the 
second kind the weight acts between the fulcrum and the 
power ; in the third kind the powder acts between the ful- 
crum and the w^eight. In the last kind the power is always 
greater than the weight. 

A pair of scissors furnishes an example of a pair of levers 
of the first kind; a pair of nut-crackers of the second kind; 
and a pair of shears of the third kind. 


110. Conditions of Equilibrium 
of the Lever. — (1) Without Friction, 

Let AB be, the lever and 0 its fulcrum ; 
and let the two forces, P and W, act in 
the plane of the paper at the points, A 
and B, in the directions, AP. and BW. 

From C draw CD and CB perpendicular to the directions 
of P and W, Let a and denote the angles wdiich the 
directions of the forces make with the lever. Then, taking 
moments around 0, we have 
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EQUILIBRIUM OF THE LEVER. 

That is, the condition of equilibrium requires that the 
poiver and weight should he to each other inversely as the 
length of their respective arms (Art. 46). 

To find the pressure on the fulcrum, and its direction ; 
let the directions of the pressures, P and If, intersect in 
F ; join 0 and F ; then, since the lever is in equilibrium 
by the action of the forces, P and W, and the reaction of 
the fulcrum, the resultant of P and W must be equal and 
opposite to that reaction, and hence must pass through G 
and be equal to the pressure on the fulcrum. Denote this 
resultant by i?, the angle which it makes with the lever % 
B ; and the angle AFB by co ; then we have by (1) of Art. 30 

^2 ^ p2 + lf2 + 2Pr cos AFB ; 
or , + 1F2 + %P W cos w, (2) 

which gives the pressure, R, on the fulcrum. 

To find its direction resolve P, If, and R parallel and 
perpendicular to the lever, and we have 


for parallel forces, P cos a — If cos /I— P cos 0 = 0; 

for perpendicular forces, P sin « + Pf sin i3 — P sin 0 = 0; 


by transposition and division we get 

, - P sin cc + pf sin (3 

tan 0 == g 

P cos c? — If cos (3 

which gives the direction of the pressure. 


• m 


Cob.— W hen the lever is bent or curved the condition of 
equilibrium is the same. 

Solution hy the principle of virtual velocities. 

Suppose the lever to be turned round C in the direction 
of P through the angle dO, into the position ah] let p and 
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q be the perpendiculars CD and OB respectively; then the 

virtual Telocity of P will be (Art. 101); 

ka sin a = AC-c?(9*sm c« = piB. 

Similarly, the virtual velocity of W is — qdB. 

Hence, by the equation of virtual work we have 


P.j?.i0 - = 0; 

P = If*f* (4') 

which is the same as (1). 

(2) With Friction . — In the above we have supposed fric- 
tion to be neglected ; and if the lever turns round a sharp 
edge, like the scale beam of a balance, the friction will be 
exceedingly small. Levers, however, usually consist of flat 
bars, turning about rounded pins or studs which foim the 
f ulcrums, and between the lever and the pin there will of 
course be friction. To And the friction let r be the radius 
of the pin round which the lever turns \ then the friction 
on the pin, acting tangentially to the surface of the pin 
and opposing motion, z=z R Bincp (Art. 99); and the virtual 
velocity of the point of application of the friction = rdd ; 
and hence the virtual work of the friction = P sin (^•rdd. 
Hence the equation of virtual work is 

p.pdO -- W-qde — P sin ^ rdd = 0. 

Substituting the value of P from (2), and omitting dd, wa 

have, - ■ 

Pp — Wq = r sin ^ +- + 2P 11" cos w ; (5) 

sol ving this quadratic for P we have 
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pq + cos cj sin? ^ 


P^ — f3 sjj^2 ^ 


i Wr sin </> 


^/p^ -f ’^fpq cos ct) 4- — r'^ sin^ sin® w 

— '/’® sin® 0 


,( 6 ) 


wliicli gives the relation between the power and the weight 
when friction is considered, the upper or lower sign of 
r sin <!> being taken according as P or W is about to pre- 
ponderate. 

Coe. -“I f the friction is so small that it may be omitted^ 
r sin <^ == 0, and (6) becomes 


W p 


111. The Common Balance. — In machines generally 
the object is to produce motion, not rest ; in other words 
to do work. The statical investigation shows only the limit 
of force to be applied to put the machine on the pomt of 
motion, or to give it uniform motion. For any work to be 
done, the force applied must exceed this limit, and the 
greater the excess, the greater the amount of work done. 
There is, however, one class of applications of the lever 
where the object is not to do work, but to produce equi- 
librium, and which are therefore specially adapted for treat- 
ment by statics. This is the class of measuring machines, 
where the object is not to overcome a particular resistance, 
but to measure its amount. The testing machine is a good 
example, measuring the pull which a bar of any material 
will sustain before breaking. The common balance and 
steelyard for weighing, are familiar examples. 

The common balance is an instrument for weighing ; it 
is a lever of the first kind, with two equal arms, with a 
scale-pan suspended from each extremity, the fiilcrnm 
being vertically above the centre of gravity of the houw, 
when the latter is horizontei, and therefore vertically a'oove 


THM COMMON 'BALANCE, 


185 


the centre of gravity of the system formed by the beam, the 
scale-pans, and the weights of the scale-pans. The sub- 
stance to be weighed is placed in one scale-pan, and weights 
of known magnitude are placed in the other till the beam 
remains in equilibrium in a perfectly horizontal position, 
in which case the weight of the substance is indicated by 
the weights which balance it. If these weights differ by 
ever so little the horizontality of the beam will be disturbed, 
and after oscillating for a short time, in consequence of 
the fulcrum being placed cibove the centre of gravity of the 
system, it wall rest in a position inclined to the horizon at 
an angle, the extent of which is a measure of the sensibility 
of the balance. 

The preceding explanation represents the balance in its simplest 
form; in practice there are many modifications and contrivances 
introduced. Much skill has been expended upon tlie construction of 
balances, and great delicacy has been obtained. Thus, the beam 
should be suspended by means of a hiiife-edge, i. e., a projecting 
metallic edge transverse to its length, which rests upon a plate of 
agate or other hard substance. The chains which support the scale- 
pans should be suspended from the extremities of the beam in the 
same manner. The point of support of the beam (fiilcriim) should bo 
at equal distances from tlie points of suspension »of the scales ; and 
when the balance is not loaded tlie beam should be horizontal. We 
can ascertain if these conditions are satisfied by observing whether 
there is still equilibrium when the substance is transferred to the 
scale which the weight originally occupied and the weight to that 
which (he substance originally occupied. 

The chief requisites of a good balance are : 

(1) When equal weights are placed in the scale-pans the 
• beam should be perfectly horizontal. 

(2) The balance should possess great sensiUMty ; i, e., if 
two weights which are very nearly equal be placed in the 
scale-paiis> t-be beam should vary se w froin its horizon tal 
position. 



Fig. 57 


(3) When the balance is disturbed it should readilv 
return to its state of rest, or it should have staUlity. 

112. To Determine the 
Chief Requisites of a G-ood 
Balance. — Let P and W be 
the weights in the scale-pans; 

0 the fulcrum; h its distance 
from the straight line, AB, 
which joins the points of at- 
tachment of the scale-pans to 
the beam;^ G the centre of gravity of the beam ; and let 
AB be at nght angles to 00, the line joining the fulcrum 
to tlm centre of gravity of the beam. Let AC = OB = « • 
00 ^ ; w = the weight of the beam ; ■ and 6 - the 

Now the perpendicular from 0 

on the direction of P = « cos 0 - sin e- 

“ r=«cosd + Asin0; 

'W = ^sine; 

therefore taking moments round 0 we have 
P (a cos e—h sin 0) — if (a cos e-pA sin e)—wh sin 0 = 0 ; 

tan 0 = — (P — if ) a 

(P-f W)li~^k' W 

‘determines the position of equilibrium. The 

of the beam when P and 
d are equal-.s satisfied by making the arms equal. 

a rr'T for 

b e lalne of / _ w, the inclination of the beam to the 

***, ^I’oat as possible, and therefore the sen- 
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greater the siiialler the value of F — Pf is ; hence the sen-* 
sibility may be measured by which requires that 

(P+W)- + w- 

be as small as possible. Therefore a must be large^ and w, 
h, and h must be small ; i, e., the arms must be long, the 
beam light, and the distances of the fulcrum from the 
beam and from the centre of gra\ity of the beam must be 
small. 

The third requisite, its stability, is greater the greater 
the moment of the forces which tend to restore the beam to 
its former position of rest when it is disturbed. If P= W 
this moment is 

[{F + If) k + tvh] sin 

which should be made as large as possible to secure the 
third requisite. 

This condition is, to some extent, at variance with the 
second requisite. They may both be satisfied, however, by 
making {P + W) li + ivk large and a large also ; i. e., by 
increasing the distances of the fulcrum from the beam and 
from the centre of gravity of the beam, and by lengthening 
the arms. (See Todhuntefs Statics, p. 180, also Pratfs 
Mechanics, p. 78.) 

The comparative importance of these qualities oisensi- 
hUity mdi staMlity in a balance will depend upon the use 
for which it is intended; for weighing heavyweights, 
Mility is of more importance; for use in a chemical 
laboratory the balance must possess great semiMlity ; and 
instruments have been constructed which indicate a varia- 
tion of weight less than a millionth part of the whole. In 
a balance of great delicacy the fulcrum is made as thin as 
possible ; it is generally a hnife-^edye <£ hardened steel or 
agate, resting on a polished agate plate, . which is supported 
on a strong vertical pillar of brass* 
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113. The Steelyard . — This is a kind of balance in 
which the arms are unequal in length, the longer one being 
graduated, along which a poise may be moved in order to 
balance different weights which are placed in a scale-pan on 
the sliort-arm. While the moment of the substance 
weighed is changed by increasing or diminishing its quan- 
tity, its arm remaining constant, that of the poise is 
changed by altering its arm, the weight of the poise 
remaining the same. 

114. To Graduate the Common Steelyard. — (1) 
When the point of suspension is coincident toith the centre 
of grav ity. 

Let AF be the beam of the steel- 
yard suspended about an axis pass- 
ing through its centre of gravity, 

C ; on the arm, OF, place a mov- 
able weight, P ; then if a weight, 

W, equal to P, is suspended from 
A, the beam will balance when P 
on the long arm is at a distance 
from C equal to AC. If If ’equals twice the weight of P, 
the beam will balance when the distance of P from C is 
twice AC; and so on in any proportion. Hence if If is 
successively 1 lb., 2 lbs., 3 lbs., etc., the distances of the 
notches, 1, 2, 3, 4, etc., where P is placed, are as 1, 2, 3, 
etc., i 6., the arm CF is divided into equal divisions, begin- 
ning at the fulcrum,. C, as the zero point. 

(2) When the qpoint of suspension is not coincident with 
the centre of gravity. 

Let 0 be the fulcrum, IF the substance to be weighed, 
hanging at the extremity. A, and P the movable weight. 
Suppose that when If is removed, the weight, P, placed at 
B will balance the long arm, OF, and keep the steelyard in 
a horizontal position ; then the moment of the instrument 




F«0E4-P-B0=:r.A0s 


■p.BE= r-AC; 


BE 


W 
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EXAMPLES. 


1. What force must be applied at one end of a 
12 ins. long to raise a weight of 30 lbs. hanging 4 ins. from 
tlie fulcriini which is at the other end, and what is the 
pressure on the fulcrum ? Am, 10 lbs. : 20 lbs. 


.tself, about 0, is on the side, OF, and is equal to 
Hence, if II'" iiangs from A, and F from any point E, 
for equilibrium we must have 


If we make IF successively equal to P, 2P, 8P, etc., then 
the values of BE will be AO, 2AC, 3AC, etc., and these 
distances must be measured off, commencing at B for the 
zero point, and the points so determined marked 1, 2, 3, 4, 
etc. Such a steelyard cannot weigh below a certain limit, 
corresponding to the first notch, 1. 

To find the length of the divisions on the beam, divide 
BE, the distance of the poise from the zero point, by the 
weight, IF, which P balances when at the point E. The 
steelyard often has two fulcrums, one for small and 
other for large weights. 


2. A lever weighs 3 lbs., and its weight acts at its middle 
point; the ratio of its arms is 1 : 3. If a weight of 48 lbs. 
be hung from the end of the shorter arm, what w 
must be 



P radius of axle 

W ~ radius of wlieel 


It is eyident that, by increasing the radius of tire wheel 
or by diminishing the radius of the axle, any amount of 
mechauieal advantage may be gained. It will also be seen 
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3. The arms of a lent lever are 3 ft. and 5 fh and inclined 
to each other at an angle Q z=z To the short arm a 

weight of lbs. is applied and to the long arm. a weight of 
6 lbs. is applied. Eequired the inclination of each arm to 
the horizon when there is equilibrium. 

Ans» The short 
above the horizon, and the long arm is inclined at an angle 
of 48° 22' below the horizon. 


arm is inclined at an angle of 18° 22' 


115. The Wheel and Axle.— This 
machine consists of a wheel, a, rigidly 
connected with a horizontal cylinder, 
b, movable round two trunnions (Art. 

99), one of which is shown at c. The 
power, P, is applied at the circumfer- 
ence of the wheel, sometimes by a cord 
coiled round the wheel, sometimes by 
handspikes as in the capstauy or by 
handles as in the windlass ; the weight, IF, hangs at the 
end of a cord fastened to the axle and coiled round it. 


Fig.59 


" 116. Conditions of Equilibrium of the Wheel and 
Axle. — (1) Let a and b be the radii of the wheel and axle 
respectively ; P and W the power and weight, supposed to 
act by strings at the circumference of tbp wlieel and axle 
perpendicular to the radii a and K Then either by the 
principle of virtual velocities or by the principle of moments 
we have 

Pa = Wb, 


WBMBL AND AXLM, 101 

tliat this macbme is onij a modificatioii of the lever ; the 
peculiar advantage of the wheel and axle being that an end- 
less series of levers are brought into play. In this respect, 
then, it surpasses the common lever in mechanical advan- 
tage. 

In the above we have supposed friction to be neglected, 
or, wliat amounts to the same thing, have assumed that the 
trunnion is indefinitely small. In practice, of course, the 
trunnion has a certain radius, r, and a certain coefficient of 
friction. Calling R the resultant of P and IF, and taking 
into account the friction on the trunnion we have for the 
relation between P and W 

Pa = m + f sin (l> VP^ d- -f 2P IF cosi:^ (2) 


6) being the angle between the directions of P and W 
exactly as in Art. 110. 

(2) Differential Wheel and 
Axle. — By diminishing b, the radius 
of the axle, the strength of the 
machine is diminished ; to avoid this 
disadvantage a differential tvlieel and 
axle is sometimes employed. In this 
instrument the axle consists of two 
cylinders of radii h and y ; the rope 
is wound round the former in one 
direction, and after passing under a 
movable pulley to which the weight 
is attached, is wound round the latter in the opposite direc- 
tion, so that as the power, P, which is applied as before, 
tangentially to the wheel of radius, moves in its own 
direction, the . rope at b winds up while the rope at V 
unwinds. 

For the equilibrium of the forces (whether at rest or in 
uniform motion), the tensions of the rope in hn and Vn 
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are each equal to Hence, taking monieiits' round tlis 
centre of the trunnion, we have 


hence by making the difference, i — 1)\ small, the power 
can be made as small as we please to lift a given weight. 
Let the wheel turn through the angle Sd; the point of 
application of P will describe a space and the 

weight will be lifted through a space = 4 (d — d') dd^ 
which latter will be very small if • 5 — 5' is very small. 
Therefore, since the amount of tvorh to be done to raise the 
weight to any given height, is constant, economy of power 
is accomplished by a loss in the time of performing the 
work. 


117. Toothed Wheels . — Toothed or cogged lolieeh are 
wheels provided on the circumferences with projections 
called teeth or cogs which interlock, as shown in the figure, 
and which are therefore capable of transmitting force, so 
that if one of the wheels be turned round by any means, 
the other will be turned round also. 

When the teeth are on the side^ of the wheel instead of 
the circumference, they are called croion wheels. When 
the axes of two wheels are 

neither perpendicular nor / 

parallel to each other, the / 

wheels take the form of ^ 

frustums of cones, and are □ / a t 

tdi\\Q(\ beveled tolieels- When 'p — J 

there is a pair of toothed V ^ 

wheels on each axle with the .. 

pf j / CJw 

teeth of the large one on one / 

axle fitting between the teeth /q Fig.®i 
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of the small one onihe next axle,. :the' larger wheel of each 
pair is called the wlj^eel, and the smaller is called 
By means of a combination of toothed wheels of this kind 
called a train of wheels, motion may be transferred from 
one point to another and work done, each wheel driving 
the next one in the series. The discussion of this kind of 
macliinery possesses great geometric elegance ; but it would 
00 out of place in this work. We shall give only a slight 
sketch of the simplest case, that in w^hich the axes of the 
wheels are all parallel. For the investigation of the propei 
forms of teeth in order that the wheels when made shall 
run truly one upon another the student is referred to other 
works."^ 

118. To Find the Relation of the Power and 
Weight in Toothed Wheels. — Let A and B be the fixed 
centres of the toothed wheels on the circumferences of 
which the teeth are arranged ; QCQ a normal to the sur- 
faces of two teeth at their point of contact, C. Suppose an 
axle is fixed on the wheel, B, and the weight, IF, suspended 
from it at E by a cord ; also, suppose the power, P, acts at 
D with an arm DA; draw Ka and BZ> pei'pendicular to 
QCQ. Let Q be the mutual pressure of one tooth upon 
another at C; this pressure will be in the direction of the 
normal QCQ. Now since the wheel, A, is in equilibrium 
about the fixed axis, A, under the action of the forces, 
P and Q, we have 

P. AD =s Q-Aai (1) 

and since the wheel, B, is in equilibrium about the fixed 
axis, B, under the action of the forces, Q and IF, we have 

r*BE = a.B5. (2) 

* See Goodeve’'s Mements of Mechanism ; Sankine’s Applied Mechanics ; Mose-* 
Jey’s Engineering; Willis’s Principles of Mechanism; CoHignon’s Statiquc; an^ 
a Paper of Mr. Airy’s in the Cafid), PhU. Trans. ^ Voi. II, p, ZTi, 
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Dividing ( 1 ) by (2) we have 

P-AD _ 
jf .'be “ 

mome nt of P _ Aa 
moment of W Bb 

If the direction of the normal, QCQ, at the point of con- 
tact, 0 , changes as the action passes from one tooth to the 
succeeding, the relation of P to W becomes variable. But, 
if the teeth are of such form that the normal at their point 
of contact shall always be tangent to both wheels, the lines 
Aa and Bh will become radii, and their ratio constant. 
And since the number of teeth in the two wheels is propor- 
tional to their radii, we have 


moment of P _ number of teeth on the wheel P 
moment of IF ““ number of teeth on the wheel W* ^ ' 

' 119. Relation of Power to Weight in a Train of n 
Wheels. — Let Pj, P 3 , etc., be the radii of the suc- 
cessive wheels in such a train ; etc., the radii of 

the corresponding pinions; and let P, Pj, Pg, P 3 , ... If , 
be the powers applied to the circumferences of the successive 
wheels and pinions. Then the first wheel is in equilibrium 
about its axis under the action of the forces P and P^, 
since the power applied to the circumference of the second 
wheel is equal to the reaction on the first pinion, therefore 



P X Pj = Pi X r^. 


Similarly Pi x R^ ^ y. 

P g X Pg = P3 X ^3 } 
etc. = etc.; 



Pn^l X Rn^Wxr^ 
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Multiplying these equations together and omitting coiimion 
factors^ .we have 

P _ X fs X X * . « * v 

X ^2 X B^ X " ^ \ 

It will be observed, in toothed gearing, that the smaller 
the radius of the pinion as compared with the wheel, the 
greater will be the mechanical advantage. There is, how- 
ever, a practical limit to the size that can be given to the 
pinion, because the teeth must be large enough for strength, 
and must not be too few in number. Six is generally the 
least number admissible for the teeth of a pinion. Equa- 
tion (1) shows that by a train consisting of a very few pairs 
of wheels and pinions there is an enormous mechanical 
advantage. Thus, if there are three pairs, and the ratio of 
each wheel to the pinion is 10 to 1, then P is only one 
thousandth part of W\ but on the other hand, IF will only 
make one turn where P makes one thousand. Such trains 
of wheels are very useful in machinery such as hand cranes, 
where it is not essential to obtain a quick motion, and 
where the power available is very small in comparison to 
the weight. (See Browne’s Mechanics, p. 109.) 

EXAMPLES. 

1. What is the diameter of a wheel if a power of 3 lbs. 
is just able to move a weight of 12 lbs. that hangs from the 
axle, the radius of the axle being 2 ins.? Afis. 16 ins. 

2. If a weight of 20 lbs. be supported on a wheel and 

axle by a force of 4 lbs., and the radius of the axle is 
I in., find the radius of the wheel. Jins. ins. 

3. A capstan is worked by a man pushing at tlie end of 

a pole. He exerts a force of 50 lbs., and walks 10 ft. 
round for every 2 ft. of rope pulled in. What is the 
resistance overcome ? Am 250 lbs. 
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4. An axle whose diameter is 10 ins., lias on it two 
wheels the diameters of which are 2 ft. and 2|- ft. respec- 
tively. Find the weight that would be supported on the 
axle by weights of 25 lbs. and 24 lbs. on the smaller and 
larger wheels respectively. 132 lbs. 

. 120. The Inclined Plane.— This has already been 
partly considered (Art. 96, etc.). Let the power, P, whose 
direction makes an angle, d, with a rough inclined plane, 
be employed to drag a weight. If, up the plane. Then if 
(j) is the angle of friction and i the inclination of the' plane, 
we have from (3) of Art. 96, 

cos (0 - d) • 

If F acts along tlie plane, 0 = 0, and (1) becomes 

cos 0 ' ^ 

If P acts horizontally, 0 = — and (1) becomes 

P= IFtan(i + <;^>). (3) 

Cob. — I f we suppose the friction == 0, (1), (2)^^ and (3) 
become respectively 


P = PF™ 

COS 0 

(4) 

P = IF sin % 

( 5 ) 

P = F tan i 

(6) 


SCH.— -It follows from (4), (5), and (6) that the smaller 
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the inelinatioii'^' of the plane to the horizon, the greater will 
be the mechanical advantage. If we take in friction there 

is an exception to this rule when i > ~ The 

gradients on railways are the most common examples of 
the use of the inclined plane ; these are always made as low 
as is convenient in order to enable the engine to lift the 
heaviest possible train. 

121. The Pulley. — The pulley consists of a grooved 
wheel, capable of revolving freely about an axis, fixed into 
a framework, called the Uoch. A cord passes over a por- 
tion of the circumference of the wheel in the groove. 
When the axis of the pulley is fixed, the pulley is called a 
fixed pulley, and its only effect is to change the direction 
of the force exerted by the cord ; but where the pulley can 
ascend and descend it is called a movahle pulley, and a 
mechanical advantage may be gained. Combinations of 
pulleys may be made in endless variety; we shall consider 
only the simple movable pulley and three of the more 
ordinary combinations. No account will be here taken of 
the weight of the pulleys or of the cord, or of friction and 
stiffness of cords. The weight of a set of pulleys is gener- 
ally small in comparison with the loads which they lift ; 
and the friction is small. The use of the pulley is to 
diminish the effects of friction which it does by transferring 
the friction between the cord and circumference of the 
wheel to the axis and its supports, which may be highly 
polished or lubricated. The mechanical principle involved 
in all calculations with respect to the pulley is the constancy 
of the force of tension in all parts of the same string 
(Art. 40). 

* To and the inclination of the plane for a maximum value of P when it acts 
parallel to the plane we pnt the derivative of P with respect to i ;= 0, and get 

— IV =r 0, i = - d. Hence while the inclination of the plane /' 

di cos 0 ’ 2 ^ / 

is diminishing from s ^ — 0, mechanical advantage is diminishi^,"^ v 


r \ 
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■ 122.-Tlie Simple Movable Pulley.— -Let ©■ be the 
centre of the pulley which is supported by a cord passing 
under it with one, end attached to a beam at k and the 
other end stretched by the force P. 

M'ow since the tension of the strings 
ABDP, is the same throughout, and the 
weiglit, W, is supported by the two 
strings at B and D, in each of which 
the tension is P, we have 


FIg.62 


The same result follows by the prin- 
ciple of virtual velocities. Suppose the 
pulley and the weight, IF, to rise any 
distance. Then it is clear that both halves of the string 
must be shortened by the same distance, and hence P 
must rise double the distance ; and therefore the equation 
of virtual work gives 

w P ^ 

Wi ‘ 


2P 


The mechanical advantage with a single movable pulley 
is 2. 


123. First System of Pulleys, in which 
the same cord passes round all the Pul- 
leys. — In this system there are two blocks, A 
and B, the upper of which is fixed and the 
lower movable, and each containing a number 
of pulleys, each pulley being movable round 
the axis of the block in which it is. A single 
cord is attached to the lower block and passes 
alternately round the pulleys in the upper and 
lower blocks, the portions of the cord between 


- 0 .. 


successive pulleys being parallel 


imsT srsmif. of pulleys. 
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of cord proceeding from 0!ie pulley to the next is called a 
ply ; the portion at which the power, P, is applied is 
called the tackle-fall 

Since the cord passes round all the pulleys its tension is 
the same throughout and equal to P, Then if 7Z be the 
number of plies at the lower block, nF will be the resultant 
upward tension of the cords at the lower block, which 
must ecjual IF ; 

«•. nF = r. 


This result follows also by the principle of virtual veloci- ^ 
ties. Let^ denote the length of the tackle-fall and x the 
common length of the plies ; then since the length of the 
cord is constant, we have 

p ^ nx z=: constant | 

dp + ndx = 0 . 

But the equation of virtual work is 

Fdp + Wdx r= Oj 



This system is most commonly used on account of its 
superior portability and is the only one of practical impor- 
tance. The several pulleys are usually mounted on a com- 
mon axis, as in the figure, the cord being inclined slightly 
usule to pass from one pair of pulleys to the next. 

This forms what is called a set of Blochs and Falls. It 
is very commonly used on shipboard and wherever weights 
, have to be lifted at irregular times and places. The weight 
of the lower set of pulleys in this case merely forms part of 
the gross weight IF. 



The friction on the spindle • of any particular pulley is ■ 

proportional to the total pressure on the pulley, which is 
clearly 2P. Hence, if is the coefficient of friction, the 
resistance of friction on any pulley = ; and the 

amount of its displacement, when W is raised, will he to 
the displacement of If in the ratio of the radius of the 
spiodle to that of the pulley. 


124. Second System of Pulleys, 
in which, each Pulley hangs from a 
hzed block by a separate String. — 
Let A be the fixed pulley, n the number 
of movable pulleys ; each cord has one 
end attached to a fixed point in the beam, 
and all except the last have the other end 
attached to a movable pulley, the por- 


Fig.64. 


tions not in contact with any pulley being all parallel. 

Then the tension of the cord passing under the first 
W 

(lowest) pulley = — (Art. 122 ) ; the tension of the cord 


If 


passing under the second pulley = and so on ; and the 

If 

tension of the cord passing under the ^^th pulley = 
which must equal the power, P ; 


The same result follows by the principle of work. Sup- 
pose the first pulley and the weight W to rise any distance, 
ii; ; then it is clear that both portions of the cord passing 
round this pulley will be shortened by the same distance, 
and hence the second pulley must rise double this distance 
ot2x, and the third pulley must rise double the distance of 
the second or 2%, and so on ; and the nth pulley must rise 
2^"“% and P must descend ) therefore the work of P 
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Hence 


125. TMrd System of Pulleys, iu wMcli each, cord 
is attached, to the weight. — In this system one end ui 
eacli cord is attached to the bar from which the weight 
hangs, and the other supports a pulley, the cords being ail 
parallel, and the number of moyable pulleys one less than 
the number Of cords. 

Let 71 be the number of cords; then the 
tension of the cord to which P is attached is 
P ; the tension of the second cord is 2P (Art. 

122); that of the next 22P, and so on; and 
the tension of the wth cord is 2«’-^P. Then 
I '" ' the sum of all the tensions of the cords 
attached to the weight must equal IF. 

Hence 

Fig^es 

P + 2P + 22P + . • . . =S (2» 1) P = n 

. 1 
jy 2^-lV 

In this system the weights of the movable pulleys assist P ; 
in the two former systems they act against it. 

EXAMPLES. 

1. What force is necessary to raise a weight of 480 lbs. 
by an arrangement of six pulleys in which the same string 

, ■ passes round each pulley ? Ans, 80 lbs. 

2. Hind the power which will support a weight of 

800 lbs. with three movable pulleys, arranged as in the 
second system, Ans. 100 lbs. 




tmijRd systeii of pulleys.' 


is P2%’, and the work to be done on IF is IFst’. 
the equation of work gives 

P.%nx—Wx, 
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3, If there be equilibrium between P and wi'tli three 
|(iilleYS ill the third system; what additional weight can be 
raised if 2 lbs. be added to P? Ans,: 14 lbs. 

126. The Wedge.~~The wedge is a triangular prism, 
iisiially isosceles, and is used for separating bodies or parts 
of the*^same body by introducing its edge between them and 
then thrusting the wedge forward. This is effected by the 
blow of a hammer or other such means, which produces a 
violent pressure, for a short time, in a direction perpen- 
dicular to the back of the wedge, and the resistance to be 
overcome consists of friction and a reaction due to the 
molecular attractions of the particles of the body which 
are being separated. This reaction will be in a direction 
perpendicular to the inclined surface of the w^edge. 

127. The Mechanical Ad- 
vantage of the Wedge. — Let 
ACB represent a section of the 
wedge perpendicular to its in- 
clined faces, the wedge having 
been driven into the material a 
distance equal to DC by a force, 

P, acting in the direction DC. 

Draw DE, DP, perpendicular to Fig.66 

AC, BC, and let E denote the 

reactions along ED and FD ; then ^E will be the friction 
acting at E and F in the directions EA and PB. Let the 
angle of the wedge or ACB = 2cc. 

Resolve the forces which act on the wedge in directions 
perpendicular and parallel to the back of the wedge, then 
we have for perpendicular forces 

P = 2P sin « + 2ftP cos €». (d) 

This eqmfion may also de oUained from the principle of 
tcorh M follows: If the wedge has been driven into the 
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material a distance equal to DC by a force, P, acting in 
the direction DO, then the u'ork done by P is P x DO 
(Art, 101, Bern.) ; and since the points E and F were 
originally together, the work done against the resistance 
P is P X DE + P X DF = 2P x DE ; and the work 
done against friction is 2/iP x EC. Hence the equation 
of work is 

P X DO = 3P X DE + 2pP X EC, (3) 

which reduces to (1) by substituting sin « and cos « for 
DE , EG 
DC DO' 

Coe,— I f friction be neglected, (2) becomes 

P _ 2DE _ AB 
P ~ DC AO’ 

P back of the wedge 

a IS ^ eqiml'sidei* 

It follows that the narrower the back of the wedge, the 
greater will be the mechanical advantage. Knives, chisels, 
and many other implements are examples of the wedge. 

In the action of the wedge a great part of the power is 
employed in cleaving the material into which it is driven. 
The force required to effect this is so great that instead of 
applying a continuous pushing force perpendicular to the 
back of the wedge, it is driven by a series of blows. Be- 
tween the blows there is a powerful reaction, JS, acting to 
push the wedge hack again out of the cleft, and this is 
resisted by the iriction which now acts in the directions 
EC and FG. Hence when the wedge is on the point of 
starting back, between the blows, the equation of equi- 
librium will be from (1) 
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THE SCREW. 

And the wedge will fly back or not according as « > oi 
< taii'^ (i. (See Browne’s Mechanics, p. 117. Also Magnus’s 
Meclianics, p. 157.)' 

128. The Screw. — The screw consists of a right cir- 
cular cylinder, on the convex surface of which there is 
traced a uniform projecting thread, abed .... inclined at 
a constant angle to straight lines parallel to the axis of the 
cylinder. The path of the thread 
may be traced by the edge AC of 
an inclined plane, ABC, wTapped 
round tlie c^dinder; the base of 
the plane corresponding with the 
circumference of the cylinder, and 
the height of the plane with the 
distance between the threads which 
is called tlie pitch of the screw. 

The threads may be rectangular or 
triangular in section. The cylinder 
fits into a block, on the inner sur- 
face of which is cut a groove which is the exact counterpart 
of the thread. The block in which the groove is cut is often 
called the '7mt The power is generally applied at the end of 
a lever fixed to the centre of the cylinder, or fixed to the nut. 
It is evident that a screw never requires any pressure in the 
direction of its axis, but must be made to revolve only ; 
and this can be done by a force acting at right angles to 
the extremities of its diameter, or its diameter produced, 

129. The Relation between the Power and the 
Weight in the Screw.—Snppose the .power, P, to act in 
a plane perpendicular to the axis of the cylinder and at the 
end of an arm, DE = a, and suppose the screw to have 
made one revolution, the power, P, will have moved 
through the circumference of which a, is the radius, and 
the work done by P will be Px^Tra. During the same 
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tinio (lie screw will have moTcd in the direotioii ol; its axis 
through the distance;, AB = 2wr tau tt, r being the radius 
of the cylinder^ and a the angle which the thread of the 
screw makes with its base. Then as this is the direction in 
which the resistance is encountered, the w^ork done against 
the resistance, If, is lf'^2rr'r tan Hence if no work is lost 
the equation of work will he 

P X 2?r« =: If X 27rr tan (1) 

That is the potiwr is to the 2veig‘hi as the pitch of the screw 
is to the circimf erence descrihed hy the po wer. 

If there is friction between the thread and the groove, let 
R be the normal pressure at an}' point, j?, of the thread, 
and /iP the friction at this point, then the work done 
against the friction in one revolution is yZR2TTr sec SP 
denoting the sum of the normal reactions at all points of 
the thread. Hence the equation of work is 


P %TTa = If 2Trr tan a p 27rr sec ichE. 


0 ) 


But, for the equilibrium of the screw, resolving parallel 
to the axis, we have 

If = S (P cos ~~ pE sin €c)p 

W 


therefore ZB 

which in (2) gives 


cos cc — sm « 


O nr X . yr sec aW 

Fa =s Wr tan « q — ; — : 

cos « — ja sin €8 


or 


Pa = Ifr tan {a + (j>). 


( 3 ) 


being the angle of friction. 
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; 129a. Frony’s BifFerentiai Screw. — If // denote _the 
piticii of a screw (1) becomes 

2P7Ta = Wh^ 

whicli expresses the relation between P and when fric- 
tion is neglected. Therefore the mechanical advantage is 
gained by making the pitch very small. In some cases, 
however, it is desirable that the screw should work at fair 
speed, as in ordinary bolts and nuts, and then the pitch 
must not be too small. In cases wdiere the screw is used 
specially to obtain pressure, as in screw-presses for cotton, 
etc., we do not care for speed, but only for pressure. But 
in practice it is impossible to get the pitch very small from 
the fact that if the angle of inclination is very flat, the 
threads run so near each other as to be too weak, in wdiieh 
case tlie screw is apt to strip its thread,^'" that is, to tear 
bodily out of the hole, leaving the thread behind. 

Where very great pressure is required a differential nut- 
/lole is resorted to. Let the screw work in two blocks, 
A and B, the first of 
which is fixed and the 
second movable along a 
fixed groove, )i ; and let 
h be the pitch of the 
thread which works in 
the block, A, and ¥ the pitch of the thread which works 
in the block B, Then one revolution of the screw impresses 
two opposite motions on the block, B, one equal to h in the 
direction in which the screw advances, and the other equal 
to // in the opposite direction. If then the block, B, is 
connected with the resistance IF, we have by the principle 
of work 

2PiTaz:zW{h--h^); 

and the requisite power will be diminished by diminishing 
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& — By means' of this 'sere w. ‘a .comparatively small 
pressure may be; made to jield a pressure' .enormously 
greater in magnitude. 

EXAMPLES. 

1. A lever 10 ins. long, the weight of which is 4 lbs., and 

acts .at its middle point, balances about a certain point 
when a weight of 6 lbs. is hung from one end; 'find the 
point. 2 ins. from the end where the weight is. 

2. A lever weighing 8 lbs. balances at a point 3 ins. from 
one end and 9 ins. from the other. Will it coTitiiine to bal- 
ance about that point if equal weights be suspended from 
the extremities? 

3. A beam whose length is 12 ft. balances at or point 2 ft. 

from one end ; but if a weight of 100 lbs. be hung from the 
other end it balances at a point 2 ft. from that end ; find the 
weight of the beam. jhis. 25 lbs. 

4. A lever 7 feet long is supported in a horizontal posi- 

tion by props placed at its extremities : find where a weight 
of 28 lbs. must be placed so that the pressure on one of the 
props may be 8 lbs. Ans, Two feet from the end. 

5. Two weights of 12 lbs. and 8 lbs, respectively at the 
ends of a horizontal lever 10 feet long balance: find how 
far the fulcrum ought to be moved for the weights to bah 
ance when each is increased by 2 lbs. Ans. Two inches. 

6. A lever is in equilibrium under the action of the forces 
P and and is also in equilibrium when P is trebled and 
Q is increased by 6 lbs.: find the magnitude of Q. 

Ans. 3 lbs. 

7. In a lever of the first kind, let the power be 217 lbs.. 

the weight 725 lbs., and the angle between them 12G°, 
Find the pressure on the fulcrum. Ans. 022,7 lbs. 
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8. If ttie power and W' eight in a straight lever of the 
first kind be 17 ibs. and 32 lbs., and make with each other 
an angle of TO'" ; find the pressure on the fulcrum. 

xima 39 lbs. , ■ 

9. The length of the beam of a false balance is 3 ft, 
9 ins, A body placed in one scale balances a weight of 
9 lbs. in the other ; but when placed in the other scale it 
balances 4 lbs.; required the true weight, Wy of the body 
and the lengths, a and of the amis. 

A ns. If = 6 lbs.; a = 1 ft. 6 ins.; ^ = 2 ft. 3 ins. 

10. If a balance be false, haying its arms in the ratio of 

15 to 16, find how much per lb. a customer really pays 
for tea which is sold to him from the longer arm at 3s. 9d. 
per lb. * Ans. 4s. per lb. 

11. A straight uniform lever whose weight is 50 lbs. and 
length 6 feet, rests in equilibrium on a fulcruni when a 
weight of 10 lbs. is suspended from one extremity: find the 
position of the fulcrum and the pressure on it. 

Ans, 2 1 ft. from the end at which 10 lbs. is suspended : 
60 lbs. 

12. On one arm of a false balance a body weighs 11 lbs.; 
on the other 17 lbs. 3 oz.; what is the true weight ? 

Am. 13 lbs. 12 oz. 

13. A bent leyer is composed of two straight uniform 
rods of the same length, inclined to each other at 120°, and 
the fulcrum is at the point of intersection : if the weight of 
one rod be double that of the other, show that the lever will 
remain at rest with the lighter arm horizontal. 

' 14. A uniform lever, I feet long, has a weight of W ibs., 
suspended from its extremity; find the position of the ful- 
crum when the long end of the lever balances the short 
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end with the weight attached to it, supposing each unit of 

length of the lever to be w lbs. 

i . 

Ans. the short 

15* A le\er^ Z ft. long', is balanced when it is placed upon 
a plop I' oi its length from the thick end j when a weight 
of lbs. is suspended from the small end the prop must 
be shifted ^ ft. towards it in order to maintain equilibrium; 
required the weight of the lever. Jlf’; 

16. A lever, I ft. long; is balanced on a prop by a 'weight 
of^PF lbs.; first, when the w^eiglit is suspended from the 
thick end the prop is a ft. from it; secondly, when the 
■weight is suspended from the small end the prop is b ft. 
from it ; required the weight of the lever. 

. W (a + 5) 

Am. j 

17. The forces, P and IF, act at the arms, a and 
respectively, of a straight lever. When P and W make 
angles of 30° and 90° with the lever, show that when equi- 
librium takes place F = 

a 

18. Supposing the beam of a false balance to be uniform, 
a and b the lengths of the arms, P and Q the apparent 
weights, and W the true weight ; when the weight of the 

, beam is taken into account show that 


a 

b 


W 


Q 

. 19. If a be the length of the short arm in Ex. 14, wdiat 
must be the length of the whole lever when equilibrium 
takes place ? 

Ans, a -f 


/2a iV 
w 




20. K man whose weight is 140 lbs. is just able to sup 
pert a weight that hangs over an axle of 6 ins. radios, by 
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hanging to the rope that passes oyer the corresponding 
wlieel, the diameter of which is 4 ft.; find the weight sup- 
ported. ■ ■ . Ans^ ; 560' lbs. 

21. If the difference between the diameter of a wheel and 

tlie diameter of the axle be six times the radius of the axle, 
find the greatest weight that can be sustained by a force of 
(JO lbs. -4 ws. 240 lbs. 

22. If the radius of the wheel is three times that of the 
axle, and the string round the wheel can support a weight 
of 40 lbs. only, find the greatest weight that can be lifted. 

Ans. 120 lbs. 

23. What force wfill be required to work the handle of a 
windlass, the resistance to be overcome being 1156 lbs., the 
radius of the axle being six ins., and of the handle 2 ft. 

Sins.? A71S. 216.75 lbs. 

24. Sixteen sailors, exerting each a force of 29 lbs., push 
a capstan with a length of lever equal to 8 ft., the radius of 
the capstan being 1 ft. 2 ins. Find the resistance which 
this force is capable of sustaining. 

Ans. 1 ton 8 cwt. 1 qr. 17f lbs. 

25. Supposing them to have w^ound the rope round the 

capstan, so that it doubles back on itself, the radius of the 
axle is thus increased by the thickness of the rope. If this 
he 2 ins. how much will the power of the instrument be 
diminished. A^is. By or 12|- per cent. 

26. The radius of the axle of a capstan is 2 feet, and six 

men push each with a force of one cwt. on spokes 5 feet 
long ; find the tension they will be able to produce in the 
rope which leaves the axle. Am. 15 cwt. 

27. The difference of the diameters of a wheel and axle ^ 
is 2 feet 6 inches ; and the weight is equal to six times the ^ 
power ; find the radii of the wheel and the axle. 

Am. 18 ins.; Sing. 
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examples. 

28. If tile radius of a wheol is 4 ft., and of tiio axle 
b ins., find the power that will balance a weight of 
500 lbs., the thickness of the rope coiled round the a.xle 
being one inch, the potver acting without a rope. 

Ans, 88.54 lbs. 

C 29. Two given weights, P and Q, hang vertically from 
:wo points in the rim of a wheel turning on an axis; 
find the position of the weights when equilibrium takes 
place, supposing the angle between the radii drawn to 
the points of suspension to be 90°, and that 6 is the 
angle which the radius, drawn to P’s point of sus- 
pension, makes with the vertical. o 

Ans. tan B z=z A. 

30. Wliat weight can be supported on a plane by a hori- 
zontal force of 10 lbs., if the ratio of the height to the base 

Ans. IS^lbs. 

31. The inclination of a plane is 30°, and a weight of 
10 lbs. is supported on it by a string, bearing a weight at 
its extremity, which passes over a smooth pulley at its 
summit ; find the tension in the string. Ans. 5 lbs. 

33. The angle of a plane is 45° ; what weight can be 
supported on it by a horizontal force of 3 lbs., and a force 
of 4 lbs. parallel to the plane, both acting together. 

Ans. 3-1-4 -v/S lbs. 

33. A body is supported on a plane by a force parallel 
to it and equal to } of the weight of the body ; find the 
ratio of the height to the base of the plane. 

Ans. 1 : 3 a/6. 

34. One of the longest inclined planes in the world is 
the road from Lima to Callao, in S. America ; it is 0 miles 
long, and the fall is 511 ft. Calculate the inclination. 

Ans. 55' 37", or 1 yard in 63. 
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35. If tlie force required to draw a wagon on a hori 2 ;oiita\ 

road be /jtli part of the weight of the wagon, what will be 
the force required to draw it up a hill, the slope of which 
is 1 in 43. A?is. part of the weight. 

36. If the force required to draw a train of cars on a 
level railroad be gioth part of the load, find the force 
required to draw it up a grade of 1 in 56. 

Ans, j^^f^th part of the load. 

37. What force is required (neglecting friction) to roll a 
cask weighing 964 lbs. into a cart 3 ft. high, by means of a 
plank 14 ft. long resting against the cart. 

Ans. The force must exceed 2064- lbs. 

38. A body is at rest on a smooth inclined plane when 
the power, weight and normal pressure are 18, 26, and 
12 lbs. respectively; find the inclination, «, of the plane to 
the horizon, and the angle, 0, wdiich the direction of the 
power makes with the plane. 

Ans. a = 37° 21^ 26''; 6 = 28° 46' 54". 

39. If the power which will support a weight when act- 
ing along the plane be half that which will do so acting 
horizontally, find the inclination of the plane. Ans, 60°. 

'4:0. A power P acting along a plane can support W, and 
acting horizontally can support x ; show that 

P2 = — xK 

/41. A weight W would be supported by a power P act- 
ing horizontally, or by a power Q acting parallel to the 
plane ; show that 

Q2 — p2 "i" |f2 

42. The base of an inclined plane is 8 ft,, the height 
6 ft, and required P and the normal 

pressure, A^, on the plane. 

Ans, P = 6 tons; AT = 8 tons. 
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48. A weight is snpported on an inclined plane by a 
force whose direction is inclined to the plane at an angle 
of 30'^ ; when the inclination of the plane to the horizon is 
30''", show that If = F . 

44. A man iveighing loO lbs. raises a weight of 4 cw^t. by 
a system of four movable pulleys arranged according to the 
•second system ; what is his pressure on the ground ? 

122 lbs. 

45. What power wdll be required in tbe second system 

witli four movable pulleys to sustain a weight of 17 tons 
12 cwt. Ans, 1 ton 2 cwt. 

46. Two weights bang over a pulley fixed to the summit 
of "a smooth inclined plane, on wdiich one weight is sup- 
ported, and for every 3 ins. that one descends the other 
rises 2 ins. ; find the ratio of tbe weights, and the length 
of the plane, the lieight being 18 ins. A ns. 2 : 3 ; 27 ins. 

47. If W = 336 lbs. and P = 42 lbs. in a combination 

of pulleys arranged according to the first system, bow many 
movable pulleys are there? A ns. 4. 

48. In a system of pulleys of the third kind in which 
there are 4 cords attached to the weight, determine the 
weight, If, supported, and the strain on the fixed pulley, 
the power being 100 lbs,, and the weight, w, of each 
pulley 5 lbs. 

Am. W = 15P + llw = 1555 lbs.; Strain = 16P-|-15w 
= 1675 lbs, 

49. In a system of pulleys of. the third kind, there are 
2 movable pulleys, each weighing 2|- lbs. What power is 
required to support a weight of 6 cwt. ? Am. 94.57 lbs. 

50. Find the power that will support a weight of 100 lbs, 
by means of a system of 4 pulleys, the strings being all 
attached to the weight, and each pulley weighing 1 Ih. 

A 21 S. 5*1*1 lbs. 
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ol. The circumfereoce of the circle corresponding to the 
point of application of P is 6 feet ; find how many turns 
the screw must make on a cylinder 2 feet long, in order 
that If may be equal to 144P. A ns, 48. 


52. The distance between two consecutive threads of a 

screw is a quarter of an inch, and the length of the power 
arm is 5 feet; find what weight will be sustained by a 
power of 1 lb. A^is. 480Tr lbs. 

53. How many turns must be given to a screw formed 

upon a cylinder whose length is 10 ins., and circumference 
5 ins., that a power of 2 ozs. may overcome a pressure of 
100 ozs. ? Ans. 100, 

54. A screw is made to revolve by a force of 2 lbs. 

applied at the end of a lever 3.5 ft. long; if the distance 
between the threads be | in., what pressure can be pro- 
duced ? Ans. 9 cwts. 1 qr. 20 lbs. 

55. The length of the power-arm is 15 inches; find the 
distance between two consecutive threads of the screw, 
that the mechanical advantage may be 30. Ans, tt ins. 

56. A weight of W pounds is suspended from the block 
of a single movable pulley, and the end of the cord in 
which the power acts, is fastened at the distance of h ft. 
from the fulcrum of a horizontal lever, a ft. long, of the 
second kind ; find the force, P, which must be applied per^ 
pendicnlarly at the extremity of the lever to sustain W. 

Ans. P 


57. In a steelyard, the weight of the beam is 10 lbs., and 
tlie distance of its centre of gravity from the fnlcrnm is 
2 ins., find where a weight of 4 lbs. must be placed to l^ah 
ance ik Ans, At 5 ins. 
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58. A bod j. whose weight is lbs., is placed on a rough 
plane iiieiiiied to. the horizon at an angle of 45°. The, co- 

ediciiHitof flic tiou being in what direction a force 
V3 

of (V3 — 1) lbs. must act on the body in order Just Ic 
support it, At an angle of 30* to the plane. 

59. A rough plane is inclined to the horizon at an angle 
of 60° ; find the magnitude and the direction of the least 
force which will prevent a body weighing 100 lbs. from slid- 
ing down the plane, the coefficient of friction being 

VB 

Ans. 50 lbs. inclined at 30° to the plane. 
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The term, Funicidar^ has reference alone to the cord, and has no mechanical 


THE FUNICULAR* POLYGON— THE CATENARY 
ATTRACTION. 

130 . Equilibrium of tlie Funicular Polygon. — If a 
cord whose weight is neglected^ is suspended from two fixed 
pointSj d and and if a series of weights, Pg, P3, 
etc., be suspended from the given points (Jg, etc., 

the cord will, when in equilibrium, form a polygon in a 
vertical plane, which is called the Funicular Polygon, 

Let the tensions along 
the successive portions 
of the cord, QiQq9 
etc., be respec- 
tively Pi, P3, Pg, etc., 
and let di, ^3, ^3, etc., 
be the inclinations of 
these portions to the 
horizon. Then is 


Fig.69 


in equilibrium under the action of three forces viz., Pj, 
acting vertically, P^, the tension of the cord AQ^, and Pg, 
the tension of Q^, Eesolving these forces we have. 


for horizontal forces, P^ cos — P3 cos = 0, 

for vertical forces, Pj + Pg sin 0 ^ sin B^ = 0, 

In the same way for the point we have, 
for horizontal forces, Pg cos B^ — Pg cos == 0, 

for vertical forces, Pg + Pg sin ^3 — Pg sin B^ = 0, 


^QUILlBRIVil OF TUB FUmcULAR POLTGON. 21 '? 
Hence from (1) and (3) we hav6 

cos cos ^2 = cos 0^ = etc., 

that is, tJie horizontal components of the tensions in the dif- 
ferent portions of the cord are constant. Let this constant 
be denoted by T\ then we have 


T,= 


T, = 


T 


cos ® 

which in (2) and (4) give 


cos ^2 ’ 


T = ^ 

® cos 0, 


5 etc*, 


T tan dj — T tan 0^ = 0, 
Pz + T tan 03 — y tan 6^ = 0, 


(5) 

( 6 ) 



If we suppose the weights Pj, Pg, etc., each equal to W, 
(7) becomes 

tan 03 — tan 0g = tan ^g — tan ffg = tan dg — tan 0^ 

_ W 

y- (8) 

Hence, the tangents of the successive inclinations form a 
series in Arithmetic Progression. In the figure 0„ = 0 
10 ® 




131. To Construct the Funicular ■ Polygon when 
the Horizontal Projections of the successive Por- 
tions of the Cord are all equal. —Let §5^4, Q^q^, q^q^. 

etc., be all of constant lengtb = and let Q^q^ = c. 
Then since bj (9) of Art. 

130, the tangents of 0 ^, ^ 3 , 

6^^ (9i, etc., are as 1 , 2 , 3, 

4, etc., we have 

Q^m = 2 (>3^3 = 2^; 

' QiU = ^Q^q^ = 3<?; etc. 

Bence, taking the middle point, 0, of the horizontal 
portion, § 5 (^ 4 ? origin, and the horizontal and vertical 
lines through it as axes of x and y, the co-ordinates of 
are (|^, c) ; tliose of are Zc ) ; those of are (|a, 
%c), and those of the ^^th vertex from are evidently 




A 

A 


Y 

K 

Si 

/ 



V 


n 






X 


0 2^3 ^2 g, 

Rg.70 


-|- 1 
2“"' 


n {n + 1 ) 

, 


Eliminating n from these equations we get 


which, being independent of n, is satisfied by all the ver- 
tices indifferently, and is therefore the equation of a curve 
passing through all the vertices of the polygon, and 
denotes a parabola whose axis is the vertical line, OY, and 

whose vertex is vertically below 0 at a distance = 

8 

The shorter the distances 63 etc., the more 

nearly does the funimlar polygon coincide with the para- 
bolic curve. 
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W 2 W 

tan tan ^3 = 


tan 6^ 


3W 


iW 


, tan 0^ — p ^ 


etcl 
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132. Cord /Supporting a Load Uniformly Bis- 
.tribntod over the Horizontal. — If. the number of vertices 
■ of the. polygon be very g,reat> and the suspended Aveights ail 
equal so that the load is distributed uniformly along the 
straight liiie^ WE, the parabola which passes through all the 
vertices, virtually coincides with the cord or chain forming 
the polygon, and gives the figure of the Suspemion Bridge, 
In this bridge the weights suspended from the successive 
portions of the chain are the weights of equal portions of 
the flooring. The weight of the chain itself and -the 
weights of the sustaining bars are neglected in comparison 
with the weight of flooring and the load which it carries. 



Let the span, AB, == %a, and the height, OD, = h. 
Then the equation of the parabola referred to the vertical 
and horizontal axes of z and y, respectively, through 0, is 

= imx, (1) 

4m being the parameter. 

Because the load between 0 and A is uniformly dis- 
tributed over the horizontal, OE, its resultant bisects OE 
at C; therefore the tangents at A and 0 intersect at 0 
(Art. 62). 

From (1) we have 

% 2m __ y 

dx"^ y ”” 2a;^ 



2m 


COED SUPPORTING LOAD, 


which is the tangent of the iiicliiiatioa of the curve at an 3 ? 

point y) to the axis of x. Hence the tangent at the 

point of support. A, makes with the horizon an angle, 

2}i 

whose tangent is which also is evident from the tri» 
angle AOE.. 

Let irbe the weight on the cord ; then -Ilf is the weight 
on OA, and therefore is the vertical tension, F, at A. Then 
tlie three forces at A are the vertical tension F = IF", the 
total tension at the end of the. cord, acting along the 
tangent AC, and the horizontal tension, T, which is every- 
where the same (Art. 130). Hence, by the triangle of 

forces (Art, 31) these forces will be represented by the 

three lines, AE, AC, CE, to which their directions are 
respectively parallel ; therefore we have for the horizontal 
tension 

r = AE cot « = w~, 

and the total tension at A is 

m 

VF^ 4. ^4/^2 4. a\ 

EXAM PLE. 

The entire load on the cord in (Fig. 71) is 320000 lbs.; 
the span is 150 ft. and the height is 15 ft.; find the tension 
at the points of support and at the lowest point and also the 
inclination of the curve to the horizon at the points of 
support. 

27 } 

tan « = — =■ .4 ; cc = 21 ® 48^' 

d 

The vertical tension at each point of support is 
F ==: I weight = 160000 lbs.; 
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the horizontal tension is 

ir= IT' -ff = 400000 lbs.; 

and the total tension at one end is 

= 430813 lbs. 

133. The Common Catenary.— Its Eqnation.~"A 
catenary is the curve assumed by a perfectly flexible cord 
when its ends are fastened at two points, A and B, nearer 
together than the length of the cord. When the cord is of 
constant thickness and density, i e., when equal portions of 
it are equally heavy, the curve is called the Common 
Catenary y which is the only one we shall consider. 

Let A and B be the fixed 
points to which the ends of 
the cord are attached ; the 
cord will rest in a vertical 
plane passing through A and 
B, which may be taken to be 
the plane of the paper Let 
0 be the lowest point of the 
catenary; take this as the 
origin of co-ordinates, and 
let the horizontal line 
through C be taken for the 
axis of Xy and the vertical 
line through G for the axis of y. Let {x, y) be any point, 
P, in the curve ; denote the length of the are, (7P, by ,s ; 
let be the length of the cord whose weight is equal to 
the tension at 0 ; and T the length of the cord whose 
weight is equal to the tension at P. 

* Tbe weight of a unit of length of the cord being here taken as the unit of 
weight. 
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Then the arc, GP, after it has assiimed its permanent 
form of equilibrium, may be considered as a rigid body 
kept at rest by three forces, viz,: (1) % the tension, acting 
at P along the tangent, (2) c, the horizontal tension at the 
lowest point 0, and (3) the weight of the cord, 6P, acting 
vertically dowmward, and denoted by s. Draw PT' the 
tangent at P, meeting the axis of y at T\ Then by the 
triangle of forces (Art. 31), these forces may be represented 
by the three lines PT', NP, T'N, to which their directions 
are respectively parallel. Therefore 


rN 

NP ' 


or 


_ weight of CP 
“ tension at G * 

dx e 


(a) 


Differentiating, substituting the value of ds^ and reducing, 
we have 


d 


v^ir 


e * 


Integrating, and remembering that when ir = 0, — = 
we obtain 


log 


% 


dx 




+ \/i + 


X 

mm. • 


therefore 


dx 




+ \/i + 


2 E 


where e is the Naperian base. Solving this equation foi 

= I _ e“c^ . (1) 


we obtain 
dx^ 


dy 

dx 




we have 


:'CATMNAnY, ' , , , ^ 

obsemng' that . ^' = 0 wiieii = 0, 


( ' X. 

00 4- ^ j _ e, 


wMcli is tlie equation rec|uir€cl. Wo may simplify this 
equation by liioving the origin to the point, 0, at a dis- 
tance equal to c below 0, by putting p o for jf, so that 
(2) becomes, 


( X x\ 

^ + e<^h 


1 ^ ^ 

2 


which is the equation of the catenary^ in the usual form. 
The horizontal line through 0 is called the Mrectrix* of 
the catenary^ and 0 is called the origin. 

Cofi« h — ^To find the length of the ai’C, CP, we havt 


1 

1 + ^dx 


d8=^^f 

J~X 

1 4- i\f —e<‘)dx, from (1), 

( X 

e« + e (4) 

« = |^e«— r«^ (5) 

the constant being = 0, since when a; = 0, 5 == 0. 

This equation may also be found immediately by equa« 

ting the values of in {a) and (1). 


m. 
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Cor. 2. — Since c = OC is the ieiigtli of the cord : whose 
weight is equal to the tension of the curve at the lowest 
|)ointj it follows that^ if the hahV BQ^ of the curve were 
removed, and a cord of length and of the same thickness 
and density as the cord of the curve, were Joined to the 
arc CP, and suspended over a smooth peg at (7, the curve 
would be in equilibrium. 

OoEo 3. — We have from the triangle, PNT\ 


tension at P 
tension at G 


PT 

PN' 


or 


I. 

€ * 


ds 

dx 


y 


from (3) and (4), 


T: 


y> 


that is, tJie tension at any point of the catenary is equal to 
the imight of a portion of the cord tohose length is equal to 
the ordinate at that point. 

Therefore if a cord of constant thickness and density 
iiangs freely over any twm smooth pegs, the vertical por- 
tions which hang over the pegs, must each terminate on 
the directrix of the catenary. 


Cor. 4. — From (3) and (5) we have 
y^ = ^ 

and from (G) we have 


B — y 


dy 


( 6 ) 


At the point, P, draw the ordinate, PJf, and from M, 
the foot of the ordinate, draw the perpendicular MT. Then 

PT— y cos MPT = yf, 
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< wliioh in (7) gives 

PT = 5 = the arc, CP, (8) 

: md since f = PT^ + TM% we have from (6) and. (8) 

TM=e. (9) 

Therefore the point, T, is on the involiite of the catenary 
which originates from the carve. at G, T3£ is a tangent to 
this involute, and TF, the tangent to the cateiiary, is 
nornial to the involute, (See Calculus, Art. 124). As T3f 
IS tile tangent to this last curve, and is ecjiial to the con- 
stant quantity, c, the iiivolute is the equi tangential curve, 
or tractrix (See Calculus, p. 357). 

By means of (8) and (9) we may construct the origin and 
directrix of the catenary as follows : On the tangent at any 
point, P, measure off a length, PT, eqiial to the arc, CP; 
at T erect a ])erpendicular, TM, to the tangent meeting the 
ordinate of P at Jf ; then the horizontal line through 31 is 
the directrix, and its intersection ivUh the axis of the ctirve 
is the origin. 

Cob. 5. — Combining (2) and (5) we obtain 

(y + := 

therefore 52 = ^ 2 ^ 2€y, (10) 

The catenary possesses many interesting geometric and 
mechanical properties, but a discussion of them would 
carry ns beyond the limits of this treatise. The student 
who wishes to pursue the subject further, is referred to 
Pricers Anal. Mechs., Vol. I, and Minchin^s Statics. 
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133 a. Attraction of a Splierical SlielL— -By tlie law 
of uni versa! gravitation every particle of matter attracts 
eyery other particle with a force that varies directly as the 
mass of the attracting particle, and inversely as the square 
of the distance between the particles. 

To find the resuUmit attraction of a splierical shell of 
uniform density and small uniform tinchiessy on a par- 
ticle, 

( 1 ) Suppose the particle, P, 
on which the value of the 
attraction is required, to be 
outside the shell. 

Let p and h be the density 
and thickness of the shell, 0 
its centre, and M any particle of it. Let OM = a, 
PM = r, OP = c, the angle MOP =. 6, (p the angle which 
the plane 3 fOP makes with a fixed plane through OP, 

Then the mass of the element at M (Art. 88 ) is 
ph sin 6 dO dcp. The attraction of the whole shell acts 
along OP ; the attraction of the elementary mass at M on 
P in the direction PM 

pJe sin 0 dd dp 

therefore the attraction of M on P, resolved along OP9 
pic a^ sin d dd dp c a cos 6 

. .1 ft 

We shall eliminate 0 from this equation by means of 
^2 q, ^ _ 2ac cos 0; 
rdr =z ac sin 0 d6 ; 



( 1 ) 
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• « ^ 

Sin Odd z= , 

ac 

1 /3 4. C2 _ ^2 

and e-— acos0 = ^ ; 

substituting tliese .values in (1), the attraction of ^ on P 
along PO 

= g!{l+^)*#- (?) 

To obtain the resultant attraction of the whole shell, we 
take the ^-integral between the limits 0 and 2?!, and the 
r-integral between c — a and c + a. 

Hence the resultant attraction of the shell on P along JPO 






4tTTpha^ mass of the shell 






( 3 ) 


Since c is the distance of the point P from the centre this 
shows that the attraction of the shell on the particle at P 
is the same as if the mass of the shell were condensed into 
its centre. 

It follows from this that a sphere which is either homo- 
geneous or consists of concentric spherical shells of uniform 
density, attracts the particle at P in the same manner as if 
the wdiole mass were collected at its centre. 

(2) Let the particle, P, be inside the sphere. Then we 
proceed exactly as before, and obtain equation (2), which is 
true whether the particle be outside or inside the sphere* 



bofc tlie r-liuiifcs in this case are, — <?.aiid a +. , Hciiee 

from (2) we liaye, by performing the (^^-integration, 


attraction of shell = J | dr 


Tvpha 




{2g - 2o} = 0. 


therefore a particle within the shell is equally attracted in 
every direction, i. e., is not attracted at all. 

(joR. — If a particle be inside a homogenous sphere at the 
distance r from its centre, all that portion of the sphere 
which is at a greater distance from the centre than the 
particle produces no effect on the particle, while the re- 
mainder of the sphere attracts the particle in the same 
manner as if the mass of the remainder were all collected 
at the centre of the sphere. Thus the attraction of the 
sphere on the particle 

^TTp?’^ 4npr 


rsi 


Hence, loUMn a homogeneous sphere the attraction varies 
as the distance from the centre. 

The propositions respecting the attraction of a uniform 
spherical shell on an external or internal particle were 
given by ISTewton (Principia, Lib. I, Prop. 70, 71). (See 
Todlmnter’s Statics, p. 275, also PratPs Mechs., p. 137, 
Price’s Anal. Mechs., Vol. I, p. 266, Minchin’s Statics, 
403). 

EXAMPLES. 
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inclination, 0, of the ciir?e to the horizon at either point of 
suspension. 

(1) Here * = i, and e = 3.71838, 

, , , ■ c? 

- i 

therefore e® = (3-71838)* = 1-3840, 

« 

and e 0 — (3-71838)“* = 0-7788. 

Substituting these values in (5) we get 

>S= 800 X 0-O052 = 404-16. 

Hence CA = 404-16 feet. 

( 2 ) Cff=9j-e = l(ei + e-i)~e 

= 800 X 3-0638 — 1600 
= 50- 34 feet. 

(3) tan 0 = ^ = i (ei - e"*), from (1), 

= 0-3536, 

therefore 0 = 14® 11'. 

Otherwise tan 0 = ^, from (a), = = 0-3536, as 

before. 

,, 3. The entire load on the cord in Fig. 71 is 160000 lbs., 
the span is 193 ft., and the height is 15 ft; find the tension 
!)t the ]>oints of support, and also the tension at the lowest 
point. Ans. 'Pension at one end = 268308 lbs. 

Horizontal tension = 356000 “ 
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3. A cliain, ACB, 10 feet long, and weighing 30 lbs., is 
suspended so that the height, OiT, = 4 feet ; find the 
horizontal tension, and the inclination, of the chain to 
the horizon at the points of support. 

Horizontal tension = 3|- lbs., 0 = 77® 19^ 

4. A chain 110 ft. long is suspended from two points in 
the same horizontal plane, 108 ft. apart; show that the 
tension at the lowest point is 1.477 times the weight of the 
chain nearly. 




.='«> ' . .. c,. . .- ,• . 

:, "" ■■ . . r j 


^3 


X 
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PART II. 

KINEMATICS (MOTION). 

CHAPTER I. 

RECTILINEAR MOTION. 

134. Definitions. —Velocity. — Kinematics is that 
branch of Dynamics which treats of motion without refer- 
ence to the bodies moved or the forces producing the mo- 
tion (Art. 1). Although we do not know motion as free 
trom force or from the matter that is moved, yet there are 
oases in which it is advantageous to separate the ideas of 
force, matter, and motion, and to study motion in the 
abstract, i. e., without any reference to wlat is moving, or 
the cause of motion. To the study of pure motion, then, 
we devote this and the following chapter. 

The velocity of a particle has been defined to be 'its rate 
of motio-n (Art. 6). The formulaj for uniform and variable 
velocities are those which were deduced in Art. f. Fi'om 
(1) and (3) of that Art. we have 


8 

ds 

® “ TV 


( 1 ) 


in which i} is the velocity, s the space, and ^ the time. 


( 3 ) 
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EXAMPLES. : 

' " I, A body moves at the rate of ?54 yards per hour. Find 
the velocity in feet per second. 

Since the velocity is uniform we use (1)^ hence 

754 X 3 . V 

^ 

2. Find the position of a particle at a given ‘ time, 4 
when the velocity varies as the distance from a given point 
on the rectilinear path. 

Here the velocity being variable we have from (2) 

ds j 

, = g = fa. 

where I: is a constant ; 
ds 

therefore — z=:lcdt\ log ^ = ii? + 
s 


( 1 ) 


where c is an arbitrary constant. 

How if we suppose that 5 q is the distance of the particle 
from the given point when t z=z^ we have o =: log' 

■ which in (1) gives 

s 

log -- '=iTct\ or « = 


■ 3. A railway train travels' at the rate of 40 miles per 
hour ; find its velocity in feet per second. 

Ans, 58.66 ft. per second. 

4. A train takes 7 h. 31 m. to travel 200 miles ; find its 

velocity. Ans. 39.02 ft. per sec. 

5. If ^ = 4^®, find the velocity at the end of five seconds. 

Ans. 300 ft. per sec. 

6. Find the position of the particle in Ex. 2, when the 

velocity varies as the time. Ans. s = 


AUCMIjERATION zero. 
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7.. die distance the particle "will bioto in one 

min: when the velocity is 10 ft. at the end of one 

second and varies as the time, Ans. 18000 ft. 


135. Acceleration. —Acceleration has been defined to 
be the raie of change of velocity (Art. 8). It is a velocity 
increment. The formula for acceleration are from fl). CSl 
and (3) of (Art. 9), ^ » k h 



( 1 ) 



( 2 ) 


/ IV a 

~ m ’ (®) 

(1) being for uniform, and (2) and (3) for variable, 

‘ acceleration. 

If the velocity decreases, f is negative, and (2) and (3) 
become 

~ f- ^ — f 

dt ~ ’’ df •' » 


and the velocity and time are inverse functions of each 
other. 

'136. The Relation between Hie Space and Time 
when the Acceleration = 0. 


Here we have 


^-0 

dt^ - 


so that if Vg is the constant velocity we have 


dt 


s = + «o» 


m 
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in wliicli Sq is the space which the body has passed over 
when t =: 0* If t is computed from the time the body 
starts from rest, then s = The student will observe 
that this is a case of uniform velocity. 

137. The Relation (1) between the Space and 
Time, and (2) between the Space and Velooity, 
when the Acceleration is Constant 


(1) Let A be the initial position of o a p ^ 
the particle supposed to be moving 
toward the right, P its position at any time, t, from A, 
its velocity at that time, and / the constant acceleration of 
its velocity. Take any fixed point, 0, in the line of motion 
as origin, and let OA == Sq ; OP = 5. Then the equation 


of motion is 




( 1 ) 





Suppose the velocity of the particle, at the point A to be 
Vqj, then when i = 0^ v =z hence, e? = Vq, and 

» = =/# + *;,; {:> 

s = q- c'. 

But when ^ = 0, 5 = s^; hence e' = and 

« = i/i*® + V + (3) 

Hence if a particle moves from rest from the origin 6, with 
a constant acceleration, we have 

Called velocity and space respectively, or the velocity the particle has. 
and space it haa moyed over at instant begins to be reckoned. 
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S = 


md thus tlie spa€e described Yaries as the square ■ of the 
time. , 


(2) From (1) we have 
is 


di^ 

df 


.fds; 

: 2fS + 0 « 


Blit when s = v = hence 0 =s — 2/5^^ .and 
therefore 

# = %fs 4 " — %fsQ. ( 5 ) 


Equations (2) and (3) give the velocity and position of the 
particle in terms of t ; and (5) gives the velocity in terms 
■'of s. 

y 138. When the Acceleration Varies directly as 
the Time from a State of Rest, find the Velocity 
and Space at the end of the Time t 

Here ^ = “0 

where is the initial velocity ; 

, , .g, = 

the initial space being 0 since t is estimated from resh 

' 139. When the Acceleration Varies directly as 
the Distance from a given Point in the line of Mo- 
tion, and is negative, find the Relation between 
the Space and Time. 



1. A body commences to move t 
per see., and its velocity is inere 
10 ft. Find the space described in 

Here / = 10 , — 30 , ^ 

from (B) we have 

^ = J-10.25 + 30.5 

2, A body starting with a velocit 
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Here 


d^s 


dt^ 


■— hB\ 


~2lsds I 


= h{s,^~^), 


>} calling' the value of s when the particle is at rest. 


Vso^ — , 


the negative sign being taken since the particle is moving 
towards the origin j ^ 


cos'^J — == 


if s = Sq when ^5 — 0 ; 


^0 


5 cos 
exam p les, 





FALLING BODIES. . > . "SS? ;; " 

4. Tliroiigli wliat space must a body- pass under an .accel- 

eration of 5 ft. per' sec. j so that its Telocity may increase 
from 10 ft to 20, ft. per sec.? '• , Am. 30 ft. 

5. 111 what, time will a body moTing^ with an accelera- 

tion of 25 ft. per sec.,, accpiire a Telocity of 1000 it. per 
second ? . 40 secs. 

6. A body starting from rest has been moTing for 5 min- 
utes, and has acquired a velocity of 30 miles an hour; 
what is the acceleration in feet per second ? 

A71S. ff* sec. 

7. If a body moves from rest with an acceleration of | ft ^ 

per sec., how long must it move to acquire a velocity of 
40 miles an hour ? Am\ '88secs. 

140. Equations of Motion for Falling Bodies. — > 

' The most important case of the motion of a particle with a 
constant acceleration in its line of motion is that of a body 
moving under the action of gravity, which for small dis- 
tances above the earth’s surface may be considered constant. 
When a body is allowed to fail freely, it is found to acquire 
. a velocity of about 32.2 feet per second during every second 
of its motion, so that it moves with an acceleration of 32.2 
feet per second (Art, 21). This acceleration is less at the 
summit of a high mountain than near the surhice of the 
earth ; and less at the equator than in the neigliborhood of 
the poles ; e., the velocity which a body acquires in falling 

freely for one second varies with latitude of the place, 
and with its altitude above the sea level ; but is independ- 
ent of the size of the body and of its mass. Practically, 
however, bodies do not fall freely ^ 2 ^^ the resistance of the 
air opposes their motion, and therefore in practical cases at 
high speed {e. g., in artillery) the resistance of the air must 
be taken into account. But at preseut we shall neglect 


la each case the body is supposed to start from rest unless otherwise stated. 



tills resistatice, and consider the bodies as moving in .vacuo 
under the action of gravity^ L e*:, .with a constant accelera- 
tion of about 32.2 feet per second. 

As neitber the substance of tbe body nor the cause oi 
the motion needs to be taken into consideration, all prob- 
lems relating to falling bodies may be regarded as cases of 
accelerated motion, and treated from purely geometric 
considerations. Therefore if we denote the acceleration by 
as in Art 23, and consider the particle in Art. 137 to be 
moving vertical!}" downwards, then (2), (3), (5) of Art, 137 
become, by substituting g for/, 

V ^gt ) 

8 = \g^ + ^ 0 ^ 

= ^gs -f- / 

8 being measured as before from a fixed point, 0, in the 
line of motion. 

Suppose the particle to be projected downward from 0, 
then A commences with 0 and = 0. Hence (A) be- 
comes 


V ^gt 2^0. 

(1) 

S = \,gP dr 

0) 

= %gs d- 

(3) 


As a particular case suppose the particle to be dropped 
from rest at 0 {Fig. 73). Then A coincides with 0, and 
= 0, = 0. Hence eijixations (A) become 


V = gU 


PAMTiaLE PMOJEetMB UPWARDS, 
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"Ml. When the Particle is Projected Vertically , 
Upwards.— Here if we measure s upwards froai tlie poiiifc 
of projection, 0, the acceleratioir tends to diminish the : 
space and therefore the acceleration is negative^ and the 
equation of motion is (Art. 135) 

dfi~' 

111 other respects the solution is the same. Taking 
therefore = 0 in {A) and changing the sign of we 
obtain 

= 4’o — 9t> (1) 

s = (2) 

= Vg* — 2gs. (3) 

Cob. 1. — The time during which a particle rises tolien 
projected vertically upwards. 

When the particle reaches its highest point, its velocity 
is zero. If therefore we put v = 0 in (1), the correspond- 
ing value of t will be the time of the particle ascending to a 
state of rest. 

g 

Cor. 2. — The time of flight lefore returning to the start- 
ing point. 

From (2) we have the distance of the particle from the 
starting point after t seconds, when projected vertically 
upwards with the velocity v^. Now when the particle has 
risen to its maximum height and returned to the point of 
projection, s = 0. If, therefore, we put s = 0 in (2), and 
solve for we shall get the time of flight. Therefore, 

* is positive or negative aceording as the particle is descending or as 
ccaading. 
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PARTICLE PROJECTED UPWARDS. 

= 0 ; 

2vq 

whicli gives if = 0, or —— 

Tlie first value of t shows the time before the particle 
starts, the latter shows the time when it has retiiruecL 

Hence, the ivhole time of flight is y“, which is just double 

the time of rising (Cor. 1) ; that is, the time of rising eqtiah 
■the time of falling. 

The final velocity, by (1) of Art. 140, = gt = g x 

(Cor. 1) = t'o 5 hence a body returns to any point in its 
path with the same velocity at which it left it. In othei 
words, a body passes each point in its path with the same 
velocity, whether rising or falling, since the velocity at any 
point may be considered as a velocity of projection. 

Coe. d.—The greatest height to which the particle will 
rise. 

At the summit v = 0, and the corresponding value of .s’ 
will be the greatest height to which the particle will rise ; 

when «; = 0, (3) becomes 


V = 



0OE. 4. — Since Vq* = 2gs, where s is the height from 
which a body falls to gain the velocity it follows that a 
body will rise through the same space in losing a velocity 
y „ as it would fall through to gain it. 


EXAM1>LMB. 
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EXAMPLES., 

1. A body projected vertically downwards witli a velocity 
jf 20 ft. a sec. from the top of a tower^, reaches the ground 
111 2,5 secs.; find the height -of the tower. 

Here t = , and .= 20 ; ■ assume g = 32. Then 

from (2) of Art. 140 we have 

5 = 11X_3_£ 20 X f = 150 ft. 

2. A body is projected vertically upwards with a velocity 
of 200 ft, per second ; find the velocity with which it will 
pass a point 100 ft. above the point of projection. 

Here = 200, s = 100 ; therefore from (3) we have 
= 40000 -- 6400 = 33600 ; 

^; = 40V'^. 

*' 3. A man is ascending in a balloon with a uniform 
velocity of 20 ft. per sec., when he drops a stone which 
reaches the ground in 4 secs,; find the height of the 
balloon. 


Here = 20, and 1 = 4:; therefore from (2)' we have, 
after changing the sign of the second member to make the 
result positive, ^ 

s z= ^ {SO ^ 256) = m, ^ 

which was the height of the balloon. 

4. A body is projected upwards with a velocity of 80 ft. ; 
after what time will it return to tlie hand ? 

Ans. 5 seconds. 

5, With what velocity must a body be projected ver- 
tically upw^ards that it may rise 40 ft. ? 

A7is» 16 ViO ft. per sec. 
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6. A body projected yertically upwards passes a certain 

point with a Telocity of 80 ft. per sec.; how much higher 
will it ascend ? Ans. 100 ft. 

7. Two balls are dropped from the top of a tower, one of 

diem 3 secs, before the other ; how far will they be apart 
T) secs, after the first was let fall ? Ans, 336 ft. 

8. If a body after having fallen for 3 secs, breaks a pane 
dt glass and thereby loses one-tliird of its velocity, find the 
entire space through which it will have fallen in 4 secs. 

Ans* 224 ft. 

142. Composition of Velocities.— (1) Trom the I'ar- 
allelogfam of Velocities, (Art. 29, Fig. 2), we see that if AB 
represents in magnitude and direction the space which 
would be described in one second by a particle moving with 
a given velocity, and AC represents in magnitude and 
direction the space which ivould be described in one second 
by another particle moving with its velocity, then AD, the 
diagonal of the parallelogram, represents the resaltant 
velocity in magnitude and direction. 

(2) Hence the resultant of any txco velocities, as AB, BD, 
(Fig. 2), is. a velocity represented hy the third side, DA, of 
the triangle ABD; and if a point have simultaneously , 
velocities represented hy AB, BC, CA, the sides of a trian-^ 
^le, taTcen in the same order, it is at rest. 

The lines which are taken to represent any given forces 
may clearly be taken to represent the velocities which 
measure these forces (Art. 19), therefore from the Polygon 
and Parallelopiped of Forces the Polygon and Parallel- 
opiped of Velocities folloic. 

(3) Hence, if any numher of velocities be represented in 
magnitude and direction hy the sides of a closed polygon, 
tahen all in the same order, the resultant is zero. 

(4) Also, if three velocities he represented in magnitude 
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mid direction hy the three edges of a paralielopiped, the. re- 
suUant velocity ivill he represented by the diagonal 

(5) Wlieii there are two velocities or three velocities in 
two or in three I’eetaiignlar directions^ the . resultant is the 
square root of. the sum of their squares. .Tiius^, if 

are the velocities of the mo vine: point and 

dt it ‘ dt df 

its components parallel to the axes, we have from (2) of 
Art. 30, 

and. from (1) of Art. 34, 


ds 

dt 


'W+ ©'+ §)’• <*> 


143. Resolution of Velocities.— As the diagonal of 
the parallelogram (Fig. 2), who>se sides represent the com- 
ponent velocities was found to represent the resultant 
velocity, so any velocity, represented by a given straight 
line, may be resolved into component velocities represented 
by the sides of the parallelogram of which the given line 
is the diagonal. 

It will be easily seen that (2) of Art. 134 is equally 
applicable whether the point be considered as moving in a 
straight line or in a curved line ; but since in the latter 
pase the direction of motion continually changes, the mere 
amount of the veloeity is not sufficient to describe the 
motion completely, so it will be necessary to know at every 
instant the as well as the of the point's 

velocity. In such cases as this the method commonly em- 
ployed, whether w^e deal with velocities or acceloratious. 
consists mainly in studying, not the velocity or acceleration, 
directly, but its components parallel to any three assumed 
rectangular axes. If the particle he at the point (;r, y^ z\ 
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at the time t, aBd if we denote its Yeloeife 
respectively to the three axes by we have 


dt 


dy 

dt 


dz 




= Vu 


Denoting by v the velocity of the moving particle along 
the curve at the time ty we have as above 


t? = 


dt 


\/(f)’+ (I) + ©- 


( 1 ) 


and if ft y be the angles which the direction of motion 
along the curve makes with the axes, we have, as in (2) of 
(Art 34), 


dx 

dt 


ds 

dt 


cos a 


V cos a 


^ ^ cos j3 = cos ^ 

dt dt 


Vx I 


V, 


dz ^ ^ 
dt ^ dt 

' „ , dx dy dz . , . 

Hence each of the components is to be 

found from the whole velocity by resolvmg the velocity, 
L 6?., by multiplying the velocity by cosine of the angle 
between the direction of motion and that of the compo- 
nent. 

EXAMPLES. 

1. A body moves under the influence of two velocities, 
at right angles to each other, equal respectively to 17.14 ft 
and 13.11 ft. per second. Find the magnitude of the 
resultant motion, and the angles into which it divides the 
right angle. 


MOTION ON AN INeLINED F.LAN£\ 
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2. A ship sails due north at the rate; of 4 knots per 
hour, and a ball is rolled towards the east, across her deck, 
at right angles to her motion at the rate of 10 ft. per 
second. Find the magnitude and direction of the real 
motion of the balk 

Ans, 12.07ft. per sec.; and N. 56"' E. 

3. A boat moves Is. 30° E., at the ■ rate of 6 miles per 
hour. Find its rate of motion northerly and easterly. 

Ans, 5.2 miles per hour north, and 3 miles per hour 
east. 


144. Motion on an Inclined Plane. — By an exten- 
sion of the equations of Art. 140, we may treat the case of 
a particle sliding from rest down a smooth inclined plane. 
As this is a very simple case in which an acceleration is 
resolved, it is convenient to treat of it in this part of our 
work ; yet as it properly belongs to the theory of con- 
strained motion, we are unable to give a complete solution 
of it, until the principles of such motion have been ex- 
plained ill a future chapter. 

Let P be the position of the particle at 
any time, on the inclined plane OA, OP 
= 8, its distance from a fixed point, 0, in — c 

the lino of motion, and let u be the iiiclina- 
tion of 0 A to the horizontal line AB. Let ^ 

P5 represent , < 7 , the -vertical acceleration with Fig.7A 
which the body would move if free to fall. Eesolve this 
into two components, Fa = g sin cc along, and F€"= g 
cos a perpendicular to OA. The component g cos a pro- 
duces pressure on the plane, but does not affect the motion. 
The only acceleration down the plane is that component of 
the whole acceleration which is parallel to the plane, viz.. 
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the solution of which, as ^ sin c: is constant, is incliidecl in 
that of Art. 140; and all the results for particles moving 
vertically as given in . Arts*. 140 and 141 .will -be made to 
apply to ( 1 ) by writing <7 sin a for < 7 . Thus, if the particle 
he projected down or up the plane, we get from ( 1 ), (2), (3) 
of Arts. 140 and 141, by this means 


V Vq ±g Bin 

m 

% vf^ ± Ig sin 

(3) 

^ = Vq^ ±: 2g sin 

0 ) 

in which the -f- or — sign is to be taken according as the 

body is projected doion or tqj the plane. 

If the particle starts from rest from 0, 
(5), ( 6 ) of Art. 140 

we get from (4), 

V g sin 

(5) 

s =: y sin €c» t\ 

(6) 

zzz 2g sin a^s^ 

(7) 

CoR. 1 . — The velocity acquired hy a particle in falling 


doion a given mclined plmie. 

Draw PC parallel to AB (Pig. 74), then if v be the 
velocity at P, we have from (7) 

t;2 = 2^sin««5 

= 2y«00. 

Hence, from ( 6 ) of Art. 140 the velocity is the same at P 
as if the particle had fallen through the vertical space 00 ; 
that is, the velocity acqtiired in falling alown a smooth 
inclined plane is the same as toould he acquired in falling 
freely through the perpendicular height of the plane. 
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^ Coe. 2.— When the particle is projected up the plane with 

.7«r * high ti und m tim, 

i’rom (4) we hare 

= *’o® — % sin «.«. 

’ hence, the distance it 
win ascend will be giyen by the equation 

0 = — 2^ sin a«s, 

... g _ ^0^ 

2g sin et 

To find the time we have from (2) 

® = *^0 — ^'sin «.#•, 

and the particle stops when u = 0, in which case we have 

t = -42 

^ sin « 

result.” following curious and useful 


145. The Times of Descent down 
all Chords drawn from the Highest 
Pomt of a Vertical Circle are equal— 

Let AB be the vertical diameter of the 
circle, AC any cord through A, « its 
incimation to the horizon • join BO ; then 
if t be the time of descent down AO we 
have from (6) of Art. 144 

AC = sin ee. 

AC = AB sin «j 
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A'B=zigt% 

/Mb 

m ^ 

which is constant, and shows that the time of falling down 
any chord is the same as the time of falling down the 
diameter. 

Cob. — Similarly it may be shown that the times of 
descent down all chords drawn to B, the lowest point, 
are equal ; that is, the time down CB is equal to that 
down AB. 

146. The Straight Line of Quickest Descent from 
(1) a Given Point to a Given Straight Line (2) from 
a Given Point to a Given Curve. 

(1) Let A be the given point and BO 
the given line. Through A draw the 
horizontal line AC, meeting CB in 0; 
bisect the angle ACB by CO which inter- 
sects in 0 the vertical line drawn through 
A ; from 0 draw OP perpendicular to BO; 
join AP ; AP is the required line of quick- 
est descent. 

For OP is evidently equal to OA, and therefore the 
circle described with 0 as centre and with OP (= OA) for 
radius, will touch the line BO at P, and since the time of 
falling down all chords of this circle from A is the same, 
AP must be the line of quickest descent. 

(2) To find the straight line of quickest descent to a 
given curve, all that is required is to draw a circle having 
the given point as the upper extremity of its vertical 
diameter, and tangent to the curve. Hence if DE (Fig, 
76) be the curve, A the point, draw AH vertical ; and, witli 
centre in AH, describe a circle passing through A, and 
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In these examples take g — 32 ft. 
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.toncliiiig DE at P, tlien AP is the' required, line. , For, if we 
take any other .point, Q, in ,DE, and drawAQ cutti.ng the 
circle in g, then the time down A.P = time down 'Aq<^ 
time down AQ. Hence AP is the line of quickest descent. 

The problem of finding the line of quickest descent from a point to 
a line or curve is thus found to resolve itself into the purely geonietric 
problem of drawing a circle, the highest point of which shall be the 
given point and which shall touch the given line or curve. 


examples.* 


1. If the earth travels in its orbit 600 million miles In 

365|- days, with uniform motion, what is its velocity in 
miles per second ? Ans. 19- 01 miles. 

2. A train of cars moving with a velocity of 20 miles an 
hour, had been gone 3 hours when a locomotive was 
dispatched in pursuit, with a velocity of 25 miles an hour; 
in what time did the latter overtake the former ? 

Ans, 12 hours. 

3. A body moving from rest with a uniform acceleration 
describes 90 ft. in the 5th second of its motion ; find the 
acceleration,/, and velocity, v, after 10 seconds. 

Ans. / = 20 ; v =z 200, 

4. Find the velocity of a particle which, moving with an 
acceleration of 20 ft. per sec. has traversed 1000 ft. 

200 ft. ,per see. 

5. A body is observed to move over 45 ft, and 55 ft, in 

two successive seconds ; find the space it would describe in 
the 20th second. Ans* 195 ft. 

6. The velocity of a body increases every hour at the rate 

of 360 yards per hour. What is the acceleration, /, in feet 
per second, and #hat is the space, s, described from rest in 
20 seconds ? Ans, f = 0.3 ; =: 60 ft. 
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I. k body is moyiiigs. at- a given instant, at tlie rate: ,of, 

8 ft. per sec.; at the end of 5 secs, its velocity is 19 ft. per 
sk^. ", Assuming its acceleration to be uniform, .what, was its 
velocity at the end of 4 secs., and what will be' its velocity 
at the end of 10 sees. ? Ans, 16*8; 30. ' 

8. A body is moving at a given instant with a velocity of 

30 miles an hour, and comes to rest in 11 secs.; if the 
retardation is uniform what was its velocity 5 secs, before it 
stopped ? Ans, 20 ft. per sec. 

9. A body moves at the rate of 12 ft. a sec. with a 
uniform acceleration of 4; (1) state exactly what is meant 
by the number 4 ; (2) suppose tbe acceleration to go on for 
5 secs.,, and then to cease, what distance will the body 
describe between the ends of the 5th and 12th secs.? 

Am, ^224 it 

10. A body, whose velocity undergoes a uniform retarda- 
tion of 8, describes in 2 sees, a distance of 30 ft.; (1) what 
was its initial velocity ? (2) How much longer than the 
2 secs, would it move before coming to rest ? 

Ans. (1) 23; (2) | sec. 

II. A body whose motion is uniformly retarded, changes 
its velocity from 24 to 6 while describing a distance of 12 
ft,; in what time does it describe the 12 ft.? 

Ans. 0*8 sec. 

12. The velocity of a body, which is at first 6 ft. a sec., 
undergoes a uniform acceleration of 3 ; at the end of 4 secs, 
the acceleration ceases ; how far does the body move in 10 
secs, from the beginning of the motion? Ans. 156 ft. 

13. A body moves for a quarter of an hour with a uni- 
form acceleration; in the first 5 minutes it describes 350 
yards ; in the second 5 minutes 420 yards ; what is the 
whole distance described in a quarter of an bour? 

Ans. 1260 yds. 
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14; Two secs, after a body is let fall another body 'n 
projected vertically downwards with a velocity of luu ft, 
per, sec. ; when will it overtake the former? 

Ans, 1| secs. 

15. A body is projected upwards with a Telocity of 100 
ft. per sec.; find the whole time of flight. Ans, 6*|' secs. 

16. A balloon is rising nnifornily with a velocity of 10 ft. 

per sec .5 when a man drops from it a stone which reaches 
the gToniid in 3 secs.; find the height of the ballooii;, (1) 
when the stone was dropped ; and (2) when it reached the 
ground. A ns, (1)114 ft. ; (2) 144 ft, 

17. A man is standing on a platform wdrich descends 
with a iiniform acceleration of 5 ft. per sec. ; after having 
descended for 2 secs, he drops a ball ; what will be the 
velochy of the ball after 2 more seconds ? Ans. 74 ft. 

18. A balloon has been ascending vertically at a uniform 

rate for 4*5 secs.^ and a stone let fall from it reaches the 
ground in 7 secs.; find the velocity, v, of the balloon and 
the height, which the stone is let fall. 

Ans. V = 174f ft. per sec.; $ = 784 ft. If the balloon 
is still ascending wdien the stone is let fall z; = 68-17 ft. 
per sec.; 5 = 30^76 ft.? 

19. With what velocity' must a particle be projected 
downwards, that it may in i secs, evertake another particle 
which has already fallen through ^ It. ? 


20. A person while ascending in a balloon with a vertical 
velocity of V ft per sec., lets fall a stone when he is h ft. 
above the ground ; required the time in ■which the ston*- 
will reach the ground. 




Y 4. V 4- ^ 
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" 25. A boat is rowed across a river miles wide, in a 
direction making an angle of 87° with the bank. The 
boat travels at the rate of 5 miles an hour, and the river 
runs at the rate of 2.3 miles an hour. Find at what point 
of the opposite bank the boat will land, if the angle of 87° 
be made against the stream. 

jbis, 898 yards down the stream from the opposite 
point. 

26. A body moves with a velocity of 10 ft. per sec. in a 
given direction ; find the velocity in a direction inclined nt 
an angle of 30° to the original direction. 

Afis. 5 V3 ft. per sec. 


21. A body, A, is projected' vertically do wmvards 


the top of a tower with the .velocity V, and one sec. after 
wards another body, B, is let fall from a window ft, from 
the top of the tower ;■ in what time, will A overtake B ? 

2a + ff 


Ans, t 


2(V + ^) 




22. A stone let fall info a well, is heard to strike the 
bottom in t seconds ; required the depth of the well, sup- 
posing the velocity of sound to be a ft. per sec. 

... 12 

Ans, 


23. A stone is dropped into a well, and after 3 secs, the 

sound of the splash is heard. Find the depth to the 
surface of the water, the velocity of sound being 1127 ft. 
per sec. Ans, 132.9, 

24. A body is simultaneously impressed with three 

uniform velocities, one of which would cause it to move 
10 ft. FTorth in 2 secs. ; another 12 ft. in one sec. in the 
same direction ; and a third 21 ft. South in 3 secs. Where 
will the body be in 5 secs. ? Ans, 50 ft. North. 


BXAMFZ.ES». 


253 


, 27. A smootli plane is iiiciined af -an -angle of 30° lo the 
liorizoii ;■ a body is started plane with the Telocity , 

% ; :fiiid when it is distant % from the starting point. 

.4^5. or 18 secs. 

28. The angle of a plane is 30°;. find the Telocity with 
wdiich a body must be p,rojected up .it to reach the top, 
the length of the plane being 20 ft. 

A?i^, 8 VlOft, per sec. ■ 

29. A body is projected dowm a plane, the inclination of 

which is 45 °5 with a Telocity of 10 ft.; find the space 
described in 2-| secs. Am . . 95.7 ft. nearly. 

30. A steam-engine starts on a downward incline of 
1 in 200^ with a Telocity of 7-|- miles an hour neglecting 
friction ; find the space trayersed in two minutes. 

Ans. 824 yards. 

31. A body projected up an incline of 1 in 100 wdth a 

Telocity of 15 miles an hour Just reaches the summit ; find 
the time occupied. Am. 68.75 secs. 

32. From a point in an inclined plane a body is made to 
slide up tbe plane wdth a Telocity of 16.1 ft. per sec. (1) 
How far will it go before it comes to rest, the inclination 
of the plane to the horizon being 80° ? (2) Also how" far 
will the body be from the starting point after 5 secs, from 
the beginning of motion ? 

Ans. (1) 8.05 ft. ; (2) 120.75 ft. lower down. 

33. The inclination of a plane is 3 yertical to 4 hori* 
zontal ; a body is made to slide up the incline with an 
initial velocity of 36 ft a sec. ; (1) how far wdll it go before 
beginning to return, and (2) after how many seconds will 
it return to its starting point? 

A?is. (1) 33| ft; (2) 3| secs. 

* All indiiie of 1 in 200 means here 1 foot vertically to a length of 200 ft., thougti 
It is used by Engineers to mean 1 foot vertically to 200 ft. 








• 34., There is an' inclined plane of 5 vertical to 12 hori- 
zontal, a body slides down 52 ft. of its length, and then 
passes without loss of velocity on to the horizontal plane; 
after how long from the beginning of the motion will it be 
at a distance of 100 ft. from the foot of the incline? 

Ans. 0,7 sees. 


35. A body is projected up an inclined plane, whose 
length is 10 times its height, with a velocity of 30 ft per 
sec. ; in what time will its velocity be destroyed ? 

Ans. 9f secs., if ^ = 32. 


36. A body falls from rest down a given inclined plane; 
compare the times of describing the first and last halves 
of it. As 1 : V2 — 1. 



37. Two bodies, projected down two planes inclined to 
the horizon at angles of 45° and 60°, describe in the same ■■ 
time spaces respectively as : VS ; find the ratio of the 
initial velocities of the projected bodies. 

Ans. V2 : VS. 


> 38. Through w4iat chord of a circle must a body fall to 
acquire half the velocity gained by falling through the 
diameter ? 

Ans. The chord which is inclined at 60° to the vertical. 


' 39. Find the velocity with which a body should he pro- 
jected down an inclined plane, I, so that the time of 
runtiing down the plane shall be equal to the time of 
falling down the height, li. 

( I— li sin d\ ' 

/• 

40, Find the inclination of this plane, when a velocity 
of fths that due to the height is sufficient to render the 
times of running down the plane, and of falling down the 
height, equal to each other. Ans. 30°, 


aXAMPtES. 


255 


41. Tlirougli Avliafc chord of 'a circle, drawn from the 
bottom of the vertical diameter nmst a body descend, so as 

to acquire a velocity equal to ^th part of the velocity 

acquired in falling down the vertical diameter? 

J«s. If 0 denote the angle between the required chord 

and the vertical diameter cos 0 = -■ 

42. Find the inclination, 6, of the radius of a circle to 
the vertical, such that a body running down will describe 
the radius in the same time that another body 

fall down the vertical diameter. -Ans. 6 — W . 

43. Find the inclination, 6, to the vertical of the ‘-"'•i''’™" 
eter down which a body felling will describe the last halt 
in the same time as the vertical diameter. 

3 V3-4 


Ans. cos 9 


2 y/a 


44. Bhow that the times of descent down all the radn of 
curvature of the cycloid (Fig. 40, Calculus) are equal; t^ 

/ 8 /* 

is, the time down PQ is equal to the time down O'A = y y 

45. Find the inclination, 6, to the horizon of an inclined 
plane, so that the time of descent of a particle down the 
length may be n times that down the height of the plane. 

Atis. 9 = sin-1 _ . 

40 Pi udthe line of quickest descent from the focus to 
a parabola whose axis is vertical and vertex upwards, and 

show that its length is equal to that of the latus leetum. 

47. Find the line of quickest descent from the focus of a 
parabola to the curve when the axis is horizontal. 
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48. Find geometrically the line of quickest descent (1) 
from a point within a circle to the circle ; (2) from a circle 
to a point without it. 

49. Find geometrically the straight line of longest 

descent from a circle to a point without it, and which 
lies below the circle. ^ 

50. A man six feet high walks in a straight line at the 
rate of four miles an hour away from a street lamp, the 
height of -which is 10 feet; supposing the man to start 
from the lamp-post, find the rate at which the end of his 
shadow travels, and also the rate at which the end of his 
shadow separates from himself. 

A ns. Shadow travels 10 miles an hour, and gains on 
himself 6 miles an hour. 

51. Two bodies fall in the same time from two given 
points in space in the same vertical down two straight 
lines drawn to any point of a surface ; show that the sur- 
face is an equilateral hyperboloid of revolution, having the 
given points as vertices. 

52. Find the form of a curve in a vertical plane, such 
that if heavy particles be simultaneously let fall from each 
point of it so as to slide freely along the normal at that 
point, they may all reach a given horizontal straight line at 
the same instant. 

* 53. Show that the time of quickest descent down a focal 
chord of a parabola whose axis is vertical is 



where Hs the latus rectum. ^ 

54. Particles slide from rest at the highest point of a 
vertical circle down chords, and are then allowed to move 
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freely ; show tliafe the, locus of the foci of their, paths, ,is a, 
circle of half the radius, and that all the paths bisect the . 
yertical radius. 

: 55, If the particles slide down chords to the lowest point, 
and be then suffered to move freely, the locus of the foci Is 
a cardioid. 

56. Particles fall down diameters of a vertical circle ; the 
locus of the foci of their subsequent paths is the circle. 


CHAPTER II. 

CURVILINEAR MOTION. 

147. Remarks on Curvilinear Motion.— The ino« 
fcion,, which was considered in the last chapter, was that of 
a particle describing a rectilinear path. In this chapter the 
circumstances of motion in which the path is 

will be considered. The conception and the definition of 
Telocity and of acceleration which were given in Arts. 134, 
135, are evidently as applicable to a particle describing a 
curvilinear path as to one moving along a straight line ; 
and consequently the formulae for velocity in Arts. 142, 143, 
are applicable either to rectilinear or to curvilinear motion. 
In the last chapter the elfects of the composition and the 
resolution of velocities were considered, when the path 
taken by the particle in consequence of them was. straight ; 
we have now to investigate the effects of velocities and of 
accelerations in a more general way. 

148. Composition of Uniform Velocity and Ac- 
celeration. — Suppose a body tends to move in one direc- 
tion with a uniform velocity which would carry it from A 
to B in one second, and also subject to an 
acceleration that would carry it from A 
to 0 in one second ; then at the end of 
the second the body will be at D, the 
opposite end of the diagonal of the par- 
allelogram ABDG, just as if it had moved 
from A to B and then from B to D in the second, but the 
body will move in the curve and not along the diagonaL 
For, the body in its motion is making progress uniformly 
in the direction AB, at the same rate as if it had no other 
motion 5 and at the same time it is being accelerated in the 
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direction AC, as fast as if it had no other- niotidii* ' Hence 
the body will reach D as far from the line AO as if it had 
laofed over AB, and as far from AB as .if it had moved 
over AC; but since the velbcity along. ilO is not uniform, 
the spaces described in equal intervals of times will not. be 
equal along AC ^vliile they are equal along AB, and there- 
fore the points 'll, a^, will not be in a straight line. In 
this case, therefore, the path is a curve. 

149. Composition and Resolution of Accelera- 
tions. — If a body is subject to two different accelerations 
in different directions the sides of a parallelogram may be 
taken to represent the Component Accelerations^ and 
tiie diagonal will represent the Resnltant AcceleraMon^ 
altliough the patli of tlie body may be along some other 
line. 


Eem. — These results with those of Arts. 142, 143, may be 
summed up in one general law: When a body tends to 
move with several different velocities in different directions, 
the body will be, at the end of any given time, at the same 
point, as if it had moved with each velocity separately. 
This is the fundamental law of the composition of veloci- 
ties, and it shows that all prohleins which involve tenden- 
cies to motion in different directions sinmltaneously, may 
be treated as if those tendencies were successive^ 


If be the acceleration along the curve, and {x, y, z) 

be the place of the moving particle at the time, t, it is 

evident that the component accelerations parallel to the 

d^x dff dh 
axes are -TTT , — 


dt^' dP' df 


Denoting these by dy, (cz, we 


■■■have. 


w 


€Cx y 


dhi 




lad V is the resultant accelm-ation. 


* See Bemarks on Newton’s 2d law, Art. 168. 
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Also if a, ft y, be the angles which the direction ol 
motion makes with the axes, we have 

d^x dh 

^=^^COSa = a,i 


dJ^y 

w 


dt^ 


cos ^ 


__ dh 


cos y = %. 


Tie acceleration “ is not generally the complete resultant of the 

three component accelerations, but is so only when the path is a 
straight line or the velocity is zero. It is, however, the only part 

^8 

of their resultant which has any effect on the velocity. — is the 

sum of the resolved parts of the component accelerations in the direc- 
tion of motion, as the following identical equation shows : 


which follows immediately from (1) of Art. 143 by differentiation. 
Accelerations are therefore subject to the same laws of composition 
and resolution as velocities ; and consequently the acceleration of the 
particle along any line is the sum of the resolved parts of the axial 


acceleration s along that line. Thus to find 


d‘8 


the acceleration along 5 , 


dx 

has to be multiplied by which is the direction-cosine of the 


small arc ds. The other part of the resultant is at right angles to 
this, and its only effect is to change the direction of the motion of the 
point. (See Tait and Steele’s Dynamics of a Particle, also Thomson 
and Tait’s Nat. Phil.) 

The following are examples in which the preceding ex- 
pressions are applied to cases in which the laws of velocity 
and of acceleration are given. • ^ 


MZA3frLE& 
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. EXAMFI-BS, 

.1. 'A particle moves so, that the axial components of its 
velocity vary as , the corresponding .co-ordinates; it is 
required to ind the equation .ot* its path; and the accel- 
erations along the axes. 


Here 


— 

di 

dx 

X 


1 ^ 

'°s; 


&Xl 


cly 

dt 


logf 


Uy 


if (% i) is the initial place of the particle. 










is the equation of the path. 

And the axial accelerations are 


d^x 

d¥ 


Bx ; 


W 


By. 


2. A wheel rolls along a straight line with a uniform 
velocity ; compare the velocity of a given point in the cir- 
cumference with that of the centre of the wheel. 

Let the line along which the wheel rolls be the axis of 
and let v be the velocity of its centre; then a point in its 
circumference describes a cycloid, of which, the origin 
being taken at its starting point, the equation is 


X : 


a vers' 


-il 


-- (^^2/ ■ 


‘ VT 
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dx 


dy. 


ds 


{2a — y)^ {2a)^ 


But V 


dt 


vers“^ 


)= 


ds 

dt 


ds dy 
dy dt 


^ 

{%ay — y^)^ ^ 


wbieli is the velocity of the point in the circumference ol 
fche whaeL Thus the velocity of the highest point of the 
wheel is twice as great as that of the centre, while the 
point that is in contact with the straight line has no 
velocity. (See Price’s Anal. Mech’s., Vol. I, p. 416.)' 


3. If § = Jcy, ^ 


— lex, show that the path is an equi- 
lateral hyperbola and that the axial components are 


dt^ 


== IcH, 


dP 


= h% 


4. A particle describes an ellipse so that the ir-component 
of its velocity is a constant, a ; find the ^/-component of its 
velocity and acceleration, and the time of describing the 
ellipse. 

Let the equation of the ellipse be 




15 


and let {x, y) be the position of the particle at the time t ; 


then 


dx 

dt 

dy 

di 


= a ; and 

_ dy dx _ 
dx dt 


% 

dx 


Wx ^ 


aW X 

Ifi'y’ 


which is the ^-component of the velocity. 


MXAMFLE. 


Wh 






Also 


im cly 

gp, — — ^2 y2 ’ 


= ““^/5 

hence the acceleration parallel to the axis of y Taries 
inversely as the cube of the Ordinate of the ellipse, and acts 
towards the axis of x, as is shown by the negative sign. 

The time of passing from the extremity of the minor 
axis to that of the major axis is found by dividing a by 
the constant velocity parallel to the axis of giving 

and the time of describing the whole ellipse is • 

€& 

If the orbit is a circle I =z and the acceleration par- 
allel to the axis of w is r— 

t 

If the velocity parallel to the jz-axis is constant and equal 
io Py then 

dx ^ d^P y ^ 
dt 


dhi ^ ^ 

and the periodic time = 

5. A particle describes the hyperbola ^ ^ 

(1) the acceleration parallel to the axis of x if the velocity 
|)arallel to the axis of ^ is a constant, 8, and (2) find the 
acceleration parallel to the j^-axis if the velocity parall«^-^ ta 
the a;-axis is a constant €«. 

(1) Here we have 






m 
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(h 

it 


dx 

dy dt 


.Et.i 

' w * z 


wliich is tlie Telocitj parallel to tke ^-axis. 


• Also 


d^ 


dy d^ 


■ 




hence the acceleration parallel to the a^-axis varies inversely 
as the cube of the abscissa, and the a;-component of the 
velocity is increasing. 

(2) Here we have 

dx 

dy €d^ X ^ 


y ' 


and 


d^y 




hence the acceleration parallel to the ^-axis is negative and 
the y-component of the velocity is decreasing. 

6. A particle describes the parabola, with 

a constant velocity, c; find the accelerations parallel to the 
axes of X and y* 





^y __ (ax)^ 

d¥ "“ 2 {x + yf 


7. A particle describes a parabola with such aYaryiBg 
yelpcity that its projection on a line perpendicular to the 
|r^' axis is a constant, i\ Find the velocity and the accelera- 
tion parallel to the axis. 

Let the equation of the pambola be 


f = 2^0?} 


dt ^ dy* dt p* 


which is the velocity parallel to x 


which shows that the particle is moving away from the 
tangent to the curve at the vertex with a constant accelera- 
tion. 





rmjiuonijB m rAcm. 


150. Motion of Projectiles in Vacuo. — If a particle 
hi‘ projected in a direction oblique to the horizon it is 
ecdletl a i'rojvctih and the path which it describes is called 
its Tnfjecionj. The ease which we shall here consider is 
that of a particle moving' in vacuo under the action of 
gravity ; so that the problem is that of the motimi of a 
project i.k iti vmmo ; and hence, as gj-avity does not af ect 
its horizontal velocif}’’, it resolves itself into the purely 
kinenuitic problem of a particle moving so that its hori- 
zontal iiceeieratioii is 0 and its vertical acceleration is the 
constant, g, (Art. 140). 

161. The Path of a 
Projectile in Vacuo is a 
Parabola. — Let the plane 
in which tiie particle is pro- 
jected be the plane of xyi 
let the axis of x be horizon- 
tal and the axis of y vertical 
and positive upwards, the 
origin being at the point of 
projection; let the velocity 

of projection = v, and let the line of projection he inclined 
ai an angle « to the axis of x, so that v cos a, and v sin a 
are the resolved parts of the velocity of projection along the 
axes of X and y. It is evident that the particle will con- 
tinue to move in the plane of xy, as it is projected in it, 
and is subject to no force which would tend to withdraw 
it from tliat plane. 

Let {Xf y) he the place, P, of the particle at the time i ] 
then the equations of motion are 


M C 
Fig,78 


II(‘iice as tlie earth acts on partieles near its surface with 
a ctviisrtt!it acceleration in vertical lines, if a ■ particle : is 
prisji‘cterl with a velocity, r, in a horizontal line it will move 
in a iiaralndie path. 


PROJECTILE IS VACUO. 
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the acceleration being negative since the ^-component of 
the velocity is decreasing. 

The first and second integrals of these equations will 
then be, taking the limits corresponding to ^ and 
- / = 0 , 

^ = V QOS ci; ^ = V sin a — gt‘, {!) 


^=rcos«; = 

a; = cos «; ; y = » sin at — IgP. 


Equations (1) and (2) give the coordinates of the pai'ticle 
and its velocity parallel to either axis at any time, t. 
Eliminating t between equations (2) we obtain 

'll z=z X tan « — (3) 

^ cos^ « 

which is the equation of the trajectory, and shows that the 
particle will move in a parabola. 

152. The Parameter; the Range JB; the Greatest 
Height il; Height of the Directrix.— Equation (3) of 
Art. 151 may be written 


. sin cos €z 

^2 X 

g 


2v^ cos^ €( 


U- 

# sin cc cos (zY 

2‘V^ cos® « / 

V 

~ 9 > ' 

9 ^ 


i sin® «\ .. . 

[y 


By comparing this with the equation of a parabola 
ferred to its rertex as origin, we find for 

the abscissa of the vertex ==; ; (2) 

g 
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the ordiaate of the ?ertex = — ^ , (d) , ■ 


ike parameter (latus rectum) 


:5r cos-^ « 


Aad by transferring the origin to the Yertex (1) becomes 


2# cos® a 


which is the equation of a parabola with its axis Tertical 
and the vertex the highest point of the curve. 

The distance, OB, between the point of projection and 
the point where the projectile strikes the horizon tai plane 
is called ike Range on the horizontal plane, and is the 
value of X when y = 0. Putting ^ = 0 in (3) of A rt. 151 
and solving for we get 

the Imimital range J? = OB = ^ ; (6) 


which is evident, also, geometrically, as OB = 200; that 
is, the range is equal to twice the abscissa of the vertex. 

It follows from (6) that the range is the greatest, lor a 
given velocity of projection, when cc = 45°, in which ease 

the range = ■ 

^ g 

Also it appears from (6) that the range is the same when 
« is replaced by its complement ; that is, for the same 
veloeiiy of projection the range is the same for tw^o differ- 
ent angles that are complements of each other. If « = 45° 
the two angles become identical, and the range is a 
maximum. 

, OA is called the greatest Jmghf, H, of the projectile, and 

.^,2 

is given by (3) which, when a = 45° becomes (7) 




VELOCITT OF THE FBOJFA'TILB. 
The height of the directrix — CD 

sin^ ee , eos® a 


% 


+ 


9 


% 


369 


( 8 ) 


Hence, when €« = 45^^ the, focus of the parabola lies in 
the horizontal line through the point of projection, 

• 163. The Velocity of the Particle at aay Point of 
its Patli."-Let V be the velocity at any point of its patli^ 


then 




, or by (1) of Art 151 


= eos^ « + {v^ sin® « — 2-^ sin tcgt -f 


- 




, To acquire this velocity in falling from rest^ the particle 
must have fallen through a height — ^ (6) of Art. 140, or 
its equal 

= i¥>S-JfPby(8) 

= P8. 


Hence, the velocity at any point, P, on the curve is that 
which the particle would acquire in falling freely in vacuo 
down the vertical height SP^ that is, in foiling from tiie 
dh-ectrix to the curve; and the velocity of projection at 0 
io rJuit which the particle would acquire in falling freely 
ihrough the height CD. The directrix of the parabola is 
therefore determined by the velocity of projection, and is at 
a vertical distance above the point of projection equal to 
that down which a particle falling would have the velocity 
of projection. 


154. The Time of Plight, T, along a Horizontal 
Plane. — Put y == 0 in (o) of Art 151, and solve for x, the 
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155. To' Find the Point at which a Projectile wil] 
Strike a G-iven Inclined Plane passing throngh the 
Point of Projection, and the Time of Flight— Let tiie 
iiicliiied plane make an angle (3 with the horizon ; it is 
evitlent that we have only to eliminate j/ between y = x tan 
3 and (3) of Art. 151, which gives for the abscissa of the 
point where tlie projectile meets the plane 




g cos i3 

and the ordinate is 


__ cos a tan (3 sin {a 0) 
g cos /3 


Hence the time of flight 


%v sin {u ff) 


gg ~ ^ 3 

““ V cos €c g cos (3 


156. The Direction of Projection which gives the 
Greatest Range on a Given Plane. — The range "on the 
Injrizontai plane is 

sin 2u 

•' 7T 

.■jiIy * j'.l'i rX*** .•* T.rtTinjr» rt-f* dt ic TT?lYri.«<Y 




„ 2i^ sin « cos « ■ i .1 r • ' 

\ allies of which are 0 and — — — But the horizon 

tal velocit? is cos «. ' Hence the time of JfigM — 

it ■■ 

which varies as the sine of the inclination to the axis of ic. 


(1) 


A.XGLS OF ELFrATTox OF 2 

.To jiiiti fclie Taliie otu wiiicli makes' this a riia.xiiii,»rn, we 
.must equate, to .zero its derivative with' respect to '^. which 


gives. 

cos (2€« — j8) zs 0 1 



»*I» €5 = *1 

0) 

and hence 

€» — P = j(~—0), 

( 3 ) 


wd.iicli is the angle which the direction of projection makes 
with the inclined plane when the range is amaxinium; 
that is, the projection bisects the angle between the 
inclined plane and the vertical 

In this case Iw snbstitiiting in (1) the values of « and 
(c« — 0) as given in (2) and (3) and reducing, get 

the greatest range = (4) 

^ ° 47 (1 4- sin (3) ^ ^ 

157. The angle of Elevation so that the Particle 
may pass through a G-iven Point — From Art, 152, 
there are two directions in which a particle may be pro- 
jected so as to reach a given point; and they are equally 

inclined to the direction of projection ~ j)* 

Let the given point He in the plane which makes an 
angle 0 with the horizon, and suppose its abscissa to be /i ; 
then we must have from (1) of Art. 155 

' ■# , 

^ cos « sin {€« •— jS) = 7l 

g GOB 0 ^ ^ 

If and cc"he the two values of a which satisfy this 
equation, we must have 

cos sin («' — 0) = cos sin — i^) 5 
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and tiierefore cc" — 5 = 

2 ' , ^ 


or «"-i(| + ^) = |(| + 0)-«' (1| 

But eacli member of (1) is the angle between one of the 
ilireetions of projection and the direction for the greatest 
range [Aid. 156, (2)]. Hence, as in Art. 153, the two 
direelious of projection which enable the particle to pass 
througli a point in a given plane through the point of pro- 
jection, are equally inclined to the direction of projection 
lor the greatest range along that plane. (See Tait and 

Steele's Dynamics of a Particle, p. 89.) 

158. Second Method of Finding the Equation of 
the Trsyectory.— By a somewhat simpler method than 
that of Art. 151, we may find the equation ofthepathof 
the projectile as the resultant of a uniform velocity and an 
acceleration (Art. 148). 

Take tlie direction of projection (Fig. 78) as the axis of 
X, and the vertical downwards from the point of projection 
as tlie a.xis of tj. Then (Art. 149, Eem.) the velocity, v, 
duo to the projection, will carry the particle, with uniform 
motion, parallel to the axis of x, while at the same time, it 
is carried with constant acceleration, g, parallel to the axis 
of y. Hence at any time, t, the equations of motion along 
the axes of x and y respectively are ° 

X =: vt, 

y = 15'^. 
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and tlie acceleration g are simuUaneoiis, the particle will u 
the time i arrive at P {Art 149, Eem). 

Eliminatins: t we have 


wliicli is the equation of a parabola referred to a diameter 
and the tangent at its vertex. The distance of the origin 
from the directrix, being |th of the coefficient of g, is 

in Art. 152, (8). 

EXAMPLES. 

1. From the top of a tower two particles are projected at 
angles « and 13 to the horizon with the same velocity, r, and 
both strike the horizontal plane passing tlirongh the bot- 
tom of the tower at tlie same point ; find the height of 
the tower. 

Let h = the height of the tower; v = the velocity of 
projection ; then if the particles are projected from the 
edge of the top of the tower, and x is the distance from the 
bottom of the tower tb the point where they strike the 
iiorizontal plane we have from (3) of Art 151 


h =z X tan a 


, (1 + tan.2 c«), 


h ■=: X tan jS — ^ (1 + tan^ (3), 


by subtraction 


%v^ ~ cos cos 13 ^ 

g (tan « + tan (3) g sin (c« + (3) ^ 


which in (1) or (2) gives 


cos €5c cos fi cos (cc 4* (3) 
5'[siii (« + ?)r~ 
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*2, Particles are projected, with a ■ given, velocity in ^ all 
lines ill a vertical .plane from the point 0 ; it is required to ' 
iiiid the locus of their highest points. 

Let (:r, ij) be the highest point ; then from (2) and (3),ol' 
Art 152j> we have 

sin « cos a 
X — ~ J 


' sm^ €c 


therefore sin^ a = ' 


Adding 


4^^ + a:- 


T"’ 


which is the equation of an ellipse, whose major axis ^ 




and tlie minor axis == and the origin is at the extremity 
of the minor axis. 


3. Find the angle of projection, so that the area con- 
tained between the path of the projectile and the hori- 
zontal line may be a maximum, and find the value of the 
maximum area. 

Ans. (z = fiO"" and Max. Area =: (B)^. 


tan^ «. 


159. Velocity of Discharge of Balls and Shells 
from the Month, of a Griin. -— As the result of numerous 


4. Find the ratio of the areas and Ag of the two 
parabolas described by projectiles whose horizontal ranges 
are the same, and the angles of projection are therefore 
complements of each other. A A, 




AmULAR VMLOdtm . 

experiBieiits made at Woolwich, the- following. -form ii la was, 
regarded as a correct expression for the velocity of balls and 
shells, on quitting the gon, , and ■ fired with , moderate 
chatges of powder, from the pieces of ordiiaiiee commonly 
nsed for military .purposes : 

/op 

V = 1600 ^/ . 


w'here v is the veloci'ty in feet per second, P the w^eight of 
the cliarge of powder, and If the w= eight of the ball. 

For the investigation of ' the path of a projectile in the 
atmosphere, see Chap. I of Kinetics. 


160. Angular Velocity, and Angular Accelera- 
tion. — Hitherto the method of resolving velocities and 
accelerations along two rectangular axes has been employed. 
It remains for us to investigate the kinematics of a particle 
describing a curvilinear path, from another point of view 
and in relation to another system of reference. Before "we 
consider velocities and accelerations in reference to a 
system of polar co-ordinates, it is necessary to enquire into 
a mode of measuring the migiilar velocity of a particle. 

Angular Velocity may he defined as the rate of angular 
motio?i. Thus let (r, 6) be the position of the point P, and 
suppose that the radius vector has revolved uniformly 
through the angle 0 in the time t, then denoting the 
angular velocity by 6), w^e shall have, as in linear velocity 
.(Art. 7) 


If however the radius vector does not 
revolve uniformly tliroiigh the angle 0 
we may alw^ays regard it as revolving 
unifonnly through the angle in the 
infinitesimal of time dt ; hence we shall 
have as the proper value of 6>, 



Hence, wliether the angular Telocity be imiform or 
^’ariable, it is the ratio of the angle described by the radios 


vector in a given time to the time in which it is described 


thus the increase of the angle, in angular velocity, take : 
the place of the increase of the distance from a fixed point, 
in linear velocity, (Art. 7). 

Auffulctr Accelcrdhoti is tlw TdtB of incfBusG of angulai 
velocity ; it is a velocity increment, and is measured in the 
same way as Uuear accelcrcihon (x\rt. 9). Thus, whether 
the angular acceleration is uniform or variable, it may 
always be regarded as uniform during the infinitesimal of 
time ^ ill which time the increment of the velocity will be 
do* Hence denoting the angular acceleration at any time^ 

by (f>, we have 


df’ 


and thus, whether the increase of angular velocity is 
uniform or variable, the angular acceleration is the increase 
of angular velocity in a unit of time. 

The following examples are illustrations of the preceding 
mode of estimating velocities and accelerations. 


EXAMPLES. 


1. If a particle is placed on the revolving line at the 


uniform angular velocity, <•>, the relation between the linear 
velocity of the particle and the angular -seloeity may thus 
be found. 


distance r from the origin, and the line revolves with a — 
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Let be tlie angle, through which the radius revolves in 
the time di^ aiicl let ds be the path described faj the particle^ 
so that ds = rdB.; 


then 


ds dO 

m ^di ““ 


so that the linear velocity varies as the angular velocity and 
the length of the radius Jointly. 

2. If the. angular acceleration is a constantj, as ; then 
from (2) we have 

d^Q ^ 

dfi ~~ 


••• = + 

and ^ 

where and 0^ are the initial values of <*> and B. 

Hence if a line revolves from rest with a constant angular 
acceleration, we have 


and the angle described by it varies as the scpiare of the 
time. 

3. If a particle revolves in a circle uniformly, and its 
place is continually projected on a given diameter, the 
linear acceleration along that diameter varies directly as 
the distance of the projected place from the centre. 

Let £t> be the constant angular velocity, B the angle 
between the fixed diameter and the radius drawn from the 
centre to its place at the time x the distance of this 
projected place from the centre. Then, calling a the 
radius of the circle, we have 


a; = a cos 
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which proves the theorem. 


4. If the angular acceleration varies as the angle 
generated from a given fixed line, and is negabve;, find the 


angle. 


Here the equation which expresses the motion is of the 
form 


m. 


Calling a the initial value of 6 we find for the result 

6 =: {( COS JcL 


5. If a particle revolves in a circle with a uniform 
velocity, show that its angular velocity about any point in 
the circuniterence is also uniform, and equal to one-half of 
wdiat it is about the centre. 

At present this is siifiicieiit for the general explanation 
of angular velocity and angular acceleration. We sliaH 
return to the subject in Chap. 7, Part IIL, when we treat; 
of the motion of rigid bodies. 


161. The Component Accelerations, at any instant, 
Along, and Perpendicular to the Radius Vector.— 

Let (r, 6) (Fig. 79) be the place of the moving particle, P 
at tlie time i, {x, y) being its place referred to a system oi 
rectangular axes having the same origin, and the 2 ?-axis 
coiiicidenL with the initial line. Then 


RADICAL A.m mANSVimSAL.-'AVVELBUATIONS, 

therefore • ^ = ~ cos 0 sin 0 ™ ;■ ■ (2) 

and 

(Px ^ r#r 

7m iW ■ 

Siiiiikiiy 

df ““ Idf ' 


dr . ' . 

..de 

^^cosez-rsmc/^; 

^ r.v dr 

dff , 

cosS-[2^^-. 

■ + '■ 

. -r. dr 

de , 

sine+[2^. 

■ It + 


wliicli are tlie accelerations parallel to the axes, of x and f. 
Eesolving tliese a.lo!ig the radius Tector by miiltiplyiiig (3) 
and (4) by cos 0 and sin 0 respectively, since accelerations 
may be resolved and com pounded along any line the same 
as velocities (Art. 149), and adding, we have 


drx . 

^ cos 0 + 


d^u 

w 


sin 6 





which is the acceleration along the radius vector.* 


( 5 ) 


Multiplying (3) and (4) by sin 6 and cos 6 respectively, 
and suhtracting tlie former from the hitter, we get 


dh 


cos 0 — 


df 


sin 0 — 


2 


ffr- cW m 

dt ' dt'^^ 


Id 

r dt 



m 


wliloli is the acGeleration jwrpendicular to the radius vector. \ 

162. The Component Accelerations, at any in- 
stant, Along, and Perpendicular to the Tangent.— 

Let (;r, y) (Fig. 79) be the place of the moving particle, P, 
at the time t, and s the length of the arc described during 


* SoTaetimes caUed acceleration. 

t Sometimes called (he transversal accekratkm. 


TANGENTIAL ACCELERATION. 




I' 


that time. Then the accelerations along tiie axes of x and g 

arc ; tnid the direction cosines'^ are and 

di^ dP ^ ds ds 

To find tiie acceleration along the tangent we must multi- 

dx dv 

ply these axial accelerations by ^ and respectively, and 
add. Thus the tangential acceleration, T, is 


T 


d^x dx dy 

di^ ds dt^ ds 


Since is^ = dx^ -f dy^^ therefore, by differentiation we 

hafe 

ds (Bs = dx d\r + dy d^y ; 

and dividing by ds di^ we get 

which in (1) gives 


df ' ds d^ ■ ds’ 
(Ws 


T = 


for iJie acceleration atony the taniyenL 
Similarly we have for the normal acceleration, 


d^y dx d^x. dy 
' dh ds df ’ ds 

_ {i^y dx — cWx dy) d^ 
- — y- ^ 


= - • ^ . (by Ex. 4, p. 144, Calculus), 

where p is the radius of currature ; 
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il r is I'lio velocity of the partleie at the point (a?, y), 

Jlerieo at a.iiy poinfcj P, of the trajectory, if the aecelera- 
;.oB is resolved along the tangent to the curve at P and 
iloiig tlie iioriiial, the accelerations along the two lines are 
respective!? 

(Ps , # 
and — 

dP p 

163. When the Acceleration Perpendicniar to 
the Radius Vector is zero. — Then, from (6) of Art, 161 
we have 

= constant = Ii suppose | 


, dr do 

dt To ‘ di " 

dP * dm ' 
which in (5) of Art. 161 gives 


li dr ^ 


the acceleration along the radius vector 


m '^rAdOf 


an expression which is independent of L 

This may he put into a more convenient form as follows: 

Let r = i; then 

w 

~ — JL 

do ^ dO^ 


2B'^ CONSTANT, ANGULAR VELOCITY. 

(Pr __ 1 (Pu /<^\v 

’ cl¥ # W; ^ 



which ill (1) and rediieing, gives 
the acceleration along tlie radius v^-tor 

= -;,vg + .) 



^ From these two formnl^e the law of acceleration along 

, , the radius vector may be deduced when the curve is given, 

j and the curve may be deduced when the law of accelera- 

tion along the radius vector is given. Examples of these 
processes will be given in Chap. (2), Part III. 

I ^ 164. When the Angular Velocity is Constant — 

I Let the angular velocity be constant = w suppose. Then 

[ dO 

= 

therefore from (5) of Art. 161 




the acceleration along the radius vector 


The acceleration perpendicular to the radius vector 


and both of these are independent of 0 . 

The following example is an illustration of these 
formuhe : 

A particle describes a path with a constant angiilai 
velocity, and without acceleration along the radius vector ; 
find (1) the equation of the path, and (2) the acceleration 
perpendicular to the radius vector. 


CONSTANT . AI^amAM' VEhOCITT, 




:(1) From (1) wejiavej, from the. eonditioiis of ' the 
qiiestioii, 

if 


. i^r = 0 , 


Integrating we have 




. a®). 


if r =z a when = 0. 

cU 


r.iierefore 


/if 


(,-2 - cfi ) 






and log 

if : r = when ^ = 0, 




r i=z ~ 4 - £?-“»«). 


( 3 ) 


do 

Also, as = c*), therefore 0 = w/, if 0 = 0 when ^ = 0. 
Substituting this value of wf, we have, 


r = « ; 


(4) 


which is the path described by the particle. 

(2) Let Q be the required acceleration perpendicular to 
the radius vector, then from (2) we have 


B= flw* Ce“* — «-“0, from (3) 


|| a84 ■ - 

I 1^ = aw2(e«-fl-«) 

'I;! 1 • 

I ji =z2(^{r^-ay ; ' (5) 

i ivldch is tlie acceleration perpendicnlar to the radius 



vector- 

The preceding diseussion of Kinematics is sufficient for 
this work. There are yarious other problems which might 
he studied as Kinematic questions, and inserted here ; but 
wt-* pix'fer to treat them from a Kinetic point of view. 

For the investigation of the kinematics of a particle 
describing a curvilmear path in space, see Price’s Anal. 
Meclds, VoL I, p. 430, also Tait and Steele’s Dynamics of 
a Particle, p. 12. 


EXAMPLES. 


1. A ][>artiele describes the liyperbola, xy = ; find (1) 

the acceleration parallel to the axis of x if the velocity 
parallel to the axis of i/ is a constant, /5, and (2) find the 
aceoleration parallel to the axis of y if tlie velocity parallel 
to the axis of a: is a constant, a. 


Am. ( 1 ) ^^ 1 ( 2 ) 


2. A particle describes the parabola, f = iax ; find 
the acceleration parallel to the axis of y if the velocity 
parallel to the axis of x is a constant, 


A?is. 


4aV 


3. A particle describes the logarithmic curve, ^ a^.; 

fiinl (1) the ^’-component of the acceleration if the y-com- 
ponent of the velocity is a constant, /3, and (2) find the 
y-eomp6nent of the acceleration if the a:-eomponent of the 
velocity is a constant, 
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4. A particle, describes tlie cycloid, ■ tlie - starting point 
being tlie origin; ind (1) the -a-component of the aceel- 
eration if the ^-compoiieiit of the Telocity is |3, and | 2) iind 
the //-eoiiiponent of the acceleration if the ir-eoniponent of 
the Telocity is «. (k.^ 


Ans. (1) 


{2ay 


m 


r 


a{~ 

0 ., K particle describes a catenary, ^ ^ + e' ® | ; 

find' (1) the :r-component of the acceleration if the ^-com- 
ponent of the velocity is- .3, and (2) find the ^-component 
of the acceleration if the :r-component of the velocity is , 

/n 


Ans. 


6. Determine how long a particle takes in moTing from 

the point of projection to the further end of the latns 

rectum. . v , , , . 

Ans. - (sin « + cos «). 

7. A gun was fired at an eleyation of 50®; the ball 
struck the ground at the distance of 2449 ft.; find (1) the 
Telocity with which it left the gun and (2) the time of 

{g = 33 - 1 ). 

(1) 282.8 ft. per sec.; (2) 13.47 secs. 


flight. 


8. A hall fired with velocity u at an inclination a to the 
horizon, just clears a vertical wail which subtends an angle, 
3, at the point of projection; determine the instant at 
which the hall just clears the wall. 

ti sin « — 


Ans. 


%i cos ti 


tan 3. 


' 9. In the preceding example determine the horizontal 

distance between tlie foot of the wall and the point where 

the ball strikes the ground. . 2# . , ' 

® Am. ' — eos^ u tan 3, . 

9 ' - ' 




ii" 





\ 10, At the distance of a quarter of a mile from the hot 
tom of a cliff, which is 1^0 ft. high, a shot is to be fired 
which shall just clear the cliff, and pass oyer it horizon' 
tally ; find the angle, cc, and velocity of projection, 

Ans* €c = 10® 18'; v = 490 ft. per sec. 


± cot i3. 


* The range on the inclined plane. 


jjiiSiilim 


11. When tlie angle of elevation is 40® the i^ange is 
2441) ft. ; iliul tlie range when the elevation is 294®. 

Ans. 2131.5 ft. 


12. A body is projected horizontally with a velocity of 
4 ft. per sec,; find the latus I'ectum of the parabola de- 
scribed. (// = 32). Ans, 1 foot. 


13. A body projected from the top of a tower at an angle 
bf'^45® a])uYe tlie horizontal direction, fell in 5 secs, at a 
distance from the bottom of the tower equal to its altitude ; 
find the altitude in feet, ==,32). A7i$. 200 feet. 


14. A ball is fired up a hill whose inclination is 15®; 
the inclination of the piece is 45®, and the velocity of pro- 
jection is 500 ft. per sec.; find the time of flight before 
it strikes the hill, and the distance of the place where it 
falls from the point of projection.* 

Ans, T = 16.17 sees.; E = 1.121 miles. 


15. On a descending plane whose inclination is 12®, a 
ball fired from the top hits the plane at a distance of two 
miles and a halt the elevation of the piece is 42® ; find the 
velocity of [wojection. Am\ p == 579.74 ft. per sec. 


16. A body is projected at an inclination « to the hori- 
zon ; determine when the motion is perpendicular to a 
plane wliich is inclined at an angle P to the horizon. 





.EXAMP.im. 


m. 


, IT. Cakiilate the nuixiiiiiiiE miige, and ' time of ilight, 
on ii descending plane, the angle of depression of . which is 
ihe velocity of projection being 1000 ft per sec. 

. , A?is. Max. range = T.98 miles ; T = 51.34 sec.. 

18, With what velocity does the 'ball strike the plane in 

the .last example ? , Ans, V = 1303 feet. 

19. If a ship is moving horizontally with a velocity 
= dg, and a body is let fall from the top of the mast, tiiid 
its velocity, V, and direction,. &, after 4 secs. 

A ns, Y =: og ; 6 z=z taii“^ 


20. A body is projected liorizontally from the top of a 
tower, with the velocity gained in falling down a space 
equal to the lielglit of the tower ; at what distance irom 
the base of the tower will it strike tlie ground ? , 

Ans. E = twice the height of the tower. 

^21. Find the velocity and time of flight of a body pro- 
ejected from one extremity of the base of an equilateral 
triangle, and in the direction of the side adjacent to that 
extremity, to pass through the other extremity of the base. 

22. Given the velocity of sound, V; find the horizontal 
range, when a ball, at a given angle of elevation, «, is so 
projected towards a person that the ball and sound of the 
discharge reach him at ihe same instant. 

2V^ 

A ns, — - tan cc. 


23. A body is projected horizontally with a velocity of 
4^ from a point whose height above the ground is 16^ ; find 
the direction of motion, (9, (1) when it has fallen half-waiy 
to the ground, and (2) when half the whole time of falling 
has elapsed. . ^ , , 1 


A71S, (1) e = 45° ; (2) 6 == tan“ 




f'.h 


--1 


i 


2S 
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examples. 

24 Particles arc projected witli a given velocity, -y, m 
all linos ill a vertical plane from the point 0 ; find the locus 

of them at a given time, t. j.- nf ^ 

4.S- I-' -a {II + i-gPf = vW, which IS the ecpiation of a 

circle whose radius is vt and whose centre is on the axis ot 

y at a distance 4i//Mxdow the origin. 

o-. How much powder will throw a 13-inch shell* 
4000 ft. on an inclined plane whose angle ot elevation is 

10" 4()’; the elevation of the mortar being 3o". 

A 71 S,^ Charge = 4.67 ios. 

•hi A projectile is discharged in a horizontal direction, 
,vi,h a velocity of 4o0 ft. per see., from die summit of a 
eouieal hill, the vertical angle of which is 120 ; at \Ma , 
distance down the hillside will the projectile tall, and what 

will be the time of flight? _ , 

J«s. Distance = 2812.5 yards; Time = 16.23 secs. 

21. A sun is placed at a distance of 500 ft. from the base 
of a cliff which is 200 a high ; on the edge of the cht 
there is built the wall of a castle 60ft. high; fand the 
elevation, «, of the gnn, and the velocity of discharge,^ v, 
in order that the hall may graze the top of the castle wall, 

and fall 120 ft. inside of it. 

,4 Its. « = 53° 19' ; » = 165 ft. per sec. 

-28. A piece of ordnance hurst when 50 prds from a 

wall 14 ft. high, and a fragment of it, ™ 

tact with the ground, after grazing the wall, tell 6 ft. 

beyond it on the opposite side; find how high it rose in 

■ / . Ans. 94 ft. 

the air. - - c 

* ‘Tlie Aveiglit of a 13-iiic^ slioil is 196 lbs* 



PART III. 

KINETICS (MOTION AND FORCE). 


CHAPTER I , 

LAWS OF MOTION— MOTION UNDER THE ACTION OF 

,A VARIABLE FORCE — MOTION IN A RESISTING 
MEDIUM. 

165. Definitioiis . — Kinetics is that branch of Dynamics 
tvhich treats of the motion of bodies under the action of 
forces. 

In Part I, forces were considered with reference to the 
pressures which they produced upon bodies at rest (Art. 
15), L bodies under the action of two or more forces 
in equilibrium (Art. 26). In Part II we considered the 
purely geometric properties of the motion of a point or 
particle without any reference to the causes producirig it. 
or the ])ropcrties of the thing moved. We are now to 
consider motion with reference to the causes which produce 
it, and tlie things in which it is produced. 

Tlie student must here review Cliapter I, Part I, and obtain clear 
conceptions of Mommtwriy Accelemtioii of Momentum, and the Kinefic 
memure of Force (Arts. 12,13, 19, and 20), as this is necessary to a fall 
understanding of the fundamental laws of motion, on the truth of 
which ail our succeeding investigations are founded. 

166. Ifewtoii*s Laws of Motion. — The fundamental 

13 
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i.riueiplis in aecordauce with which motion takes place are 
enil,oaiea in three statements, generally known as Newlons 
Liuc.’< of Moiioit. These laws must be considered as resting 
,,n coiivietions drawn from observation and experiment, 
and iiol on intuitive perception * The laws are the fol- 
kiwiua*: 


-Every body coutimies in i 
orin inotioih in n str(ti£lit 
it is compelled by force s 


^Clmnge of motion is pro] 
Ued, and taJees place in 
'h t line i}i ndLiclb the force 


* Thomso and Tait’s 


m 


HEJIAIIKS 0.N ZA W M 

168. Remarks oa Law H.-— Law n asserts that if imj 
/tiree generates motion, a doable force -will .generate double motion, 
and so tm, whether applied simultaneoiisiy -or siiceessively, instan- 
taneously or gradually. And this- motion,. if the body was moving 
beforehand, is either added to. the previous motion if directly conaidr- 
ing with it, or is subtracted .if directly opposed ; or is geometrical.! j 
compounded with it according to the princiides already explained, 
(Art, 29 1, if the line of previous motion and the direction of. the force' 
are inclined to each other at an angle. The term motion here means 
qnordity of motion, and the phrase motion here means rate 

(tf change of quantity of motion (Art. 13). If the force be finite it w.ill 
require a finite time to produce a sensible change of inotion, and the 
change of monientum produced by it will depend upon the time dur- 
ing which it acts. The change of motion must then be understood tc 
be the change of inomentiiin produced .per unit of time, or the rati 
of change of momentum, or acceleration, of momentum, which agrees 
with the principles already explained (Arts. 13 and 20). .In this law 
nothing is said about the actual inotion of the body before it was 
acted on by the force ; it is only the change of motion that concerns 
us. The same force will produce precisely the same, change of mo- 
tion in a . .body ; whether the body be at rest, or in motion with any 
velocity whatever. 

Since, when several forces act at once on a particle either 
at rest, or in motion, the second law of motion is true fo.r 
every one of these forces, it follows that, each must have the 
same effect, in so far as the change of motion produced by 
it is. concerned, as if it were the only force.’ in. actio.n. 
Hence the assertion of the second law may he pnit in .the 
.following form: 

When any nmnler of forces act simultaneously on a body, 
whether at rest or in motion in any direction, each force pro- 
duces in the body the same change of motion as if U alone 
had acted 071 the body at rest. 

It follows from this view of the law that all problems 
which involve forces acting simultaneously may be treated 
as if the forces acted ■' 

The operations of this law have aWeady been considered in Kine 
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tnaiicB (Art, 140); but motion there was imderstoo<l to ineaii velont.i^ 
only, since the mass of the body was not considered, 'rhis law in- 
cliidtfS, therefore, the law of the composition of velocities already 
referred to (Art. 'dOi. Another consequence of the law is the follow* 
ing: Since forces are measured by the changes of motion they j ro- 
duce, and their directions assigned by the directions in which these 
changes are produced, and since the changes of motion of one and tiio 
same body are in the directions of, and proportional to, the changes 
of velocity, therefore a single force, measured by the resultant change 
of velocity, and in its direction, will be the equivalent of any number 
of simultaneously acting forces. 

Hence, 

The resfdtanf of any mimher of concurring forces is to he 
found by the same geometric process as the resiiUant of any 
number of siniidtaneQus velocities^ and conversely. 

From this follows at once the Polygon of Velocities and 
the Paralhiopiped of Velocities from tlie Polygon and 
Paralielo])iped of Forces, tis was described in Art. 142. 

Tills law also gives us the means of measuring force, and also of 
measuring the mass' of a body: for the actions of different forces upon 
the same body for equal times, evidently produce changes of velocity 
which are proportional to (lie forces. Also, if equal forces act on dif- 
ferent bodies for eijiial times, the changes of velocity produced must 
be intersely as the 7msses of the bodies. Again, if different bodies, 
each acted on by a force, acquire in the same time the same changes 
of velocity, the forces must be proportional to the masses of the 
bodies. This means of measuring force is practically the same as 
that already deduced by abstract reasoning (Arts. 19 and 20). 

It appears from this law, that every theorem of Kine- 
matics connected witli acceleration lias its counterpart in 
Kinetics. Thus, the measure of acceleration or velocity 
increment, (Art. 9), which was discussed in Chap. I (Arts. 
8 and 9), and in Kinematics (Art. 135), and which is 

. ■ ■ 

denoted by / or its equal is also the effect and tlie 
measure of force ; therefore all the results of the equation 
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its millions forais, and the reoiarks whicli have been made 
on it, are applicable to it when / is the 'accelerating force. 
Thus, {x\rt. 162), we see that the force, under which a 
particle describes any curve, may be resolved; into two 
eonipofieiits, one in the tangent to the curve, the other 
the centre of curvature; their magnitudes being 
tile acceleration of niomeiitiim, and the product of the 
inomeiitiini into the angular velocity about the centre of 
curvature, respectively. In the case of uniform motion, 
the iirst of these vanislies, or the whole force is perpen- 
dicular to the direction of motion. When there is no force 
perpendicular to the direction of motion, there is no curva- 
ture, or the path is a straight line. 

Hence if we suppose tlie particle of mass m. to be at the 
point ;?/, %), and resolve the forces acting on it into the 
three rectangular components, X, Y, Z, we have 


d^x -r d^if ^ 


m 


ifz 

dt^ 


m 


In several of the chapters these equations will be sim- 
plified by assuming unity as the mass of the moving 
particle. When this cannot be done, it is sometimes con- 
venient to assume 'X, Y, Z, as the component forces on the 
unit mass^ and (2) becomes 

dh' 

^ mX, etc. 
dt^ 

fi*om which m may of course be omitted. It will be ob- 
served that an equation such as ' 

.. (^x ' r ■ 

. dt^ - ^ , , 


may be interpreted either as Kinetical or Einematical; if 
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Cm I'amicT, the unit of mass must be imdoretood as a fac- 
t,,r ou rbo kilY-band side, in which case X is the ;r-com- 
puiunir. for the unit of muss, of the whole force exerted on 

the moving body. 

llv, first two laws,liave, therefore, furnished iis with a defnition 
lur. a huHuwreo^ force; and they also show how to compound, and 
iiereforo iiow to resolve, forces; and also how to investigate the 
conditions of eciullibrium or motion of a single particle subjected to 
given forces, , 


169. Remarks on Law III. — xVccording to Law III, if one 
body presses or draws another, it is pressed or drawn by this other 
with an e(iual force in tlie opposite direction (Art. 10). A horse 
towing a boat on a canal, is pulled backwards by a force equal to that 
w'hiciriKi impresses on the towing-rope forwards. If one body strikes 
another hodv and changes the motion of the other body, its own 
motion wiirbe changed in an ecpial quantity and in the opposite 
direction; for at each instant during tlie impact the bodies exert on 
each other equal and opposite pressures, and the momentum that one 
body loses is equal to that which the other gains. 

The earth attract.^ a falling pebble with a certain force, while the 
pebble attracts the earth with an equal force. The result is that 
wliile the pebble moves towards the earth on account of its attrac- 
tion, the earth also moves towards the pebble under the influence of 
the ‘xttraction of the latter ; but the mass of tbe earth being enor- 
mously greater than that of the pebble while the forces on the two 
arising from their mutual attractions are equal, the motion produced 
thereby in the earth is almost incomparably less than that produced 
in the pebble, and is consequently insensible. 

It follows that the sum of the quantities of motion parallel to any 
fixed direction of the particles of any system influencing one another 
in any possible way, remains unchanged by their mutual action. 
Therefore if the centre of gravity of any system of mutuaily 
influencing particles is in motion, it continues moving uniformly in a 
straight line, unless in so far as the direction or velocity of its motion 
is changed by forces between the particles and some other matter not 
belonging to the sgi^tem : also the centre of gravity of any system of 
partiedes moves just as all the matter of the system, if concentrated in 
a point, would move under the influence of forces equal and paiallel 
to the forces really acting on its different parts, (For further 
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remarlss, on liies.e laws see Tail and Steele’s ■ Dynamics of a Particle, 
Thomson and Talt’s 'Nat. Phil,, 'Pratt’s Mechanics, etc.) 

170. Two Laws of Motion in tlie Frencli Trea- 
tises.— Hewton’s Laws of motion are not. adopted in tlie 
principal P,reiicli treatises; but we .find in them'ffco. prin- 
ciples only as borrowed from experience, viz.: . 

Fiest.— T he Law of Ineriia, that a body, , not acted 
.upon by a.iiy fo,rce, would go on for ever with a uniform 
Telocity, , This coincides with S’ewton''’s First Law. 

Second. — That the veloeUy commnni.cated is proporiional 
to the force. The second and third Laws of Motion ai’e 
tlins reduced to this second principle by the French writers, 
especially Poisson and Laplace.^ 


171. Motion of a Particle under the Action of an 
Attractive Force . — A particle moves under a force of 
attracUon which is in its line of motion ^ and varies direcAhj 
as the eiistcmee of the parfM^ the centre of force; it is 
required, to determine the motion. 

The point whence the iniiiieiice of a force emanates is 
called the centre of force ; and the force is called an attract 
tim or a reptdswe force according as it attracts or repels. 

Let O be the centre of force, P the o p a 

position of the particle at - any time,T, v FiJ-eo 

.its. velocity at that time, and let. OP = ar, 
and OA = a, where A is the position of the particle wiien 
^ = 0 ; lei p = the absohite force ; that is, the force of 
attraction on a unit of mass at a iiniPs distance from 0, 
which is supposed to be knowm, and is sometimes called 
the strength of the attraction. At present we shall suppose 

* Parkinson’fi Mechanics, p. 187. See paper by Br, Whewell on the principles 
of Bynainics, particularly as stated by French writers, in the Edinburgh «Tournai ol 
Science, Vol. Till, 






i' 

1 . 

1 , 1 , 


2f)ll A VARIABLE ATTRACTIVE FORCM. : 

the mass of the paxticle^to he unity,, as it simplifies the 
tMpiafiotis, Then fix is the magnitude of the force at the 
ilisraiice .i* on the pai'ticle of unit mass, or it is the accelera- 
tion at P ; and the equation of motion is 



( 1 ) 


the negative sign being taken because the tendency of the 
force is to diminish x ; 



%dx d^x 


2 fix dx. 


Integrating, we get 


the negative sign being taken, because x decreases as t 
increases. Integrating again between the limits correspond- 
ing to ^ / and ^ = 0, 


From (2) it appears that the velocity of the particle is 
zero when x = a and — a ; and is a maximum, viz.: 
when X = 0. Hence the particle moves from rest at A : its 
velocity increases until it reaches 0 where it becomes a 
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iriHxiiniim, and where tlie force is zero;', the parfcicle, passes 
through that pointy and its velocity decreases^ and -at' Ah at 
ii distance = — becomes zero. From- this point - it will 
return^ under ttie action of the force, to its original posi- 
tion, and eontiimally oscillate over the space 2a, of which 

0 is the middle point, . 

From (3) we find when x =: a, t 0 and wiien ai = 0, 

1 = --ji so that the time of passing from A to 0 = — 

. 2fi* 

and the time from 0 to A' is the same, so tim the time -of 
oscillation from A to A' is -A. pijjg result is remarkable, 

/i^ ■ 

as it shows that the time of oscillation is independent of 
the velocity and distance of projection, and depends solely 
on the strength of the attniction, and is greater as that is 
less. 

This problem includes tlie motion of a particle within a 
homogeneous sphere of ordinary matter in a straight shaft 
through the centre. For the attraction of such a sphere on 
a particle within its bounding surface varies directly as the 
distance from the centre of the sphere (Art. 133a). If the 
earth were such a homogeneous sphere, and if AOA' (Fig, 
80) represented a shaft running straight through its centre 
from surface to surface, then, if a particle ^were free at one 
eiid, A, it would mowe to the centre of the earth, 0, where 
its velocity would be a maximum, and thence on to the 
opposite side of the earth, A', -where it would come to rest; 
then it would return through the centre, 0, to the side, A, 
from where it started • and its motion would continue to he 
oscillatory, and thus it wmiikl move backwards and forwards 
from one side of the earth's surface to the other, and the 
time of the oscillation would be independent of the earth's 
radius; that is, at whatever point within the earth’s surface 
the particle be placed it would reach the centre in the 
same time. 


A AUMIABLE EEPULSIVE: FORCE.. 


ijQZ^To find Ms time. '-Siiice ^ is. tlie attraction at; a 
unit of ills lance and'^ the attraction at the distance fS, we 

liaTe == wliieli in i gi?es 


for the time it would take a body to move from .any point 
within the ea.rth''s surface to the centre. 

If we put // = feet and R = 3963 miles we get 

t = 21 m. 6 s. about, 

which would be the time occupied in passing to the earth’s 
centj’e, however near to it the body might be placed, or 
however far, so long as it is within the surface. 

172. Motion of a Particle under the Action of a 
Variable Repulsive Force. — Let the force he one of 
fejMilmn and vary as the distance^ then the equation of 
motion is 

Let us suppose the particle to be projected from the cen- 
tre of force with the velocity ; then we have 

^ = + ( 1 ) 

As t increases x also increases, and the particle recedes 
further and further from tlie centre of force; and the 
velocity also increases, apd ultimately e(|uals co when x — 
i = GO . Thus in this case the motion is not oscillatory. 
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' 173. Motion of a Particle niniier the Action of an 
Attractive Force which is in the line of motion, and, 
which varies Inversely as the Square of the Distance 
.from the Centre of Force. 

, .Let 0 ,(Fig. 80) be the centre of force^ P the position of 
the particle at the .time t; and A the position at rest, when 
i = O 3 so that the particle starts from A and mores t(.- 
irards 0. Let OP = a*. OA = a, and ix = the absolute 
force as before or the acceleration at unit distance from 0 . 
Then the equation of motion is 

dh: _ ^ 

Multiplying by 2^/^; and integrating, we gefc 



whicn gives the velocity of the particle at any distance, 00 ^ 
from the origin. 

Prom (1) we have 

dx l%\x^/ax — 

dt ^ y a X ^ 

the negative sign being taken because in the motion to* 
wards 0, x diminishes as i increases. This gives 
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luk'gRitiiig and taking the limits corresponding to t = i 
and / = 0, we have 




— ~ 7ers~^ — + ^ 

/O (t ^ 


'] 


.vhicli gives tlie value of i. 

When the particle arrives at 0, x = 0, therefore the 
lime of falling to the centre 0 from A is 


From (1) we see that the velocity = 0 when x = a; and 
= cc when x r= 0 ; hence the velocity increases as the 
particle approaches the centre of force, and ultimately, 
when it arrives at the centre, becomes inliiiite. And 
although at any point very near to 0 there is a very great 
attraction tending towards 0, at the point 0 itself there is 
110 attraction at all ; therefore the particle, approaching 
the centre with an indefinitely great velocity, must pass 
through it. Also, everything being the same at equal 
distances on either side of the centre, we see that the 
motion must be retarded as rapidly as it was accelerated, 
and therefore the particle will proceed to a point A' at a 
distance on the other side of 0 equal to that from which it 
started ; and the motion will continue oscillatory. 

174. Velocity acquired in Palling throngh a Great 
Height above the Earth, — ^^The preceding case of motion 
includes that of a body falling from a great height above 
the earth’s surface towards its centre, the distance throiigli 
which it falls being so great that the variations of the earth’s 
attraction due to the distance must be taken into account 
For a sphere attracts an external particle with a force which 
varies inversely as the square of the distance of the particle 
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^ from the eoiitre of the j^piiere (Art 133a) ;■ therefore if 'R is 
tiie earth's radius, ij the kiuetie measure of gravity on a 
unit of mass at the earth’s surface (Arts. 21), 23), aiid the 
distance of a laidy from the centre of the earth at the time 
then the equation of motion is 

which is the same as the equation in Art. 173 by writing fx 
therefore the results of the last Art. will apply to 
this case. Substituting gW for u in (1) of Art. 173 we 
have 



When the body reaches the earth’s surface, a; = R and 
(1) becomes 



If a is infinite (2) becomes 

V =: V "'igR I 

so that the velocity can never be so great as this, however 
firr the body may fiill; and hence if it were possible to 
project a body vertically upwards with this velocity it would 
go on to infinity and never stop, supposing, of course, that 
there is no resisting medium nor other disturbing force. 

If in (2) we put g = 32|^ feet and R == 3963 miles we 

get , 

V = [ 2 . 33 ^- 3963 - 5280 ]^ feet = 6-95 miles; 

so that the greatest possible Telocity which a body can 
acquire in falling to the earth is less than 7 miles per 
second, and if a "body were pi’ojected upwards with that 
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vt‘loeity, and were to meet with no resistance except- 
l^'ravii'y, it would never return to the earth. : 

ruin— -To find ' the velocity which a body would acquire 
ill falling to the earth’s surface from a height h above the 
siiriiiee^ we have from (1) by putting x = E and a == E+Ej, 



If Ii be ' small compared with E^ this may be WTitten 

= 2ghy 

which agrees with (6) of ^Vrt. 140. 

Tiie laws of force^ enumerated in Arts. 171, 173, are the 
only laws that are known to exist in the universe (Pratt’s 
Mechs., p. 212). 

175. Motion in a Resisting Medium. — In the pre- 
ijoding discussion no account is taken of the atmospheric 
resistance. We shall now consider the motion of a body 
near the surface of the earth, taking into account the 
resistance of the air, which we may assume varies as the 
rquiire of the velocity. 

A parfdele under the action of gravity, as a constant force, 
moves in the air supposed to he a resisting medium of 
uniform demUy, of ivMch the resistance varies as the square 
of the velocity required to determine the motion* 

Suppose the particle to descend towards the earth from 
rest. Take the origin at the starting point, let the line of 
its motion be the axis of .t; and let x be the distance of 
the particle from the origin at the time jf, and for con- 
venience let gh^ be the resistance of the air on the particle 
fora unit of velocity; gh^ is called the coefficient of resisU 
mice* Then the resistance of the air at the distance x from 
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'j3 r.::!) ^ whieii acts upwards, aud tiie force 'ol 
\di / "' 

aetiiig downwards^ the mass being a unit, 
atioii of motion is. 


Integrating, remembering tliat wlien = 0, t; = 0, we 


(Calculus, p. 259, Ex. 5). 


Passing to exponentials we have 


which gives the velocity in terms of the time, 
terms of the space, we have from (1) 


observing the proper limits 
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. ^ — i- (1 _ e-^iri'-a:) (4) 

• • df ‘ 

wiiioli sjivc'S the velocity iu terms of the distance. 

Also, integrating (3) taking the same limits as before 
wo get 

gkKv = log {e^ + — log 2 ; 

^ e-^, ( 5 ) . 

■which gives the relation between the distance and the time 
of falling through it. 

As the time increases the term diminishes and from j 

(5) the space increases, becoming infinite when the time is 
infinite; but from (3), as the time increases the velocity 
becomes more nearly uniform, and when t = ca, the 

^eloc•ity = y.; and although this state is never reached, yet 

it is that to vvliieh the motion approaches. 

176. Motion of a Particle Ascending in the Air 
against the Action of G-ravity.— Let us suppose the 
particle to he projected upwardSj, that is, in a direction 
contrary to that of the action of gravity, with a given 
velocity, v, it is required to determine the motion. 

Let us suppose the particle to be of the same form and 
.size as before, and the same coefficient of resistance. 

Then, taking x positive upwards, both gravity and the 
resistance of the air tend to diminish the velocity as / 
increases; so that the equation of motion is 
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r 




k 


dk 


(lx 


(ii 


taiT"^ k 


dx 


— hgdt', 


(Calculus, p. 244, Ex. 3), since the initial velocity is v. 


Taking the tangent of both members and solving for 

dx 

we get 

dx 1 vh — tan hat 

dt 


(2) 


1 Hh vk tan k(jt^ 
wMcli gives tlie velocity in terms of tlie time. To find it 


in terms of the distance,, we have from (1) 




« /dx\ 

2 — 


1 


fdx'^ 




%gBxi 


\di/ 


hf 

which gives the velocity in terms of the distance. 


(3) 

(4) 


Also, integrating (2) after substituting sine and cosine 
for tangent, and taking the same limits as before, we get 


gli^x = log (vk sin kgt + cos kgt) ; 


(5) 


which gives the space described by the particle in terms of 
the time. ,,,, 


;]()/! MOTION OF ASCENT IN TEE ATE. 

Cor. 1.— To tiiid the greatest height to which the par- 

tide will ascend put the velocity, J = »- “ (*) 

ivhich is the distance of the highest point. 

Putting § = 0 ia (3) "’e get 



rojected. Denote by th6 V6l 
it reacliBS the point of starting. 


• * ® (1 + hh^Y 

which is less than v ; hence the velocity acquired in the 


I = ^ tan“^ vhp 


which is the time required for the particle to reach he 
highest point. Having reached the greatest height ti c 
particle will begin to fall, and the circumstances of the 
!all will be given by the equations ol Art. l<o. 


Cor. 2.-Smee h is the same in this and Art. 176, we 
,„nv compare tt.o velocity ot proIof»». 
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descent is less than tiiat lost in the ascent, as might have 
been inferred. 


OoE. 3."— Substituting (6) in 
the time of the descent. 


which is different from the time of the ascent as given in 
( 7 ). (See Price’s Anal. 3tlech’s, Yol. I, p, 406 ; Veiituroli’s 
Mecli’s, p. 8,2 ; Tait and Steele’s Dynamics of a Paxticle,. 
p. 23T.) 


177. Motion of a Projectile in a Resisting Me- 
dium. — The theory of the motion of projectiles in vacuo, 
wliich was examined under the head of Kinematics, affords 
results which dilfer greatly from those obtained by direct 
experiment in the atmosphere. When projectiles move 
with but small velocity, the discrepancy between the para- 
bolic theory, and what is found to occur in practice, is 
small ; but with increasing velocities, as those with which 
balls and shells traverse their paths, the air’s resistance 
increases in a higher j'atio than the velocity, so that the 
discrepancy becomes very great. 

The most important application of the theory of projec- 
tiles, is that of Gunnery, in which the motion takes place 
in the air. If it were allowable to neglect the resistance of 
tiie air the investigations in Part II would explain the 
theory of gunnery ; but when the velocity is considerable, 
tlie atmospheric resistance changes the nature of the tra- 
jectory so much as to render the conclusions drawn from 
the theory of projectiles in vacuo almost entirely inap- 
plicable in ])raetiee. 

The problem of gunnery may be stated as follows: 
fliveii a projectile of known weight and dimensions, 
starting with a known veloeitv at a known angle of eleva* 


308 liomm of a.- fmojecttle, 

tioii in a calm atmospliex’e of approximately known density: 
to find its range, time of flight, velocity, direction, and. 
position, at any moment ; or, in other words, to construct 
its trajectory. This problem is not yet, however, suscepti- 
ble of rigorous treatment; mathematics has hitherto proved 
unal)le to furnish complete formulae satisfying the condi* 
tions. The resistance of the air to slow movements, say of 
lu feet per second, seems to vary with the first power of 
the velocity. Above this the ratio increases, and as in the 
case of the wind, is usually reckoned to vary as the square 
of the velocity; beyond this it increases still further, till at 
1200 feet per second the resistance is found to vary as the 
cube of the velocity. The ratio of increase after this point 
is passed is supposed to diminish again ; but thoroiiglily 
satisfactory data for its determination do not exist 

From experiments'*' made to determine the motion of 
cannon-balls, it appears that when the initial velocity is 
considerable, the resistance of the air is more than 20 times 
as great as the weight of the ball, and the horizontal range 
is often a small fraction of that which the theory of pro- 
jectiles in vacuo gives, so that the form of the trajectory is 
very different from that of a parabolic path. Such experi- 
ments have been made wnth great care, and show how lit% 
tiie parabolic theory is to be depended upon in determining 
the motion of military projectiles. 

178. Motion of a Projectile in the Atmosphere 
Supposing its Resistance to vary as the Square of 
the Velocity. — A particle under the action of gravity is 
projected from a given point in a given direction with a 
gimi velocitg, and moves in the atmosphere whose resistance 
is assumed to vary as the square of the velocity ; to deter- 
mine the motion. 


* See Eucydopoedia Britannica, Art. Gunnery ; also Robin’s Gunnery, and 
Hutton’s Tracts. ■ 
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Take the given poiiii as origin, the ■' axis of a.* horizon i ah 
the {ixis of ?/ verrieal jiiitl positive upwards, so tliat tiie 
direction of projeetiuij inav be in the plane of :nj. Let r 
be rile velueity of projeenon, fj the acceleration of gravity, 
« the angle iicrweeo the axis of x and the line of projection, 
and let the resistance of the air on the particle be k for a 
iiiiit of velocity; then the resistance, at any time, in the 


line of motion, is k j ; and the x- and ^-components ■ of 
this resistance are, respectively, 

, lU dx T , (Is dn 
dt (It dt dt 

Then the equations of motion are, resolving horizontally 
and vertically, 

dt di^ 


7 % 

‘^dt W 


Prom (1) we have 


'Ms I .** log- 


since when f = 0, 


cos I 


Multiplying (1) and (2) by dy and dx, respectively, and 
subtracting the former from the latter we have 

^y dx -^ d^x dy , 

\ — 


0 ) 
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Substituting in (4) for dt^ its ^alue from (3) we get 





(Py dx — Px dy 


d 


dy 


-e^dw. (5) 


dx cos^ €c 

Substituting in tbe second member of (5) for dx its value 




f¥ 


l + ^,.^egefc 


4?('+i)*= 


eos^ c? 


^ j), and (6) becomes 
(1 + f)^dp = - 


ds. 


Integrating, and remembering that when 5 = 0,^ = tan «, ^ 

we get 

p(l + 2 ^)^ + log [jB + (1 + 


p2ks 


hv^ cos^ « 

where c is the constant of integration whose value 

= tan a sec <« + log (tan a -f sec a) + y-z— ,, • (8) 
^ ^ kiP cos^ m ^ * 

From (5) we have 


_JL_eate = i.y^l. 

cos^ <« dx \dx} ^ 
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Sll 


, p (1 4- + log ip + (1 + frj — e 
From (4) we lia?e 

dw* dp = — gdi^* 


My, (10) 


Siibstitutiag this value of dx in (9) and solving for di we 

get 

T j-Tx = {hg)i dL (11) 

I c — p (1 + ^3®) — log [i? + (1 


the negative sign of dp being taken because p is a decreas- 


ing function of /. 


Eeplacing the Talue of p = -f, (9), (10), and (11) become 


*1(1 +©*+'"41 +(>+2)*]-' 

dg.^ 

1 dx ' dx 

* E (' + b)* + [* + (* + 2)* ] - 


“<«*i'-l(i+2)*-'«4l+(>+2f](*’ 

from which equations, were it possible to integrate them, 

Pf and t might be found in terms of ^ ; and if wex’e 

eliminated from the two integrals, of (A) and (B), the re- 
sulting equation ill terms of ir and y would be that of the 
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retiiiired trajectory. But these equations cannot be inte- 
grated in finite terms; only approximate solutions of them 
can be made ; and by means of these the path of the pro- 
fi jectiie may be constructed approximately. (See Venturoli’s 

: 'i . .Mechs.j p.'92.) 

'I Squaring (A) and (B), and dividing their sum by the 

square of (C) we get 



which gires the Telocity in terms of 


179. Motion of a Projectile in the Atmosphere 
under a small Angle of Elevation. — The case fre- 
quently occurs in practice wdiere the angle of projection is 
very smalb and where the projectile rises but a very little 
above the horizontal line. In this case the equation of the 
part of the trajectory that lies above the horizontal line 
may easily be found ; for, the angle of projection being 

very small, will be very small, and therefore, throughout 

the path on the upper side of the axis of powers of 

higher than the first may be neglected. In this case 

then 


wliicli in (5) of Art, 178, becomes 
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m 


Integrating/ we get 


■ tan = 


Zkt^ cos^ 


. (e2te _ i) j 


since when x = 0, = tan 

dx 

Integrating again we get 


+ 5E^ -4k4f^ ('> 

Expanding in a series, (1) becomes 


y zzz X tan 


2t;2 cos^ a eos^ cc 


the first two terms of wliicli represent the trajectory in 
vacuo, [See (3) of Art. 151.] 

From (3) of Art. 178, w’e have 


pkx 1 

t = ( 8 ) 

kv cos a ^ ' 

which gives the time of flight in terms of the abscissa. 

The most complete and valuable series of experiments 
on the motion of projectiles in the atmosphere that has yet 
been made, is that of Prof. F. Bashforth at Woolwich. 

EXAMPLES. 


1. Find how far a force equal to the weight of n lbs., 
would move a weight of lbs* in t seconds ; and find the 
velocity acquired* 
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Here P = 
25 we have 


n, and W = m’, therefore from (1) of Art — ^ 


m „ 

” = 


J ot ’ 


which in (4) and (5) respectively of (Art 9), gives 


■^';ands = ifP 

m 


2. A body weighing n lbs. is moved by a constant force 
which generates in the body in one second a velocity of a 
feet per second ; find the force in pounds. na 


3. Find in what time a force of 4 lbs. would move a 
weight of 9 lbs. through 49 ft. along a smooth horizontal 
plane j and find the velocity acquired. 

Ans. t = ; V = ^gt. , 




4. Find the number of inches through which a force of 
one ounce, constantly exerted, will move a mass weighing 
one lb. in half a second. Ans. 3^ (^)®. 


5. Two weights, P and Q, are connected by a string 
which passes over a smooth peg or pulley ; required to 
determine the motion. 

Since the peg or pulley is perfectly 
smooth the tension of the string is the 
same throughout; hence the force which 
causes the motion is the difference between 
the weights, P and Q, the weight of the 
string being neglected. The moving force 
therefore is P — Q', but the weight of the 
mass moved is P + Q. Hence substituting 
in (1) of Art. 25, we get 

P+Q 



Fig. 80a, 


Q 
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~ P+Q^' 

(1) 


which is t h e acceleration. 

Substituting this in (4) and (5) of Art. 9, we haye 


li 



(3) 


which gives the velocity and space at the time the initial 
velocity Vq being 0. 

6. A body whose weight is Q, rests on a smooth hori- 
zontal table and is drawn along by a weight P attached to 
it by a string passing over a pulley at the edge of the table; 
find the motion of the bodies. 

Since the weight Q is entirely supported by the resistance 
of the table, the moving force is the weight P, hanging 
vertically downwards, and the weight of the mass moved is 
P + § ; therefore from (1) we have 

and this in (4) and (5) of Art. 9 gives the velocity and 
space. 

7. Kequired the tension, P, of the string in the pre- 
ceding example. 

Here the tension is evidently that force which, acting 
along the string on the body whose weight is Q, produces 
P 

in it the acceleration, and therefore is measured 

by the mass of Q into its acceleration. Hence 
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9 


ttq'J ~ P+ 


FQ 


8. Find the tension, y, of the string in Ex. 5. 

Here the tension equals the weight Q, plus the force 
which, acting along the string on Q, produces in it the 

acceleration 

P-Q.a 


2PQ 


or it equals P minus the accelerating force which, of course, 


gives the same result. 

X 9. Two weights of 9 lbs. and 7 lbs. hang over a pulley, as 
n Ex. 5 ; motion continues for 5 secs., when the string 
breaks; find the height to which the lighter weight wiU 
rise after the breakage. 

Substituting in (2) of Ex. 5 we have 

32 • 5 = 20 ; 


therefore each weight has a velocity of 20 feet, when the 
string breaks. Hence from (G) of Art. 9, we have (calling 
(7 32 ft.) 

5 = = 


that is, the lighter weight will rise feet before it begins 
to descend. 


10. A steam engine is moving on a horizontal plane at 
rate of 30 miles an hour when the steam is turned ofi* : 
s apposing the resistance of friction to be of the weight, 

will run before it 
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Let W 6e the weight of the engine; then the resistance 
■ W 

d friction is and this is directly opposed to motion. 


p, 1 -i. • OA -1 1 X X S . . 

rhe velocity, Vy is 30 miles an hour = — ~ 

feet per second. Substituting these values of / and v in the 
equation v = ftp we get 


44 = ^^ 




. == 550 secs., 

which is the time it will take to bring the engine to rest if 
the velocity be retarded feet per second. 

Also = 2/5, therefore 

5 = 12100 feet. 

11. A man whose weight is W, stands on the platform 
of an elevator, as it descends a vertical shaft with a uniform 
acceleration of -Ig ; find the pressure of the man upon the 
platform. 

Let P be the pressure of the man on the platform when 
it is moving with an acceleration of ^g ; then the moving 
force is F — P ; and the weight moved is W ; therefore 

W 

W^F== jig; P = iFi 



12, A plane supporting a weight of 12 ozs. is descending 
with a uniform acceleration of 10 ft, per second ; find the 
pressure that the weight exerts on the plane. 

' . IQ r' - _ Jns» ozs. 
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13. A weight of U lbs. hanging over the edge of a 
smooth table drags a weight of 13 lbs. along the table; 
find (1) the acceleration, and (2) the tension of the st™g- 

Aws. (1) 34 ft. per sec. ; (.2) 8 lbs. 

'14 A weight of 8 lbs. rests on a platform ; find 
its pressure on the platform (1) if 
scending with an acceleration of 4^, and (2) ii it is 
ascend ins* with the same acceleiation. 

Ans. ( 1)7 lbs.; (2) 9 lbs. 

15. Two weights of 80 and 70 lbs. hang over a smooth 
pulley as in Ex. 5 ; find the space through which they will 
move from rest in 3 sees. 

10 Two weights of 15 and 17, ounces respectively bang 
over’ a smooth pulley as in Ex. 5 ; find the space de- 
scribed and the velocity acquired in five seconds frim rest. 


17. Two rveights of 5 lbs. and 4 lbs. together pull one 
of 7 lbs. over a smooth fixed pulley, by means of a con- 
necting ' string ; and after descending through a given 
space the 4 lbs. weight is detached and taken away without 
interrupting the motion ; find through what space the 
remaining 5 lbs. weight will descend. 

Ans. Through f of the given space. 


18. Two weights are attached to the extremities of a 

string which is hung over a smooth pulley, and the weights 
are observed to move through 6.4 feet in one second ; the 
motion is then stopped, and a weight of 5 lbs. is added 
to the smaller weight, which then descends through the 
same space as it ascended before in the same time ; dctei- 
mine the original weights. Ans. fibs.; “g*- lbs. 

19. Eind what weight must be added to the smaller 
weight in Ex. 6, so that the acceleration of the system may 
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...^ have the same luimerical va^ue as before, but may be in 


the opposite direction. 


20. A body is projected up a rough inclined plane wiLii 
tiie velocity which would be acquired in falling freely 
through 12 feet, and just reaches the top of the plane ; 
the inclination of the plane to the horizon is 60°, and the 
coefficient of friction is equal to tan 30°; find the height of 
the plane. Ans. 9 feet. 




21. A body is projected up a rough inclined plane with 
the velocity 2g ; the inclination of the plane to the horizon 
is 30°, and the coefficient of friction is ecpial to tan 15° ; 
find" the distance along the plane wdiich the body will 
describe. j_ns. g (VS + 1). 


22. A body is projected up a rough inclined plane ; the 
inclination of the plane to the horizon is «, and the coef- 
ficient of friction is tan e ; if m be the time of ascending, 


and the time of descending, show that 


sin (a — s) 
sin (a + 


23. A weight P is drawn up a smooth plane inclined at 
an angle of 30° to the horizon, by means of a weight Q 
which descends vertically, the weights being connected by 
a string passing over a small pulley at the top of the plane; 
if the acceleration be one-fourth of that of a body falling 
freely, find the ratio of Qio P. Ans. Q =: P, 


24, Two weights P and Q are connected by a string, 
and $ hanging over the top of a smooth plane inclined at 
B0° to the horizon, can draw P up the length of the plane 
in just half the time that P would take to draw up Q\ 
show that Q is half as heavy again as P. 
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25. A particle moves in a straight line under th% action 
of an attraction varying inversely as the (|)th power oi 
the distance; show that the velocity acquired hy falling 
from an infinite distance to a distance a from the centre is 
equal to the velocity which would be acquired Jn moving 


froiP at a distance a to a distance 
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CHAPTER II. 


CENTRAL FORCES.* 

180. Defimtions. — A central force is one which acts 
directly towards or from a fixed point, and is called an 
attractive or a repulsive force according as its action on 
any particle is attraction or repulsion. The fixed point is 
called the Centre. The intensity of the force on any par- 
ticle is some function of its distance from the centre. 
Since the case of attraction is the most important applica- 
tion of the subject, we shall take that as our standard case ; 
but it will be seen that a simple change of sign will adapt 
our general formulaB to repulsion. If the centre be itself 
in motion, we may treat it as fixed, in which case the term 
^‘actual motion” of any particle means its motion "rela- 
tive ” to the centre, taken as fixed. 

The line from the centre to the particle, is called a 
Earlius Vector, The path of the particle tinder the action 
of an attraction or repulsion directed to the centre is 
called its OrMt.\ All the forces of nature with which we 
are acquainted, are central forces ; for this reason, and be- 
cause the motion of bodies under the action of central 
forces is a branch of the general theory of Astronomy, we 
shall devote this chapter to the consideration of their 
action. 

181. A Particle under the Action of a Central 
Attraction; Required the Polar Equation of the 

Path. — The motion will clearly take place in the plane 
passing through the centre, and the line along which the 

* This chapter contains the first principles of Mathematical Astronomy. It 
may, however, he omitted hy the student of Engineering. 

t Called Central Orbits, 
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particle is initially projected, as there is nothing to with- 
draw the particle from it. Let the centre of attraction, Q, 
he the origin, and OX, OY, any 
two lines through Oat right angles ^ V/ 

to each other, be the axes of co- ^ W 

ordinates. Let {x, y) be the 
position of the particle M at the 
time and (r, d) its position 
referred to polar co-ordinates, — ipl 

OX being the initial line. Then, 
calling P the central attractive ^ 

force, we have for the components parallel to the axes of x 

and y, respectively, — - P?, — p*|^ the forces being nega- 
tive, since they tend to diminish the co-ordinates. There- 
fore the equations of motion are 

^ ^ _ py ... 

Multiplying the former by y, and the latter by a?, and 
subtracting, we have 

d^y (j^x . 

^ dP '^dP~^' 

Integrating we have 


where h is an undetermined constant. 


Since ir = r cos d, and y ■=z q' sin d, we have 
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(5) 

Again, multiplying the first and second of (1) by 
and My respectively, and adding, we get 


2dx d^x + My cl^y 


2P {x dx ydy) _ 


ill— 

W df^i 


= — '^Pdr. 


Substituting in (6) the values of da? and dy^ from (4), we 
have 


; and . • • dr 


, ; and (7) becomes 


jldu^ , ^ j 

performing the differentiation of the first member, and 
dividing by %du, and transposing, we get 


) which is the differential equation of the orlit described; 

and as, in any particular instance, tbe force P will be given 
in terms of r, and therefore in terms of the integral of 
' ■ ' this equation will be the polar equation of the required 
path. 

Solving (8) for P we have 
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( 9 ) 

wilicli is tlie same result that was found by a different pro- 
cess in Art. 163 for the acceleration along the radius 

yector. 

CoK. 1.— The general integrals of (1) will contain four 
arbitrary constants. One, //, that 'was introduced in (5), 
and two more will be introduced by the integration of (8). 
If the value of r in terms of <9, deduced from the integral 
of (8), be substituted in (5), and that equation be then 
integrated, the fourth constant will be introduced, and the 
path of the particle and its position at any time will be 
obtained. The four constants must be determined from 
the initial circumstances of motion; viz., the initial 
position of the particle, depending on tioo independent 
co-ordinates, its initial velocity, and its direction of pro- 
jection. 

Cor. 2. — By means of (9) we may ascertain the law of 
the force which must act upon a particle to cause it to 
describe a given curve. To effect this we must determine 
the relation between and 0 from the polar equation of the 
orbit referred to the required centre as pole ; we must then 
differentiate u twice with respect to d, and substitute the 
result in the expression for P, eliminating d, if it occurs, 
by means of the relation between and <9. In this way we 
shall obtain P in terms of alone, and therefore of ^ 
alone. 

Cor. 8. — ^When we know the relation between r and 
from (9), we may by (6) determine the time of describing 
a given portion of the orbit ; or, conversely, find the posi* 
tion of the particle in its orbit at any time.‘^ 


* See Tait and Steele’s Dynamics of a Particle, p. 119; also PratPs Mech’s 
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m 


OoE. 4.— If p is the perpendicular from the origin to 
the tangent we have from Calculus, p. 176, 


xdy -- y dx p chi 


which, in (3) gives 


and this in (6) gives 


(h 

If 


d^ 




Ih 

— %Pdr. 


( 10 ) 



Differentiating, and solving for P, we have 

p^ dr^ 


( 11 ) 


toMcli is the equatmi of the orbit betioeen the radius vector 
and the perpendicular on the tangent at any point, 

182. The Sectorial Area Swept over by the 
Radius Vector of the Particle in any time is Pro- 
portional to the Time. — Let A denote this area; then we 
have from Calculus, p. 364, 

K = \fr^dB 

= i f h dt^ by (5) of Art 181, 

if A and t be both measured from the commencement of 
the motion. Therefore the areas sivept over by the radius 
vector in different times are proportional to the timesy and 
equal areas ^Dill be described in equal times. 



CoK. — If t = 1, we have A =r ih. Hence h = twice 
the sectorial area described in one unit of time. 


183. The Velocity of the Particle at any Point 
of its Orbit. “We have for the velocity, 
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ds 


p = 


by (10) of Art 181» (1) 


Hence, the velocity of the particle at each point of its 
path is inversely proportional to the perpendicular from the 
centre on the tangent at that point. 


Coe* 1. — We have, by Calculus, p. 180, 


1-1 1 ^ 
^4 ^^2 


# + since »* = - 181 ), 


which in (1) gives ** 

^=1 = 

another important expression for the velocity. 
Coe. 2. — From (6) of Art 181, we have 

^ i%) = ^i^) = — 


Let V be the velocity at the point of projection, at 
which let r = i2, and since P is some function of r, let 
P =:/(r), then integrating (3) we get 




which is another expression for the velocity ; and since this 
is a function only of the corresponding distances, 1? and r, 


*%»? 
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Oivicling (6) by (7), we get 


2Pxi chord of curvature^' through the centre ; (8) 


* To prove that is one-fourth the chord of curvature. 

, 3 ' dp , 

Let MD (Fig. 81), be the tangent to the orbit, and C the centre of cnrvalure ; let 
CD = j;, CM = p, the radius of curvature \ and the angle MEN = <#». Then MS, the 


i/ulependeni of the pafJi described, mid depends solely on the 
Duujnitmle of the attraction, the distance of the point from 
(he centre, and the velocity and distance of projection. 

From (4) it appears that the velocity is the same at all 
points of the same orbit which are equally distant from the 
centre ; if r = i?, the velocity = F ; and thus if the orbit 
is a re-entering curve, the particle always, in its successive 
revolutions, passes through the same point with the same 
velocity. 

If the velocity vanishes at a distance a from the centre 
(4) becomes 

. = 2 [/, (a) - A (r)] (5) 


and a is called the radius of the circle of zero velocity. 


Cor, 3. — From (3) we have 

d{v^) = -^%FdT\ 
A. vdv z=i Pdr^ 
Taking the logarithm of (1) we have 
log V = log 1i — log 
Differentiating we get 
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and, comparing this with (6) of Art. liO, it appears that 
the particle at any point has the same velocity which it 
would have if it moved from rest at that point towards the 
centre of force, under the action of the force continuing 
constant, through one-fourth of the chord of the circle of 
curvature. 

Hence, the velocity of a particle at any point of a central 
orbit is the same as that tvhich loould be acquired by a 
particle 'moving freely from rest through onefourth of the 
chord of curvature at that pointy through the centre, under 
the action of a constant force tohose magnitude is equal to 
that of the central attraction at the point 

Cor. 4. — If the orbit is a circle having the centre of force 

part of the radius vector OM, which is intercepted by the circle of curvature is 
called the chord of curvature. Its value is determined as follows ; 

We have (Fig. 81) 



= 9 + 8in-li; 


. 




r — p9 

Prom Calculus, p. 180, (10), we 

have 



r Vr® — 

m 

and 

rdr ^ 

P 


Siihstitiiting (3) in (1) we get 

% 

(1 

1 

m 



But Calculus, p, S31, we have 

| = .|.by(8)ana(4> 


. p = 

m 


Now MS (Pig. 81) = 2MC sin OMD, 


m the chord of curvature ; therefore 
w dr 

one-fourth the chord of curvature. 
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in the centre, and P, are respectively the radius, 

velocity and central force, we have 

Cor. 5. — Prom (5) of Art. 181, we have 


dt 


( 9 ) 


The first member, being the actual velocity of a point 
on the radius vector at the iiniFs distance from the centre, 
is the angular velocity of the particle (Art. 160). Emm 
the mignlar velocity of a particle varies inversely as the 
square of the radius vector. 

ScH. — A point in a central orbit at which the radius 
vector is a maximum or minimum is called an Apse ; the 
radius vector at an apse is called an Apsidal Distance ; and 
the angle between two consecutive apsidal distances is called 
an Apsidal Angle of the orbit. The analytical conditions 

du 

for an apse are, of course, that = 0, and that the first 

ctu 

derivative which does not vanish should be of an even 
order. The first condition ensures that the radius vector 
at an apse is perpendicular to the tangent. 

184. The Orbit when the Attraction Varies In- 
irersely as the Square of the Distance. — A pariicle is 
projected from a given point in a given direction with a given 
velocity, and moves under the action of a central attraction 
varying inversely as the sqtiare of the distance ; to determine 
the orbit 

Let the centre of force be the origin; F = the velocity 
of projection ; P = the distance of the point of projection 
from the origin; /3 = the angle between B and the line of 
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projection; and let = the absolute force and f = 0 
when the particle is projected. Then since tbe yeloerty _ 

- (Art. 183), and at the point of projection = .B sin (3, 
V 

we have 


h 

R sin (3 


; h = VR sin |3. 


As the force varies inversely as the square of the distance, 
we have 

P = '^2 = (since r = (2) 

which in (9) of Art. 181 gives 

^ I _ f* 

Multiplying by and integrating, we get 


when f = 0, M 
Cor. 1) ; therefore 


and *’ + .•=1'. (Art 183, 


F2 _ V^R — 2f* ^ 

*'• = -p- — pp - A^R 

Substituting this value for e we get 
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which sliotos that the velocity is the greatest token r is the 
least, and the least when r is the greatest 
Changing the form of (4) we have 


du^ _ ifi 

d&‘~ hm u w “/* 


(6) 


To express this in a simpler form, let 

^ = J, and ~ + ^ = c* ; and (6) becomes 


_ 
m ~ 


^-{u- bfi 


— • dOf 

[C2 _ (2^ - J)2]t 

the negative sign of the radical being taken. Integrating 
we have, 

COS”* = 0 — r, 

G 

where d is an arbitrary constant; 

,«*. = 5 + e? cos {0 — G% (7) 

Eeplacing in (7) the values of b and c, and the value of h, 
from (1), and dividing both terms of the second member by 
we have for the equation of the path, 

2/i) R F® sin^ jS 4- 1 

~ ~^F^sin^i3 
f* 

which is the equation of a conic section, the pole being at 
the focus, and the angle {6 — d) being measured from the 
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shorter length of the axis major. For if eis the eccentricity 
of a conic section^ r the focal radins Tector^ and ^ the 
angle between r and that point of a conic section which is 
nearest the focus, we have. 


1 1 + 0 cos A 

= — = — 
f 1 


Comparing (8) and (9), we see that 


^ = 211) RY^ sin 2 18 + 1? (10) 

fl 


^ ( 11 ) 


Now the conic section is an ellipse, parabola, or hyper- 
bola, according as e is less than, equal to, or greater than 
unity; and from (10) e is less than, equal to, or greater 
than, unity according as V^B — is negative, zero, or 
positive ; therefore we see that if 




a < 1, and the orbit is an ellipse, (IS) 

n„ 

F® a = 1, and the orbit is a parabola, (18) 


F* > 0 > 1, and the orbit is a hyperbola. (14) 


Cor. 1. — By (1) of Art. 173, we see that the square of 
the velocity of a pai’ticle falling from infinity to a distance 
R from the centre of force, for the law of attmction we 

are considering, is^« Hence the above conditions may 

be expressed more concisely by saying that the orbit, 
described about this centre of force, will be an ellipse, a 
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paraiola^ or a hyperhola, according as the vehciig is less 
chan, equal to, or greater than, the velocity from infinity. 

The species of conic section, therefore, does not depend 
on the position of the line in which the particle is pro- 
jected, but on the velocity of projection in reference to the 
distance of the point of projection from the centre of 
force. 


Cor. 2. — Prom (11), we see that B -- d is the angle 
between the focal radius vector, 
r, and that part of the principal 
axis which is between the focus 
and the point of the orbit which 
is nearest to the focus ; i. e., it 
is the angle ¥FA (Fig. 82) ; and 
therefore if the principal axis is the initial line c' = 0. 



185. Suppose the Orbit to be an Ellipse. — Here 
P'S < ^ . go that from (10) we have 

g2 _ 1 _ i _ v^E) R F2 sm2 (3. (1) 

r 

Kow the equation of an ellipse, where r is the focal 
radius vector, 6 the angle between r and the shorter seg- 
ment of the major axis, 2a the major axis, e the eccen- 
tricity, is 

r = eJL=Ai, 

1 -f- e COS0’ 


__ 1 ^ e COS B 

— a (1 _ g2) + ’ 

comparing (2) with (8) of Art. 184, we have 

1 ja 

a {I ~ 


m 
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substituting for 1 — its value from (1)^ and solving foi 

we have 

® “ 2fi h F2^’ (3) 

that the major axis is independent of the direc- 
tion of projection. 

We may explain the several quantities which we have 
iisedj by Fig. 82. 

B is the point of projection; FB = DB is the line 
along which the particle is projected with the velocity F; 
FBD = /3, the angle of projection; FP = r; PFA = 0. 
FD =: R sin (3; it p = 90^, the particle is projected from 
an a})se, L e,, from A or A'. 

Coe. l.—To determine the apsidal distances, FA and 
FA', we must put ™ = 0, (Art. 183, Sch.), and (4) of 
Art. 184 give us the quadratic equation 




2, a 


A*" IM 


F* 


A* 


= 0 . 




the kvo roots of which are the reciprocals of the huo apsidal 
distances^ a (1 — e) and a (1 + e). 

Cor. 2. — Since the coefficient of the second term of (4) 
is the sum of the roots with their signs changed, we have 


(1 — ^ (1 - f - 6 ) 




aj(l.-e2) =:li; 


( 5 ) 


which gives the latus rectum of the orlik 
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Coe. 3.— From Art. 183 we have, calling 7' the time, 


_ ^ 

~ h’ 


where A is the area swept over by the radius vector in the 
time T. Therefore for the time of describing an ellipse, 

we have 

2 area of ellipse 
_ 


2™^ Vl 


(1 — 


from (5)j 


27r 


/a^ 

VP 


which is the time occupied ly the particle in passing from 
any point of the ellipse around to the same point again.* 


186. Kepler’s Laws. — By laborious calculation from 
an immense series ot observations of the planets, and of 
Mars in particular, Kepler enunciated the following as the 
laws of the planetary motions about the Sun. 


I. Hie orbits of the planets are ellipses, of ivhieh 
the Sun occupies a focus. 

II. The radius vector of each planet describes 
equal areas in equal times. 

III. The squares of the periodic times of the 
planets are as the cubes of the major axes of their 
orbits. 

187. To Determine the Nature of the Force which 
Acts upon the Planetary System.— (1) From the 
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second of these laws it follows that the planets are retained 
in tlioir orbits by an attraction tending to the Sun, 

Let {x^ y) be the position of a planet at the time t 
referred to two co-ordinate axes drawn through the Sun in 
the plane of motion of the planet ; X, Y, the component 
accelerations due to the attraction acting on it, resolved 
parallel to the axes ; then the equations of motions are 


^ Y 

d¥ ^ ’ d¥ 


y§ = .Y-yX. 


But, by Kepler’s second law, if A be the area described 
dA 

by the radius vector, is constant, 
cit 


dy 

di 


y 


dx\ 

di) 


Differentiating, we have 


d^x 

y-m 


rHd 

dt 

= a constant. 

0 . 


xY — yX = 0, from (1), 


which shows that the axial components of the acceleration, 
due to the attraction acting on the planet, are proportional 
to the co-ordinates of the planet; and therefore, by the 
parallelogram of forces (Art. 30), the resultant of X and Y 
passes through the origin. 
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Hence the forces acting on the planets all pass through 
the Bun's centre, 

(2) Erom the first of these laws it follows that the 
central attraction Yaries inYersely as the square of the 
distance. 

The polar equation of an ellipse, referred to its focus, is 


or 


Hence 




+ u 


a 

1 4- <3 cos 

1 + e cos 6 
a{l — e^) 

1 


a{l 


and therefore, if P is the attraction to the focus, we haY@ 
[Art. 181, (9)], 

i>=wg+«) 


A2 


a{l — r^ 


Hence, if the orKt he an ellipse, described about a centre 
of attraction at the focus, the law of intensity is that of the 
inverse square of the distance, . 

(3) From the third law it follows that the attraction of 
the Sun (supposed fixed) which acts on a unit of mass of 
each' of the planets, is the same for each planet at the same 
distance. 

By Art. 185, Cor. 3, we have 
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But by the third law, qc a^; and therefore ii must be 
constant ; L e,, the strength of attraction of the Sun must 
be the same for all the planets. Hence, not only is the law 
of force the same for all the planets, but the absolute force 
is the same. 

This very brief discussion of central forces is all that we 
have space for. To pursue these enquiries further would 
compel us to omit matters that are more especially entitled 
to a place in this book. The student who wishes to pursue 
the study further is referred to Tait and Steele’s Dynamics 
of a Particle, or Price’s Anal. Mech’s, Vol. I, or to any 
work on Mathematical Astronomy. We shall conclude 
with the following examples. 

EXAMPLES. 

1. A particle describes an ellipse under an attraction 
always directed to the centre ; it is required to find the law 
of the attraction, the velocity at any point of the orbit, and 
the periodic time. 

(1) The polar equation of the ellipse, the pole at the 
centre, is 


=: 

cos^ 6 sin^ 6 ^ 

(1) 

du /] 



••• = {} 

^ - -i) sm 9 cos e, 

(2) 

cU^u du^ i 

(32 “ ^ 2 ) ^ — sia® 9). 



(3) 
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= f { “* + “■ [- % + (k- ^ ®>] i ’ 

by (3), 


■ '*'* - (p - i^y ^ 

(cos^ 0 — sin^ <9)], by (2)* 


-\tt' 
u L 


'|[“’ +&-s)“^ *][“■-&- 5) “■“]' 

by faetoriBg, 


^211, „ 
^• 52 *« 2 >by(l), = ^j5n 




and therefore the attraction varies directly as the distance. 
If jti = the absolute force we have, by (4), 

h^ = fiam (5) 

(2) If = the velocity, we have, by Art. 188, 

” I* ~ W p- 

= ^P,by(5), 

where V is the semi-diameter conjugate to r. 

. • . -y = ^' Vm* 

(3) If y = the periodic time, we have, by Art, 183, 

and hence the periodic time is independent of the magni- 
tude of the ellips.e, and depends only on the absolute 
central attraction, (See Tait and Steele’s Dynamics of a 
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Particle, p, 144, also Price’s Anal. Mech’s, Vol. I, 
p. 516.) 

2. A particle describes an ellipse tinder an attraction 
always directed to one of the foci ; it is required to find the 
law of attraction, the velocity, and the periodic time. 


(1) Here we have 

e 8 ^ 
a (1 - 


u 


d'hi 

W 


du _ 

• e GOB B 


e Bind 


which in (9) of Art. 181 gives 
W 




a (1 — a (1 — 


hence the attraction varies inversely as the square of the 
distance. If = the absolute force, we have by (2) 


A2 = (1 ^). 

(2) By Art. 183, Cor. 1, we have 

2atc — 1 


1 dti^ 

;;2 = ^ + 


dO^ a^(l— 
¥ fi {2au — 1 ) 


.by(l); 


,by (3) and (4). 
(8)Ifr = the periodic time we have (Art. 182) 

2TTC^(l^i 


( 8 ) 
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and hence the periodic time varies as the square root of 
the cube of the major axis. 

3. Find the attraction by which a particle may describe 
a circle, and also the yelocity, and the periodic time, (1) 
when the centre of attraction is in the centre of the circle, 
and (2) when the centre of attraction is in the circam- 
ference. ■ 

(1) Let a = the radius ; then the polar equation, the 
pole at the centre, is 


1 du d^u 


ai 


dQ 


= 05 


lihi^ 


Also V 

From (1) and (2) we have 


/ , dJ^u\ W 

r (^' 

27ra* 


and T 


(1) 

m 


p=-, 

a 


and hence the central attraction is equal to the square of 
the velocity divided by the radius of the circle.* 


(2) The equation, is 

r = 2^» cos 0 ; 


2m(, = seo 


and 


dH 

« + 5P = 


... P = 8a%V = 




and hence the attraction varies inversely as the fifth. 


^ Called tbe C$n.tnfug(A Form. See Art. 198. 
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power of the distance ; and if /i 
have ft = 

and 

If = the periodic time, we have 


the absolute force, we 


JL 




2W 


(See Price’s Anal. Mech., VoL I,, p* 518») 


4 Find the attraction by which a particle may describe 
the lemniscate of Bernouiili and also the velocity, and the 
time of describing one loop, the centre of attraction being 
in the centre of the lemniscate, and the equation being 


cos 26^. 


Ans. P 






= ©*- 




5. Find the attraction by^which a particle may describe 
the cardioid and also the velocity, and the periodic time, 
the equation being r = <35 (1 + cos 0), 
dah\ 


Ans. P 


t) 


6. Find the attraction by which a particle may describe 
a parabola, and also the velocity, the centre of attraction 

, 2(1 

being at the focus, and the equation being r 


2 ft 


Ans. P = H—o I = 

2ar^ r 


1 + cos 0 
Compare (13) of Art. 184. 


7. Find the attraction by which a particle may describe 
a hyperbola, and the velocity, the centre of attraction bein^ 

a {e^ — 1 ) 


at the focus, and the equation being r 

7i^ 1 


Ans. P 


(1 — ’ 


1 -f e cos <9 
ft, {%an 4 - 1 ) 


343 




EXAMPLES, 


8. If the centre of attraction is at the centre of pe 
hyperbola, find the attraction, and Telocity, the ec^iiation 
cos2 0 " siii^ ^ 

being 


; 


P =: — 




— jar I = p> (r^ — W)^ 


9. Find the attraction to the pole under which a particle 
will describe (1) the cnrve whose equation is r =: 2acos^id, 

and (2) the curve whose equation is r = p _ a" cosTz0* 


Ans, (1) P' 


. ■_!_ ^ 




‘ ^-3 ^ %aP 

(1 ^ I attraction in the first curve varies 

partly as the inverse fifth power, and partly as the inverse 
cube, of the distance : and in the second it varies partly as 
the inverse square, and partly as the inverse cube, of the 

distance. 

10. A planet revolved round the sun in an orbit with a 

major axis four times that of the earth’s orbit ; determine 
the periodic time of the planet. 8 years. 

11. If a satellite revolved round the earth close to its 
surface, determine the periodic time of the satellite. 

j^ns. — -j of the moon’s period. 
(60)t 

13. A body describes an ellipse under the action of a 
force in a focus : compare the velocity when it is nearest 
the focus with its velocity when it is furthest from the 

focus. _ . . 

Ans. As 1 4- e : 1 — where e is the eccentricity. 

13 A body describes an ellipse under the action of a 
force to the focus if be the other focus show that tlw 
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velocity at any point P may be resolved into two veloi 
respectively at right angles to *SPand HP, and each 
ingasPP. 

14. A body describes an ellipse under the action 
iorce in the centre : if the greatest velocit.v is f.ln’AA 


17. If P = ^ (5r2 ^ 8c®), and a particle be projected 

from an apse at a distance c with the velocity from infinity ; 
prove that the equation of the orbit is 

J- = I + e-29). 


18. If P _ — -j, and the particle be projected 

from an apse at a distance (t with velocity ^ prove that 
it will be at a distance r after a time 



CHAPTER III. 

CONSTRAINED MOTION. 





188. Definitions. — A particle is constrained in its mo* 
tie 11 when it is compelled to move along a given fixed curve 
or surface. Thus far the subjects of motion have been 
particles not constrained bv any geometric conditions, but 
free to move in such paths as are due to the action of the 
impressed forces. We come now to the case of the motion 
of a particle which is constrained ; that is, in ivhich the 
motion is subject, not only to given forces, but to undeter- 
mined reactions. Such eases occur when the particle is in 
a small tube, either smooth or rough, the bore of which is 
supposed to be of the same size as the pai'ticle ; or when a 
small ring slides on a curved wire, with or without friction ; 
or when a particle is fastened to a string, or moves on a 
given surface. If we substitute for the curve or surface a 
force whose intensity and direction are exactly equal to 
those of the reaction of the curve, the particle will describe 
the same path as before, and we may treat the problem as 
if the particle were free to move under the action of this 
system of forces, and therefore apply to it the general equa- 
tions of motion of a free particle. 


189. Kinetic Energy or Vis Viva (Living Force), 
and Work . — A particle is constrained to move on a given 
smooth plane curve, under given forces in the jAane of the 
^ curve, to determine the motion. 


Let APO be the curve along which, the particle is com- 
pelled to move when acted upon by any given forces. Let 
Qx and. Oy be the rectangular axes in the plane of the 
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curve, tlie axis y positive up- 
wards, and {Xy y) the place of 
the particle, P, at the time t ; 
let X, X, parallel respectively to 
the axes of x and y, be the axial 
components of the forces, the 


mass of the particle bein 


g m 



let R be the pressure between 
the curve and particle, which 
acts in the normal to the curve, since it is smooth, 
the equations of motion are 


Then 


d^x 




'dP 




'df 


ds * 
dx 


(1) 


+ B-j- 


m 


dx d^x + dy 

■■ = -f Ydy. 




m 


Multiplying (1) and (2) respectively by dx and rfy, and 
adding, we have 




Integrating between the limits i and and calling the 
initial velocity, we have 

I - 1 = f^{Xdx + Ydy) (3) 

W31 

The term - is called the vU vivaf^^ or Kinetic Enercj; 

of the mass m; that is, vis viva or kinetic energy is a ^ 
quantity which varies as the product of the mass of the 
particle and the square of its velocity. There is particiilaY \ j-. 

advantage in defining vis viva*, or kinetic energy, as //rd/ 


* See Thomson aud Tajt’s Pan, p. 
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tbe product of the mass - and the square of its velocity/*^ 
The first member, therefore, of (3) is the vis viva or kinetic 
energy of m acquired in its motion from y^) to (% y) 
under the action of the given forces. 

The terms Xdx and Ydy are the products of the axial 
components of the forces by the axial displacements of the 
mass in the time dt, and are therefore, the elements of work 
done by the accelerating forces X and Y in the time df,^ 
according to the definition of work given in Art. 101, Rem.; 
so that the second member of (3) expresses the work done 
by these forces through the spaces over which they moved 
the mass in the time between and f. This equation is 
called the eqtiation of kinetic energy mid of work; it shows 
that the work done by a force exerting action through a 
given distance, is equal to the increase of kinetic energy 
which has accrued to the mass in its motion through that 
distance. 

If in the motion, kinetic energy is lost, negative work is 
done by the force ; L e., the work is stored up as potential 
work in the mass on which the force has acted. Thus, if 
work is spent on winding up a watch, that work is stored 
in the coiled spring, and is thus potential and ready to be 
restored under adapted circumstances. Also, if a weight is 
raised through a vertical distance, work is spent in raising 
it, and that work may be recovered by lowering the weight 
through the same vertical distance. 

This theorem, in its most general form, is the modern 
principle of comervaiion of energy ; and is made the funda- 
mental theorem of abstract dynamics as applied to natural 
philosophy. 

In this case we have an instance of space-mtegrals^ which, 
as we have seen, gives ns kinetic energy and work; the 
solution of problems of kinetic energy and work will be 
explained in Cbap. V. 

* Some writers define via viva as the whole product of the mass and the squar<} 
of the velocity. Sec Uovth’s Jligid Dynamics, p, ^9. 
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X«)w if X and T are functions of the co-ordinates x and 
?/ the second member of (8) can be integrated ; let it be the 
difiereiiriai of some function of x and y, as 0 {x, y). Inte- 
grating (8) on this liypothesis, and supposing v and to 
bo the velocities of tlie particle at the points {x, y) and 
(‘^05 Hi)) corresponding to t and we have 

I (w- - =(t>{x,y) -(i> {x^, y^) (4) 

which shows that the kinetic energy gained by the particle 
constrained to move, under the forces X, F, along 
any path whateverj from the point (x^^ y^) to the point 
{:i*j y)j is entirely independent of the path pursued, and 
depends only upon the co-ordinates of the points left and 
arrived at ; the reaction R does not appear, which is clearly 
as it should be, since it does no work, because it acts in a 
line periiendiciilar to the direction of motion. 

190. To Find the Reaction of the Constraining 
Curve. — For convenience, the mass of the particle may be 
taken as unity. Multiplying (1) and (2) of Art. 189 by 
fly fix 

subtracting the former from the latter, and 
solving for we have, 

n_<Pydx — (P‘xcly —dy dx 

dPds '^^ds~ Ts 

“ ? + ( 1 ) 

in which p is the radius of curvature at the point P. The 
last two terms of (1) are the normal components of the 
nni)ressed forces; and tlierefore, if the particle were at rest, 
they would denote the whole pressure on the curve ; but 
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the particle being in motion, there is an additional pressure 

on tlie curve expressed by . 

In the above reasoning we have considered the particle to 
be on the concave side of the curve, and the resultant of X 
and Y to act towards the convex side along some line as PJP 
so as to produce pressure against the curve. If on the 
contrary, this resultant acts towards the concave side, along 
PF^ for example, then, whether the particle be on the 
concave or convex side, the pressure against the curve will 

be the difference between - and the normal resultant of X 
P 

and Y^ 

191. To Find the Point where the Particle Will 
Leave the Constraining Curve.— It is evident that at 
that point, i2 z=: 0, as there will be no pressure against the 
' curve. Therefore (1) of Art. 190 becomes 


== F' cos F^PB 

if be the resultant of X and Zi 

= F'p cos F^PR 

tsz 2F^* I chord of curvature in the direction PP\ 

Comparing this with (6) of Art. 140, we see that the 
particle will leave the curve at the point where its velocity is 
such as tvoiild he produced by the resultant force then actiny 
on it, if continued constant during its fall from rest through 
a space equal to J of the chord of curvature parallel to that 
resultant. (See Tait and Steele’s Dynamics of a Particlej 
p.m) ' 
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192. Constraiaed Motion Under the Action 
Gravity. — When gravity is the only force acting on the 
particle, the formnlse are simplified. Taking the axis of 
vertical and positive downwards, the forces become 

X = 0, and F= 4-y; 
and for the velocity we have, by (3) of Ai't. 189, 




where f ^ is the initial space corresponding to the time 
Wot the pressure on the curve we have, by (1) of Art 190, 


M 


# . dx 
p ^ ds* 


: If the origin be where the motion of the particle begins, 
the initial velocity and space are zero, and (1) becomes 


m 


This shows that the velocity of the particle at any time 
is entirely independent of the form of the curve on which 
it moves; and depends solely on the perpendicular distance 


through which it falls. 


' :i93. Arc in a 

Plane. — Take the vertical diameter as axis of and 
lower extremity as origin ; then the equation of the 

=: %ay — 
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Let ih h) be the point K where 
the particle starts from rest, and^ {x, y) / \ 

the point P where it is at the time t. / 2^ \g 

Then the particle wall have fallen 

through the height EM — h — y, m L\/ 

and henee from (3) of Art. 193 we o ^ 

, Fig. 84 \ 

iiave 

at 

Hence the velocity is a minimum when y = /«, and a 
maximum when = 0; and this maximum velocity will 
carry the particle through 0 to K' at the distance li above 

the horizontal line through 0. , . i • ,iocPAT.t 

To find the time occupied by the particle in its descent 

from K to the lowest point, 0, we have from (3) 


cls 

VWW— y) 

— ad^ 

V'Sp \h - y) (M 


:by(l) (3) 


the negative sign being taken since t is a decreasing func- 

^'Thfs expression does not admit of integration ; ^ ^ 
veduced to an ell^tic integral oi the first kind, and tables 
J.'e given of the approximate values of the integial f ■ 

If however, the radius of the circle is large, and the 
greatest distance KO, over which the particle moves, is 
small, we may develope (3) into a series of terms in ascend- 
ing powers of and thus find the integral approximately. 


# See Legendre’s Traite des Fonctions Bllipti(iues. 


352 


THE SIMPES PEXPULVM. 



Let y bo the time of motion of the jiarticle from A to A , 
i. e., from 1 / = It, through y =z 0, to y = h again, then (3) 
bocomoa 


T-. 


/« /r 

y nJ. . 


\ // yhy — 


1 4. 1 ^ 4- 1 3 ( y ^. 

yJo L 

integrating each term separately we have 


Vlty — f ’ 


T-. 




which is the complete expression for the time of moving 
from the extreme position K on one side of the vertical to 
the extreme position K' on the other; this is called an 
oscillation. (See Price’s Anal. Mechs., Vol, 1., p. 518.) 

If the arc is very small, li is very small in comparison 

with a, and all the terms containing will he very small, 


and by neglecting them (4) becomes 


T 


=Vi' 


194. The Simple Pendulum. — Instead of supposing 
the particle to move on a curve^ we may imagine it sus- 
pended by a string of invariable length; or a thin rod 
considered of no weight, and moving in a vertical 
ai)out the point C; for, whether the force acting on 
particle bo tlie reaction of the- curve or the tension of th(‘ 
string, its hiffmify is the same, while its direction,] 
either ease is along the normal to the curve. 
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Whou the particle is supposed to be suspended bj a 
thread witiiout weigh t, it becomes what is termed a simple 
pendulum ; and although such an instrument can never Le 
perfectly attained, but exists only in theory, yet approxima- 
tions may be made to it sufficiently near for practical pur- 
poses, and by means of Dynamics we may reduce the 
calculation of the motion of such a pendulum to that of 
the simple pendulum. 

If I is the length of the rod, the time of an oscillation is 
approximately given by the formula 

<*> 

when the angle of oscillation is very small, i, e,^ not ex- 
ceeding about 4° ; ^ and therefore, for all angles between 
this and zero, the times of oscillation of the same pen- 
dulum will not perceptibly differ ; L e., in very small arcs 
the oscillations may be regarded as isochronal, or as all 
performed in the same time. 

195. Relation of Time, Length, and. Force of 
Gravity. — From (1) of Art. 194, we have Tqc 's/I if g is 

constant ; Toe ~~ if I is constant; ^ cc Z if T is constant, 

vg 

that is 

(1) For the same place the times of oscillation are as the 
square roots of the lengths of the pendulums, 

(2) For the same pendulum the times of oscillation are 
inversely as the square roots of the force of gravity at 
different places, 

* If the initial inclination is 5% the second term of (4) is only 0.000476 ; if 1“ tbe 
second term is only 0.000010. 
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(3) For the sniiie time the lengths of pendulums vary as 
the force if gravity • < 

lienee by nieaiis of the penclulnm the force of gravity at 
diltoront places of the earth’s surface may be determined. 
Let L be the lengtii of a peucliil am which vibrates seconds 
at the place vrhere the value of g is to be found ; then from 
(1) of Art. 194 we have 



and from this formula g has been calculated at many places 
on the earth. The method of determining L accurately 
will be investigated in Chap. VIL 

Cob. — I f be the number of vibrations performed dur- 
ing N seconds, and T the time of one vibration, 

then » = ^, by (1) of Art. 194 = (2) 

Since gravity decreases according to a known law, as we 
ascend above the earth’s surface, the comparison of the 
times of vibration of the same pendulum on the top of a 
mountain and at its base, would give approximately its 
heiglit. 

196. The Height of a Mountain Determined with 
the Pendulum. — A seconds peMdnlxmi is carried to the top 
of a moiintam; required to find the height of the mountain 
hy observing the change in the time of oscillation. 

Let r be the radius of the earth considered spherical; h 
the height of the mountain above the surface; I the length 
of the pendulum; y and / the values of gravity on the 
earth’s surface, and at the top of the mountain respectively 
Then (Art. 174) we have 
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ir + hf 

... ^ 


gr^ 

ir^ 


wliicli is the force of gravity at the top of the moiiiitaiii. 

Let n = the number of oscillations which the seconds 
pendulum at the top of the mountain makes in 24 hours; 

then the time of oscillation = ^ Hence from 

n 

(1) of Art. 195, we have 

24 X 60 X 60 77 r + h /T , , . . 


. by(l); - 


24 X 60 X 60 


1, [since 


which gives the height of the mountain in terms of the 
radius of the earth. For the sake of an example, suppose 
the pendulum to lose 5 seconds in a day ; that is, to make 
5 oscillations less than it would make on the surface of the 
earth. 


= 24 X 60 X 60 


which in (2) gives 


24 X 60 X 60 
24 X 60 X 60 — 


24 X 60 


1 r. 

10 X 12/ 


24 X 60 X 12 


: nearly; 


24 X 60 X 12 


To = i mile, nearly. 


> r being 4000 miles (approximately). 

A ■ ■ ■ * 


197. The Depth of a Mine Determined by Ob- 
serving the Change of Oscillation in a Seconds 
Pendiiliim.~Let r be the radius of the earth as in the 


p 
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];ls( ease ; h the depth of the mine ; g and g' the values of 
ity on the eartlfs surface and at the bottom of the 




mine. Then (Art. 1?1) we have 


1 

9' 


■h 


Then 


24 X 60 X 60 


n 


/ Ir 
9 ir- 

/ r 

~ V 


h) 


r \k 


i 


i 24 X 60 X 60 ; 

from which h can be found. If, as before, the pendulum 
loses 6 seconds a day, we have 

h 




■ 24 X 60 X 12 ^ 


nearly. 


“ 12 X 60 X 12 

A = J mile neaady. 

(See Price’s Anal. Mech’s, Vol. I, p. 590, also Pratt’s 
Mech’s, p. 876.) 




( 1 ) 


Let n = the number of oscillations which the seconds 
pendulum at the bottom of toe mine makes in 24 hours. 





198. Centaipetal and Centrifugal Forces.— Since 

the pressure — , at any pointy depends entirely upon the 

velocity at that point and the radius of curvature^, it would 
remain the same if the forces X and F were both zero, in 
which case it would be the whole normal pressure, i?, 
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against the curve. It is easily seen, therefore, that this 
ju’essiire arises entirely from the inertia of the moving 
particle, i. from its tendency at any point, to move in 
the direction of a tangent; and this tendency to motion 
along the tangent necessarily causes it to exert a pressure 
against the deflecting curve, and which requires the curve 

to oppose the resistance — • Hence, since the particle if 

left to itself, or if left to the action of a force along the tan- 
gent, would, by the law of inertia, continue to move along 

that tangent, ~ is the effect of the force which deflects the 

particle from its otherwise rectilinear path^ and draws it 
towards the centre of curvature. This force is called the 
Centripetal Force^ which, therefore, may be defined to be 
the force %oliich deflects a particle from its otlienoise recti- 
linear path* The equal and opposite reaction exerted away 
from the centre is called the Centrifugal Force, which may 
be defined to be the resistance tvhich the inertia of a particle 
in motion opposes to lohatever deflects it from its rectilinear 
path* Centripetal and centrifugal are therefore the same 
quantity under different aspects. The action of the former 
is totoards the centre of curvature, while that of the latter 
is/rom the centre of curvature. The two are called central 
forces. They determine the direction of motion of the par- 
ticle but do not affect the velocity, since they act continu- 
ally at right angles to its path. If a particle, attached to a 
string, be whirled about a centre, the intensity of these 
central forces is measured by the tension of the string. If 
the string he cut, the particle will move along a tangent to 
the curve with unchanged velocity. 


Cor. l.~~If m he the mass moving with velocity v, ita 
• ■ • ■ 

centrifLigal force is m If o be the angular velocity 


B5B 


CENTRIFUGAL FORCE. 


described by the radius of curvature, then (Art, 160, Ex. 1). 
I? = ow, and consequently 

the centrifugal force of m = (1) 

0OB. 2.— Let m move in a circle with a constant velocity, 
V ; let a = the radius of the circle, and T the time of a 
complete revolution; then 27Ta = vT; 

• •• the centrifugal force ot m = m ; (2) 


and thus the centrifugal force in a circle varies directly as 
the raditis of the circle, and inversely as the square of the 
periodic time. 

Coe. 3.-~If m moves in the circle with a constant 
angular velocity, o), then (Art. 160, Ex. 1), v = ao ; 

the centrifugal force of m = m ; (3) 


and therefore varies dwectly as the radius of the circle. 

Thus if a particle of mass m is fastened by a string of 
length a to a point in a horizontal plane, and describes a 
I circle in the plane about the given point as centre, the cen- 

f trifiigal force produces a tension of the string, and if w is 

the constant angular velocity, the tension = m 


199. The Centrifugal Force at the Equator. — Let 

R denote the equatorial radius of the earth = 20926202^ 
feet, T" the time of revolution upon its axis =86164 


seconds, and tt = 8.1415926. Substituting these values in 
(2) of Art. 198, and denoting the centrifugal force at the 
equator by/, and the mass by unity, we have 

47r^ R 

/=i^ = 0.11136 feet. (1) 

♦ Ency. Brit., Art, Geodesy, 
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The force of grayity at the equator has been found to be 
32,09022; if this force were not diminished by the cen- 
trifugal force ; L e,, if the earth did not reyolve on its 
axis the force of gravity at the eqiiatpr would be 


G = 32.09022 + 0.11126 = 32.20148 feet. 


To determine the relation between the centrifugal force 
and the force of gravity^ we divide (1) by (2) which gives 

( 3 ) 


/ 

G 


0.11126 1 

= nearly. 


32.20148 ““ 289^ 


that is, the centrifugal force at the equator is of that 
which the force of gravity at the equator would be if the 
earth did not rotate. 


200. Centrifugal Force at Differ- 
ent Latitudes on the Earth. — Let 
F be any particle on the earth’s surface 
describing a circumference about the 
axis, WS, with the radius FJD. Let 
(p =z A OF = the latitude of P; R 
the radius, A (7, of the earth ; and R 
the radius FD of the parallel of lati- 
tude passing through P. Then we have 


Fig. 85 


R z=. R cos (p. 


Let the centrifugal force at the point P, which is exerted 
in the direction of the radius PP, be represented by the 
line PP. Resolve this into the two components PP, act- 
ing along the tangent, and PP, acting along the normah 
Then by (2) of Art. 198 we have 


:]co 
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Iloiifc, the centrifuged force at amj point on the earth's 
surface varies clirecthj as the cosine of the latitude of the 
place. 

For tlie normal component we haTe 
PE = PB cos (p 
cos^ P 


p2 


by (3) 


= /COS2 |3y (1) of X99. (3) 

Hence, the component of the centrifugal force which directly 
opposes the force of gravity , at any point on the earth's sur- 
face^ is equal to the centrifugal force at the equator, mul- 
tipMed ly the square of the cosine of the latitude of the 
place. 


Also 


PF = PB sin (p 

_ AttW. sin (p cos (p 




> by (2) 


= I" sin by (1) of Art. 199 ; (4) 

tliat is, the component of the centrifugal force which tends 
to draw particles from any parallel of latitude, P, towards 
the equator, and to cause the earth to assume the figure 
of an oblate spheroid, varies as the sine of twice the 
latitude. 


if 



i The preceding calculation is made on the hypothesis that 

the earth is a perfect sphere, whereas it is an' oblate 
spheroid ; and the attraction of the earth on particles at 
;■ its surface decreases as we pass from the poles to the 

' equator. The pendulum furnishes the most accurate 
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.metliocl of determiiiiiig the force of ■ gravity . at differeiil 
places on. the earth^s' surface. 

201. The Conical Pendu- 
lum.— The Governor. — Suppose 
a particle;, P, of mass to be at- 
tached to one end of a string of 
length /, the other end of which is 
fixed at A. The particle is made 
to describe a horizontal circle of 
radius PO, with uniform velocity 
round the vertical axis AO, so that 
it makes n revolutions per second. 

It is required to find the inclina- 
tion, 0, of the string to the vertical, 
and the tension of the string. 

The velocity of P in feet per second = • OP = I 

sin d. The forces acting upon it are the tension, T, of the 

string, the weight, m, of the particle, and the centrifugal 

. 1 % i9 . 

lorce, m — — (Art. 198). Hence resolving, we have 


for horizontal forces, 

T sin 6 z= m> 4 tt %2 ; sin 0 ; 

( 1 ) 

for vertical forces, 

T cos 6 = mg. 

(2) 

From (1) T = 

which in (2) gives 


(3) 

cos 6 

_ 9 

47r%2 p 

( 4 ) 


where P and 9 are completely determined. 

If the string be replaced by a rigid rod, which can turn 
about A in a ball and socket joint, the instrument is called 
a conical pendulum , and occurs in the governor of the 
steam-engine. 
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EXAMPLES. 

1. If fclie leBgtii of tlie seconds pendiilmn be 39.1393 

inches in London, find the value of ^ to three places of 
decimals. '32.191 feet. 

2. In vdiat time will a pendulum vibrate whose length is 

15 inches ? Ans. 0.62 sec. nearly. 

3. In what time will a pendulum vibrate, whose length is 
double that of a seconds pendulum ? Ans. 1.41 secs. 

4. How many vibrations will a pendulum 3 feet long 

make in a minute ? A7is, 62.55. 

5. A pendulum which beats seconds, is taken to the top 
of a mountain one mile high ; it is required to find the 
number of seconds which it will lose in 12 hours, allowing 
the radius of the earth to be 4000 miles. A^is, 10.8 secs. 

6. What is the length of a pendulum to beat seconds at 
the place where a body falls 16^i^ ft. in the first second ? 

Ans. 39.11 ins. nearly. 

7. If 39.11 ins. be taken as the length of the seconds 

pendulum, how long must a pendulum be to beat 10 times 
in a minute? Ans. IH-I^ft. 

8. A particle slides down the arc of a circle to the 
lowest point ; find the velocity at the lowest point, if the 
angle described round the centre is 60L Ans. Vgr. 

9. A pendulum which oscillates in a second at one place, 

is carried to another place where it makes 120 more oscil- 
lations in a day; compare the force of gravity at the latter 
place with that at the former. Ans. 

10. Find the number of vibrations, ??.j,w^hich a pendulum 
will gain in W seconds by shortening the length of the 
pendulum. 
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' Let 'tbe lengtli^ Z, be. decreased by a small, qiiaBtity^, 
lip and let n be mcre.ased by ; then from (2) of Art. 195 
we .get, 

jsr 


'wHcli^ divided by (2) of Art. 195, gives 



1 

\l - Zi/ ■“ 1 

l) 


1 + ^ nearly. 


Hence 


11. If a pendulum be 45 inches long, how many vibra- 
tions will it gain in one day if the bob be screwed np one 
turn, the screw having 32 threads to the inch ? 

Ans. 28. 

12. If a clock loses tw^o minutes a day, how many turns 

to the right hand must we give the nut in order to correct 
its error, supposing the screw to have 50 threads to the 
inch ? A71S. 5 • 4 turns. 

13. A mean solar day contains 24 hours, 3 minutes, 

56-5 seconds, sidereaL time ; calculate the length of the 
pendulum of a clock beating sidereal seconds in London. 
See Ex. 1. A^is, 38* 925 inches. 

14. A heavy ball, suspended by a fine wire, vibrates in a 

small arc ; 48 vibrations are counted in 3 minutes. Cal- 
culate the length of the wire. A?is, 45-87 feet. 


15. The height of the cupola of St. Paul’s, above the 
floor, is 340 ft.; calculate the number of vibrations a heavy 
body would make in half an hour, if suspended from the 
dome by a fine wire -which reaches to within 6 inches of 
the floor. ’ A^is- 176*4. 


364 


'EXA3rP:I^m. 


IG. A seconds pendulum is carried to the top of a 
moinuain m miles high ; assuming that the force of 
gravity varies inversely as the square of the distance from 
the centre of the earth, find the time of an oscillation. 


^ /4000 + 

Ans. j 


secs. 


IT. Prove that the lengths of pendulums vibrating dur- 
ing the same time at the same place are inversely as the 
squares of the number of oscillations. 

18. In a series of experiments made at Harton coal-pit, a 
pendulum which beat seconds at the surface, gained 2-|- 
beats in a day at a depth of 1260 ft.; if ^ and cf be the 
force of gravity at the surface and at the depth mentioned, 
show that 


9 


Tiriiro* 


^ 19. A pendulum is found to make 640 vibrations at the 
equator in the same time that it makes 641 at Greenwich ; 
if a string hanging vertically can just sustain 80 lbs. at 
Greenwich, how many lbs. can the same string sustain at 
the equator ? Am. 80-|- lbs. about. 

20. Find the time of descent of a particle down the arc 

of a cycloid, the axis of the cycloid being vertical and vertex 

downward ; and show that the time of descent to the lowest 

point is the same whatever point of the curve the particle 

starts from. . /r 

Am. tt/V/ -• 

\g 

21. If in Ex. 20 the particle begins to move from the 
extremity of the base of the cycloid find the pressure at the 
lowest point of the curve. 

A/^-S'. "2(j ; ‘L e., the pressure is .twice the weight of the 
particle. 
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22. Find the pressure on the lowest point of the curve 
in Art. 193, (1) when the particle starts from rest at the 
highest point, A, (Fig. 84), (2) when it starts from rest at 
the point B. 

-Ans. (1) og; (2) 3g-, i.e., (1) the pressure is five times 
the weight of the particle and (.2) it is three times the 
weight of the particle. 

23. In the simple pendulum find the point at which the 
tension on the string is the same as when the particle 
hangs at rest. 

Ans. y = %h, where h is the height from which the 
pendulum has fallen. 

24. If a particle be compelled to move in a circle with a 
velocity of 300 yards per minute, the radius of the circle 
being ic ft., find the centrifugal force. 

Ans. 14*06 ft. per sec. 

25. If a body, weighing 17 tons, move on the circum- 

ference of a circle, whose radius is 1110 ft., with a velocity 
of 16 ft. per sec., find the centrifugal force in tons (take 
g = 32*1948). -4ns. 0*1217 ton. 

26. If a body, weighing 1000 lbs., be constrained to move 
in a circle, whose radius is 100 ft., by means of a string 
capable of sustaining a strain not exceeding 450 lbs., find 
the velocity at the moment the string breaks. 

Ans. 38*06 ft. per sec. 

27. If a railway carriage, weighing 7 * 21 tons, moving at 
the rate of 30 miles per hour, describe a portion of a circle 
whose radius is 460 yards, find its centrifugal force in tons. 

\ Ans. 0*314 ton. 

28. If the centrifugal force, in a circle of 100 ft. radius, 
be 146 ft. per sec., find the periodic time. 

Ans. 5*2 secs. 
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29. If the oeiitrifiigal force be 131 ozs., and tlie radius 

of the circle 100 ft.^ the periodic time being one hour, find 
the weight of the body. Ans« 386 * 309 tons. 

30. Find the force towards the centre required to make 
a body move uniformly in a circle whose radius is 5 ft., 
with such a velocity as to complete a revolution in 5 secs. 

471 ^ '■ 


31. A stone of one lb. weight is whirled round horizon- 
tally by a string two yards long having one end fixed ; find 
the time of revolution when the tension of the string is 3 lbs. 

Ans. 27 ta/~ secs. 

V 

32. A weight, w, is placed on a horizontal bar, OA, 
which is made to revolve round a vertical axis at 0, with 
the angular velocity o); it is required to determine the 
position, A, of the weight, when it is upon the point of 
sliding, the coefficient of friction being /. 

Ans, OA 


38. Find the diminution of gravity at the Sun’s equator 
caused by the centrifugal force, the radius of the Sun being 
441000 miles, and the time of revolution on his axis being 
607 h. 48 m. Ans, 0* 0192 ft. per sec. 

34. Find the centrifugal force at the equator of Mercury, 

the radius being 1570 miles, and the time of revolution 
24 h. 5 m. Ans, 0- 0435 ft. per sec. 

35. Find the centrifugal force at the equator, (1) of 
Venus, radius being 3900 miles and time of revolution 
23 h. 21 m., (2) of Mars, radius being 2050 miles and 
periodic time 24 h. 37 m., (3) of Jupiter, radius being 
43500 miles and periodic time 9 h. 56 m., and (4) of Saturn, 
radius being 39580 miles and periodic time 10 h, 29 m. 



EXAMPLES. 


37. Pind (1) the diminution of gravity caused by cen- 
trifugal force, and (2) the component winch urges particles 
towards the e<juator, at the latitude of 2o . 

Ans. (1) 0-09 ft. per sec.; (2) 0-04 ft. per sec. 

38. A railway carriage, weighing 12 tons, is moving 
along a cii’cle of radius 720 yards, at the rate of 32 miles 
an hour; find the horizontal pressure on the rails. 

Ans. 0-38 ton, nearly. 

39. A railway train is going smoothly along a curve of, 
500 yards radius at the rate of 30 miles an hour ; find at 
what angle a plumb-line hanging in one of the carnages 
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■44 Ono ond of a string is dxed ; to the otliev end a 
particle is attached which describes a horizontal circle with 
uniform velocity so that the string is always inclined at an 
nimle of 00“ to the vertical; show that the velocity ot t 
narticlo is that which would be acquired in falling freely 
from rest through a space equal to three-fourths of the 
length of the string. 

45. The horizontal attraction of a mountain on a particle 
At a eortaiii place is such as would produce in it an accelera- 
tion denoted by Show that a seconds pendulum at that 


place will gain 


beats in a day, very nearly. 



4G. In Art. 201, suppose I equal to 2 ft. and m to be 20 
lbs., and that the system makes 10 revolutions per sec., and 
gf 32 j find B and 21 

Am. 0 = cos-1 r = dOOrr^ pounds. 


47. A tube, bent into the form of a plane curve, revolves 
with' a given angular velocity, about its vertical axis ; it is 
required to determine the form of the tube, when a heavy 
particle placed in it remains at rest in all parts of the 



tuue. „ T • 45 

(Take the vertical axis for the axis of y, and the axis of r 

horizontal, and let w = the constant angular velocity). 
Ans. = ‘2gy, if a; = 0 when y — 0, i. e., the curve 
is a parabola whose axis is vertical and vertex downwards. 

48. A particle moves in a smooth straight tube winch 
revolves with constant angular velocity round a vertical 
axis to which it is perpendicular, to determine the curve 

traced by the particle. w 

Let w = the constant ansular velocity; and (r, B) the 

Ad- n t- nrinti / •JVirf 4* Q, (HCll 

posiuoa Qi I'ifci wuii-c o*v 



examples. 


Hence we have 



CHAPTER IV 

IMPACT, 

, 202. An Impulsive Force.— HWherto we have con- 
sidered force only as continuous, i. e., acting through a 
definite and finite portion of time, and producing a finite 
change of velocity in that time. Such a force is measured 
at any instant by the mass on which it acts multiplied by 
the acceleration which it causes. If a particle of mass m be 
moving with a velocity », and be retarded by a constant 
force which brings it to rest in the time t, then the measure 

of this force is (Art. 20). Now suppose the time t dur- 
ing which the pai-tiele is brought to rest to be made very 
small; then the force required to bring it to rest must he 
very large ; and if we suppose t so small that we are unable 
to measure it, then the force becomes so great that we are 
unable to obtain its measure. A typical case is the blow of 
a hammer. Here the time during which there is contact is 
apparently infinitesimal, certainly too small to he measured 
by any ordinary methods ; yet the effect produced is con- 
siderable. Similarly when a cricket balHs driven back by 
a blow from a bat, the original velocity of the ball is 
destroyed and a new velocity generated. Also when a bul- 
let is discharged from a gun, a large velocity is generated 
in an extremely brief time. Forces acting in this way are 
called impuMve forces. An impulsive force may therefore 
be defined to be a force lohich produces a finite change o;f 
motion in an indefinitely brief time. An Impulse is the 

effect of a bloiv. ■ 

In meh cases as these it is impossible accurately to 
determine the force and time; but we can determiu-' 
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tticir product, or Ft, since this- is merely .the change 
in velocity caused by the blow (Art. 20). Hence, in 
the case of blows, or impulsive forces, w^e do not attempt 
to measure the force and the time of action separately, but 
simply take the whole momentum pfodmed or destroyed.^ aS' 
the measure of the impulse. Because impulsive forces pro- 
duce their effects in an indefinitely short time they are 
sometimes called instantarieous forces^ L e,, forces recpiiring 
no time for their action. But no such force exists in 
nature; every force requires for its action. There is 
no case in nature in wiiich a finite change of motion is 
produced in an infinitesimal of time ; for, whenever a 
finite velocity is generated or destroyed, a finite time is 
occupied in the process, though we may be unable to 
measure it, even approximately. 

203. Impact or Collision. — When two bodies in rela- 
tive motion come into contact wdth each other, an impact 
or collision is said to take place, and pressure begins to act 
between them to prevent any of their parts from jointly 
occupying the same space. This force increases from zero, 
when the collision begins, up to a very large magnitude at 
the instant of greatest compression. If, as is always the 
case in nature, each body possesses some degree of elasticity, 
and if they are not kept together after the impact by 
cohesion or by some artificial means, the mutual pressure 
between them, after reaching a maximum, will gradually 
diminish to zero. The whole process would occupy not 
greatly more or less than an hour if the bodies were ot such 
dimensions as the earth, and such degrees of rigidity as 
copper, steel, or glass. In the case, however, of globes of 
these substances not exceeding a yard in diameter, the 
whole process is probably finished within a thousandth of 
a second.^' 

The impulsive forces are so much more intense than the 

Tlioinson aiKJ Tait’s Uat. Phil., p. 274, 
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crdinarv force., that during the brief time in which the 
former "act, an ordinary force does not produce^ an effect 
comiuirable in amount with that produced by an impu si-ve 
force. For example, an impulsive force might generate a 
velocity of 1000 in less time than one-tenth of a second, 
while gravity in one-tenth of a second would generate a 
velocity of about tlmee. Hence, in dealing with the effects 
of impulses, finite forces need not be considered. 

204. Direct and Central Impact.— When two bodies 
impinge on each other, so that their centres before impact 
are modng in the same straight line, and the common tan- 
gent at the point of contact is perpendicular to the line of 
motion, the impact is said to be direct and central.^ When 
these conditions are not fulfilled, the impact is said to be 

oblique. - ,, ii. 

When two bodies impinge directly, one upon the other, 

the mutual action between them, at any instant, must be 
in the line joining their centres ; and by the third law 
(Art. 166), it must be equal in amount on the two bodies. 
Hence, by Law II, they must experience equal changes of 
motion in contrary directions. 

We may consider the impact as consisting of two parts; 
during the first pai-t the bodies are coming into closer con- 
tact with each other, mutually displacing the particles in 
the vicinity of the point of contact, producing a compres- 
sion and distortion about that point, which increases till it 
reaches a maximum, when the molecular reactions, thus 
called into play, are sufiBcient to resist further compression 
and distortion. At this instant it is evident that the 
points in contact are moving with the same velocity. Ho 
body in nature is perfectly inelastic ; and hence, at the 
instant of greatest compression, the elastic forces of resti- 
tiilion are brought into action ; and during the second part 
of the impact the mutual pressure, produced by the elastic 
forces, which were brought into action by the compression 
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during the first part of the impact, tend to separate the 
two bodies, and to restore them to their original form. 

205. Elasticity of Bodies.-— Coefficient of Resti- 
tution.^ — It appears from experiment that bodies may be 
Dompressed ill various degrees, and recover more or less 
their original forms after the compressing force has ceased . 
this property is termed elmticity. The force urging tlu 
approach of bodies is called the force of cof72pressio}i ; the 
force causing the bodies to separate again is called the 
force of TBatitutiofi. Elastic bodies are such as regain a 
part or all of their original form when the compressing 
force is removed. The ratio of the force of restitution to 
that of compression is called the Ooefficient of Reshiiition,'^ 
It has been found that this ratio, in the same bodies, is 
constant whatever may be their velocities. 

When this ratio is unity the two forces are equal, and the 
body is said to be perfectly elastic j when the ratio is zero, 
or the force of restitution is nothing, the body is said to be 
non-elastic ; when the ratio is greater than zero and less 
than unity, the body is said to be imperfectly elastic. There 
are no bodies either perfectly elastic or perfectly non-elas- 
tic, all being more or less elastic. 

In the cases discussed the bodies will be supposed spher- 
ical, and in the case of direct impact of smooth spheres it 
is evident that they may be considered as particles, since 
they are symmetrical with respect to the line joining their 
centres. 

The theory of the impact of bodies is chiefiy due to 
Newton, who found, in his experiments, that, provided the 
impact is not so violent as to make any sensible indentation 
in either body, the relative velocity of separation after the 
impact bears a ratio to the relative velocity of appioaoh 
before the impact, which is constant for the same two 

“J' Sometimes called Coefficient of Elasticity. TodhuHter’s Mech. , p. m 
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% 


])ocUcs. Ill I^ewton’s experiments, however, the two bodies 
seem always to have been formed of the same sub- 
stance. He found that the value of this ratio (the coeffi- 
deni of restiMion), for balls of compressed wool was about 
I, steel about the game, cork a little less, ivory f, glass ||. 
idle results of more recent experiments, made by Mr. 
Hodgkinson, and recorded in the Report of the British 
Association for 1884, show that the theory may be received 
as satisfactory, with the exception that the value of the 
ratio, instead of being quite constant, diminishes when the 
velocities are veiy large. 



206. Direct Impact of Inelastic Bodies . — A sphere 
of mass M, movmg ivith a velocity e, overtakes and impinges 
directly on another sphere of mass M', movmg in the same 
direction with velocity v', and at the instant of greatest 
mutual compression the spheres are moving toith a common 
velocity V. Determine the motion after impact, and the 
impidse during the compression. 


y 



Let R denote the impulse during the compression, which 
acts on each body in opposite directions ; and let us sup- 
pose the bodies to be moving from left to right. Then, 
since the impulse is measured by the amount of momentum 
gained by one of the impinging bodies or lost by the other 
(Art. 202), we have 



Momentum lost by if r=: if — F) = R, 

gained by if' = if' ( F - v^) = R, 

if(t^- F) = if' (F-'y'). 

Solving (3) for F we get 

_ ifi» -f- if '?/ 

if-f-lF’" 

which in (1) or (2) gives 



DIRECT IMPACT OP INELASTIC BODIES. o<0 




B 


MM! (y - y') 
T>J/' 


Hence the common velocities of thetioo todies after impact 
is equal to the algebraic sum of their momenta, divided by 
the sum of their masses, and also, from (4), the ichoLe 
momentum after impact is equal to the sum of the momenta 
before. 

COH. 1.— Had the balls been moving in opposite direc- 
tions, for example had M' been moving from right to left, 
v' would have been negative, in which case we would have 


Mv — M'v' 

' M+M’’ 


MM’ (v + y') 
M+M' 


From the first of these it follows that both balls will be 
reduced to rest if 

Mv — M'v'; 

that is, if before impact they have equal and opposite 
momenta. 

OoK. 2.— If Jf' is at rest before impact, v' = 0, and (4) 
becomes 

- M+M’ ^ ' 

If the masses are equal we have from (4) and (6) 


7 = 


according as they move in the same or in opposite direc- 
tions. 

207. Direct Impact of Elastic Bodies. — When the 
balls are elastic the problem is the same, up to the instant 
of greatest compression, as if they were inelastic ; but at 
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this iBstant, the force of restitution, or that tendency which 
elastic bodies hare to regain their original form, begins to 
throw one ball forward with the same momentum that it 
throws the other back, and this mutual pressure is propor- 
tional to B (Art. 206). 

Let e be the coefficient of restitution ; then during the 
second part of the impact, an impulse, eR, acts on each 
ball in the same direction respectively as B acted during 
the compression. Let h, and r/ be the velocities of the 
balls Jfand M' when they are finally separated. Then we 
have, as before, 

Momentum lost by M •=■ M{Y — = eR, (1) 

“ gained by M' = M' {y, — V) = eR- (^2) 
From (1) we have 


Mv + MV eMi 

- M + M~~ 

by (4) and (5) of Art. 206, 


'-y+T » + 


Similarly from (2) we have 



= *»' + M+W 

toMch are the velocities of the halls wlmi finally separated. 

These results may be more easily obtained by the coiv 
sideration that the whole impulse is (1 + e) i? ; for this 
gives at once the whole momentum lost by M or gained by 
during compression and restitution as follows : 

M{v - V,) = (1 + e) R, 



( 5 ) 


and 
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^ = (1 + e)B. ' : (6) 


Siibstitiiting in (5) and (6) the value of B from (5) of Art. 
206;, we bave tlie values of v and immediately. 

OoK. 1. — If the balls are moving in opposite directions, 
becomes negative. If the balls are non-elastic, e — 0, 
and (3) and (4) reduce to (4) of Art. 206, as they- should. 

Cor. 2. — If the balls are ferfectly elastic, ^ = 1, and (3) 
and (4) become - 

Cor. 3. — Subtracting (4) from (3) and reducing, we get 

Vi — Vi =: y — v’ — (1 4- <?) (y — - y'), 

= — y (y — y'). (9) 

Hence, the relative velocity after im^jact is —e times the 
relative velocity before impact. 

CoR. 4. — Multiplying (3) and (4) by 31 and 3i\ respect- 
ively, and adding, Ave get 


i/yi + 3I’vi = 3iv 4- M'v\ 


( 10 ) 


Hence, as in Art. 206, the algebraic sum of the momenta 
after impact is the same as before ; 1. e,, there is no mo- 
mentum lost, Avhich of course is a direct consequence of the 
third law of motion (Art. 169)» 

CoE. 5. — Suppose y' = 0, so that the body of mass if, 
moving Avith velocity v, impinges on a body of mass if' at 
rest, then (3) and (4) become 




LOSS OF KINETIC ENERGY. 

M-eM' 


M + M' 


, M (1 + e) 

and 


Hence the body which is struck goes onwards; and the 
striking body goes onwards, or stops, or 
according as i¥is greater than, equal to, or less than eM . 

If xlf =: eMy then (11) becomes 


GoK. 6.— If M = M and a = 1 ; that is, if the balls 
are of equal mass, and perfectly elastic^ then (7) and (8) 
become, respectively, 


and Vi 


that is, the balls interchange their velocities, and the 
motion is the same as if they had passed through one 
another without exerting any mutual action whatever. 

Cor. 7.— If M' be infinite, and v' = 0, we have the case 
of a ball impinging directly upon a fixed surface ; substi- 
tuting these values in (3) it becomes 

», = — eii ; (1^) 

that is, tU Ml rehounds from the fixed surface with a veloc- 
ity 0 times that with which it impinged. 

208. Loss of Kinetic Energy f in the Impact of 
Bodies.— Squaring (9) of Art. 207, and multiplying it by 
J/¥', wehave 

2 ,, MM'd^iv-v'f 
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Squaring (10) of Art. 207, we liaTe 

(Jfy, + M'v’Y = {Mv + M'vJ. (2) 

Adding (1) and (2), we get 
(M + M') {Mv? + M’v?^) = {M + M') (Mv^ + 

- (1-e^) MM' ( y - v'f ; 
^Mv? + IM’v?^ ~ iMv^ + iM'v'^ 

MM' 

the last term of which is the loss of kinetic energy by 
impact, since e can never be greater than unity. Hence, 
there is alw’ays a loss of kinetic energy by impact, except 
when e = 1, in which case the loss is zero ; L e., w^hen the 
coefficient of restitution is unity, no kinetic energy is lost. 
When 6 = 0 the loss is the greatest, and equal to 

jWM^ 


From (3) we see that during compression kinetic energy 
Mill' 

to the amount of I- 

^ M M ^ ■ 

during restitution, times this amount is regained. 

Eem.— -F rom the theory of hinetic energy it appears 
that, in every case in which energy is lost by resistance, 
heat is generated ; and from Joule’s* investigations we 
learn that the quantity of heat so generated is a perfectly 
definite equivalent for the energy lost; and also that, in 

* See “Tiie Correlation ancl Conservation of Forces,” by Helmholtz, Faraday, 
Liebig, etc. ; also Heat as a Kode of Motion,” by Prof. TyndaU- Also B. Stewart’s 
Conservation of Energy,” 
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any natural action, there is ne?er a development of energy 
whieli eaiuiot be accounted for by the disappearance of an 
crpiai anioiint elsewhere by means of some known physical 
ageoey. Hence, the kinetic energy which appears to be 
lost in the above cases of impact, is only transformed, 
partly into heating the bodies and the surrounding air, and 
partly into sonorous vibrations, as in the impact of a ham- 
mer on a bell. 


209. Obliqne Impact of Bodies.— The only other 
case which we shall treat of is that of oblique impact when 
the bodies are spherical and perfectly smooth. 









A particle impinges with a given velocity, and in a given 
direction, on a smooth plane; reciuired to determine the 
motion after impact . . 

Let AO represent the direc- a ‘ ^ ^ 

tion of the velocity before im- ^ 

pact, meeting the plane at 0, \ /^/ 

and CB the direction after — 

impact. Draw CD perpen- 
dicular to the plane ; then 

since the plane is smooth its impulsive reaction will he 
along CD. 

Let V and Vi denote the velocities before and after 
impact, respectively ; and let cc and P denote the angles 
AOD and BCD. 

Resolve v along the plane and perpendicular to it. The 
former will not be altered, since the impulsive force acts 
perpendicular to the plane ; the latter may be treated as in 
the case of direct impact, and will therefore, after impact, 
he 6 times what it was before (Art. 207, Cor. 7). Hence, 
resolving Vi along, and perpendicular to the plane, ^ we 
have 

Vi sin j3 == z; sin cc, (1) 

cos j0 = — e ^ cos cc. (2) 
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Dividing (3) by (1), we get 

cot /3 = — e cot «e. (3) 

Squaring (1) and (2), and adding, we get 

(sin*^ cc + (^ cos® «). (^) 

Thus (3) determines the direction, and (4) the magnitude 
of the velocity after impact. 

The angle ACD is called the angle of incidence, and the 
angle BOD the angle of reflexion. 

Coe. 1.— If the elasticity be perfect, or e = 1, we have 
from (3) and (4), 

cot /J = — cot «, or /3 = — « ; (5) 

and == 

Hence, in perfectly elastic balls the angles of inciderwe 
and reflexion are numerically equal, and the velocities before 
and after impact are equcd. This is the ordinary rule in 
the case of a billiard ball striking the cushion. 

Cor. 3.— Suppose e = 0; then from (3), (3 = 90°. 
Thus, if there is no elasticity, the body after impact moves 
along the plane with the velocity v sin a. 

If « = 0, so that the impact is direct, we have from (4), 
j'l = i. e., after the impact the body rebounded along 
its former course with e times its former velocity. 

If « = 0, and e = 0, then from (4), v, = 0, and the 
body is brought to rest by the impact. 

ScH.— Of course the results of this article are applicable 
to cases of impact on any smooth surface, by substituting 
for the plane on which the impact has been supposed to 


m OBUqOE IMPACV OP TWO SMOOTH SPBBBES. 

take place the plane which is tangent to the surface at the 

point of inipa-ct. 

210. Oblique Impact of Two Sniooth Spheres.— 
Two smooth spheres, moving in givm dir edions and toil i 
given velocUies, impinge ; to determine the impulse and the 
subsequent motion, 

B 

Let ■ the masses 
of the spheres be. 
if, J/' ; their cen- 
, tres 0, 0' ; their 
velocities before 
impact V and v\ 

and after impact , 

and tV. Let ED be the line which Joins their centres at 
the instant of impact (called the line of impact) : G A. and 
CB the directions of motion of the impinging sphere, M, 
before and after impact ; and O^A' and O'B' those of the 
other sphere ; let cf, be the angles, ACD and A C D, 
which the original directions of motion make with the line 
of impact ; /3, the angles, BOD and B'C'D, which their 
directions make after the impact. 

It is evident that, since the spheres are smooth, the 
entire mutual impulsive pressure takes place in the line 
Joining the centres at the instant of impact. Let R be the 
impulse, and e the coefficient of restitution. Eesolve all 
the velocities along the line of impact and at right angles 
to it ; the latter will not be affected by the impact, and the 
former will be affected exactly in the same way as if the 
impact had been direct. Hence, since the velocities in the 
line of impact are v cos <%, v[ cos €z\ i\ cos /3, t’/ cos ^ , we 
have, by substituting in (3) and (4) of Art. 207, 



MXAMPIES. 


38 a 




j,/ co8^'= «'cos«' + 3^^,(1 + «) (•y cos«-/cos«'), (3) 

loMchare the pml velocities of the two spheres along the line 

of impact ED. 4 .-„„ 

Also, from (5) of Art. 206, A?e obtain by substitution, 


R 


MM' 


p; (v COS t£ — v' cos a), 


M+ M' 

(See Tait and Steele’s Dynamics of a Particle, p. 323.) 

CoK. 1 .— Multiplying (1) by M, and (2) by M , and add- 


; Mv COS €C + ^ 


ing we get 
Mv^ cos p + 

which shows that the momentum of the system resolved 
along the Urn of impact is the same after mpad as before.^ 

OoR. 2 .— Subtracting (2) from (1) we obtain, 

V, cos /3 - V,' cos / 3 ' = - e (11 cos « - a’ cos «')• (5) 

That is, the relative velocity, resolved along the line of 
impact, after impact is - e times its value before. 

examples. 

1 A body* weighing 3 lbs. moving with a velocity of 

10 ft. per second, impinges on a body ^eigbmg 2 lbs., and 
moving with a velocity of 3 ft. per second ; find the com 
mon velocity after impact. Ans. ft. per second. 

2 A body weighing 7 lbs. moving 11 ft. per second, 

impinges on another at rest weighing 15 lbs.; find the com- 
mon Velocity after i mpact. Ans. 3 ^ ft. per^e^ 

* The bodies are inelastic unless othenvise stated. The first 21 examples are in 
direct impact. 
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;i A body weighing 4 lbs. moving 9 it. per second, 
iiiipinges on another body w^eighing 2 lbs. and moving in- 
the opposite direction with a velocity of 5 ft. per second; 
find the common velocity after impact. 

Ans. 4^ ft. per second. 

4. A body, M\ weighing 5 lbs. moving 7 ft. per second, 
is impinged upon by a body, Jf, weighing 6 lbs. and mov- 
ing in the same direction ; after impact the velocity of 

is doubled : find the velocity of M before impact. 

Ans. 19|- ft. per second. 

5. Two bodies, weighing 2 lbs., and 4 lbs., aiid moving in 

the same direction with the velocities of 6 and 9 ft. respec- 
tively, impinge upon each other ; find their common 
velocity after impact. Ans. 8 ft. per second. 

6. A weight of 2 lbs., moving with a velocity of 20 ft. 
per second, overtakes one of 5 lbs., moving with a velocity 
of 5 ft. per second ; find the common velocity after impact. 

Ans. 9f ft. per second. 

7. If the same bodies met with the same velocities find 
the common velocity after impact. 

Ans. 2\ ft. per second in the direction of the first. 

8. Two bodies of different masses, are moving towards 

each other, with velocities of 10 ft. and 12 ft. per second 
respectively, and continue to move after impact with a 
velocity of 1* 2 ft. per second in the direction of the greater; 
compare their masses. Ans. As 3 to 2. 

9. A body impinges on another of twice its mass at rest: 
show that the impinging body loses two-thirds of its 
velocity by the impact. 

10. Two bodies of unequal masses moving in opposite 
directions with momenta numerically equal meet ; show 
that the momenta are numerically equal after impact. 
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11. A body, M, weighing 10 lbs. moving 8 ft. per secouu, 
impinges on weighing 6 lbs. and moving m the same 
direction 5 ft. per second ; find their velocities after impact, 

anpposing^.^=^l. ocit^^ of if = 5f ; velocity of df' = 8f. 

12 A body, if, weighing 4 lbs. moving 6 ft. per second, 
meets M' weighing 8 lbs. and moving 4 ft. per second; 

find their Yelocities after impact, <2 — 1. 

Each body is reflected back, if with a velocity of 

7^ andJf' with a velocity of 2f. 

13. Two balls, of 4 and 6 lbs. weight, impinge on each 
other when moving in the same direction with velocities of 

9 .„d 10 It. tet^tivel, ; tod ' 

14 Find the kinetic energy lost by impact in example 5. 

Ans. ih- 

15 Two bodies weighing 40 and 60 lbs. and moving in 
the same direction with velocities of 16 and 26 ft. respec- 
tively, impinge on each other; find the o^s^o ^nne i 
energy by impact. 

16 An arrow shot from a bow starts off with a velocity 
of 120 ft. per second; with what velocity will an arrow 

'i7°Two balls, weighing 8 o.s. and 6 ozs. respectively 

are simultaneously projected fte ^ 

height of SSt ft. a»a the latter to 866 jt. * 

forces of projection. 

18 A freight train, weighing 200 tons, and^ traveling 20 
mibs iSr hr. runs into a passenger train of 50 tons stand- 
r! or the same track -^find the velocity at which he 
remdn. of the peoeenger trato be “L ‘ 

track, supposing e — t- 
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examples^-. 

, frm iw-fertlv elastic 

H, by the constant ratio 3, and 

masses lucmase geo . second with the velocity of 

the tlrst '™W;"J^yelty 

6 ft. per second ; fand the second. 

20. A body weighing 5 Ite. moving 

ft. per second, imping. ^ Second; find the veloci- 
moving with a velocity of . f • P ^ 

ties after impact supposing e = i. ^ 

,f;srnr.T2« 

are 5 and 6; find a, and the = 3Jf. 

one lb. ; e is show that r- + )’ 

23. Two bodies moving with numerically 
iu opposite directions, impinge on each other the ^ 

that ine of them turns back with its original veloc ty, an 

the other follows it with half that '‘f 

body is four times as heavy as the other, and that _ h 

24 \ strikes B. which is at rest, and after impact the 
Jocitt L numerically equal; if r be the ratio of Bs 

mass to A’s mass, show that . is and that B’s mass 

at least three times A’s mass. 

^2f> A bodv impinges on an equal body at rest; show 

th.rtt nlc Lw ™r‘ r””°‘ "" 

than twice the kinetic energy after impact. 

26. A series ot perieetly elastic balls »e ™ 

rc%t'r:braVst=:‘:inb»“~ 

to ‘ gelotric prog««i.a ot .bich the common mt,o 
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] , is f, their velocities after hnpact form a geometric progres- 

sion of which the common ratio is 

'" 27 . A ball falls from rest at a height of 20 ft. above a 
fixed horizontal plane; find the height to which it will 
rebound, e being f, and (/ being 32. Aws. Hj fee . 

28. A ball impinges on an equal ball at rest, the elas- 
ticity being perfect ; if the original direction ot the strik- 
ing ball is inchned at an angle of 4o“ to the straight li c 
Jofring the centres, determine the a^gje /^^ween * 
directions of motion of the striking ball before and after 
impact. 

'■' 29. A ball falls from a height 7i on a honzontel pkne, 
and then rebounds; find the height to which it rises in its 

A71S. 

ascent. 

30. A ball of mass M, impinges on a ball of mass M', at 
rest ; show that the tangent of the angle between the old 
and new directions of the motion of the impinging body is 


M' sin 2« 


M + M' (sin^"« — e cos^ a) 


A71S. tan^ a = 


*- 31. A ball of niass M impinges on a ball of mass Jf ' at 
rest • find the cVndition in order that the directions ot , 
motion of the impinging ball before and after impact may- 
be at right angles. - e i' 






211. Definition and °;„,7 Tforce is said 

(A-rt. 101, Eem.). liftincf a weic^ht througli a voi- 

Thus, tte Avork done n lifti ^ 

tical distance is propoitio . 

the vertical distance throng i a' country is that which 
,f mrt to '“i'' ; . C, J LmsI, ft. 

I „,.w i. »..»»» "'fXa r;x.«>* *■» 

MTttal *«#< J'loibij. is raised to a height ot 

instance, it a 'weigh • 1,1 ia ft 50 foot-pounds ot 

5 ft., or 5 lbs. -isod »« • be resist- 

„„rb — bar. !«« .< » '•>»; 

0- “Zotal^la^ d— 

100 ft., 6000 foob-poimds ° , ^sough 8 ft. with 

weight of 1 lbs. desconds tl.roagh 10 «., a- 5 

70 foot-pounds of work on it. foot-pound 

Hence, the number of umts of 

necessary to equal to the product P8. 

. through a d^istance of S 1 applicati 

From this xt appears that, toe P ^ 

move always perpendicu ax o 

rthe'ease of a particle moving ox 
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S”:' 

exerts upon it. <=ufficient to constitute 

Neither /orc'a nor a load without 

work; so that a man 'Y® sen«e^L which that term is 

”n‘:s;T„T- 

'''irrbod^r dkection opposUe to that in 
r’ When the Avork done hy a torce is negative, . •, 

body, and agamst the earth s attraction. 

/ 91? General Case of Work done by a Force.- 

WhefeiSei the magnitude or direction of a force vanes, or 

Sim w..t d..c by flm tece tong to 

iinite displacement cannot be defined as ^ 

this ease the work done during any indefinitely small dis 
placement may he found by supposing the magnitude an 
direction of the force constant during the displacement, an 1 
. mufinX work done as in Art. 211 ; then taking the sim 
of all such elements of work done during the <^ons®cutive 
small displacements, which together “f® 
displacement, we obtain the whole work done hj the 
during such finite displacement. 

Thus let a force, P, act at a point, 0 , in the direction OP (Kg. 50) 
a JleTus s:;;ose point. 0, to move into any other portion, ^ 

very near 0. If d he the angle between the direction, OP, . 

force and the direction. OA, of the displacement of the point of ^PP, 
f fhp DToduct P • OA cos 0, is called the work done b> the 

tZ A .« OP. .h. Wb to. by m. 
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mr.ted as positive when in the direction of the iorce. If several fore B 
aci, tiie work done by each can be found, in the same way ; and 
sum of all these is the work done by the whole system of forces. ^ 

It appears from this that the work done by any force dunn an 
infinitesimal displacement of the point of application, is the product 
of the resolved part of the force in the direction of the 
mto the displacement ; and this is the same as the nrtual 
the force, which has been described in Art. 101. In Statics^ vve are 
concerned only with the small Jiypofheikal displacement wmeh we 
rive the point of application of the force in applying t e prinoip e 
riitual velocities. But in Kinetics the bodies are in motion; the 
force aePuMy displaces its point of application in such » ‘ 

the displacement has a projection along the direction of the force If 
ds denote the projection of any elementary arc of a cn^e alon„ 
direction of P, the work done by P m this displacement is Pd . 
tm of alltheBe elements of work done by P in its -°tio^:®;- 
finite space is the, whole work found by taking the integral of Ptis 

between proper Htnits. j.- t> +i-»« 

Hence generally, if s be an are of the path of a particle, P the 
tangential component of the forces which act on it, the work done on 

the particle between any two points of its path is 

.fPds, 

the integral being taken between limits corresponding to the initial 
and final positions of the particle. 

\ 213. Work on an Inclined Plane.— Let « be the 

inclination of the plane to the homon, W the weight 
moved, 5 tbe distance along the plane throngh w i 
weight is moTed. Resolve F into two components, one 
along the plane and the other pei-pendicular to it ; the 
former, W sin «, is the component which resists motion 
along the plane. Hence the amonnt of work required to 
haw the weight up the plane — R sin « ■ s ^ ^ 
vertical height of the plane; 1 e., the amount of wor 
required is unchanged hy the substitution of the oblique path 
for the vertical. Hence the worh in moving a body up an 
inclined plane, without frietion, is equal to the product of 
the weight of the body by the vertical height through luhwh 

ti is raised* 


392 


roM 03- « 


of friction ; then since 1 J ^ 92). 

is If cos «, the resistance op _ raising the 

The work required consis t ? . resistance 

weight along the plane, and o^^^«com^ ^ 

of friction along the p m , necessary 

the latter is fi Id cos « • s. pence 
to move the weiglit up the plane %s 

If (sin« + FCOS«)s- W 

• « renresents the vertical height through 

Since s sin « „ the AomorateZ space 

which the weight IS ps^^, “y Pe stated thus : 

through which It IS diOTTU, ^ y 5, 

Tim worh expmded the vertical height of 

required to raise the d 7 ,,-„/, mould he required to 

draw the body along the ease oj<.^ 
against friction. 

n Tf . hndv he draqqed through a space, s, down 
» <»»#/- <»« '» 
down hy itself, the worh done is 

(2) 


If (p cos « — sin €c) s. 

„ « 7 _ tPe height of the inclined plane, ap 

OOE. S.-If h - tp g 4one against gravity 

L= ‘?et" p,»ne = .n. 

work done is wh + phW. 

If the body be drawn down the plane, the total work 

expended (Cor. 2 ) IS _ ( 4 ) 
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If in (4) tlie former term is greater than the latter, 
Gravity does more work than what is expended on tnctoon, 
S the body slides down the plane wrth accelerated 

velocity. 

QpH 1.— If the inclination of the plane is small, as it is 
in most cases which occur in practice, as in common roac s 

and railroads, cos « may without any 

taken as equal to unity, and the expression toi the 

becomes (Oors. 1 and 2) 


IF (ps ± s sin «), 


the upper or lower sign being taken according as the body 
is dragged up or down the plane. 

will be from (3) and (4), 


(ilW± Wh 


„7W is the work due to friction along the plane 
Inength I, and Wh is the work due to gravity, the proper 
sign being taken as in (5). 

EX A M F LBS. 

1 How much work is done in lifting 150 and 200 lbs, 
ktough the heights of 80 and 120 ft. respectively. 

The work done = 150 x 80 + 200 X 120 
= 36000 foot-pounds, A7is. 

9 A body weighing 500 lbs. slides on a rough horizontal 
must be done against fiiction to 

100 ft ? 



Here the friction is a force of 60 lbs. acting uuee ., 
pposite to the motion ; hence the work done against fric. 

ion to moTe the body o?er 100 ft. is 

50 X 100 = 6000 foot-pounds, M.ns. 

3. Atoto«igtal00to»s; 

-ler ton • how much work must be expended in_ imsing 
to the top of an inclined plane a mile long, the inclination 
of the plane being 1 vertical to 70 honzontal. 

Here the work done against friction (Sch. 2) 

= 800 X 5280 =r 4224000 foot-pounds, 

and the work done against gravity 

= 224000* X 5280 X vV = 16896000 foot-pounds, 
so that the whole work = 21120000 foot-pounds. 

:U. A train weighing 100 tons moves 30 miles an hour 

along a horizontal road; the resistances axe 8 lbs. per ton, 

find the quantity of work expended each hour. 

toll tne quan y 136720000 foot-pounds. 

6. If 25 cubic feet of water are pumped every 5 minutes 
from a mine 140 fathoms deep, required the amount of 
work expended per minute, a cubic foot of water weighing 
621 Ibs!^ foot-pounds. 

6. How much work is done when m engine 

iiait a mile on a horizontal road, it the 
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J 8 A body falls down the whole length of an inclined 
' Diane on which the coefficient of friction is 0.2. The 
height of the plane is 10 ft. and the base 30 ft. On reach- 
in the bottom it rolls horizontally on a plane, having the 

same coefficient of friction. Find how far it will roll. 

Ans. 20 It. 

9. How much work will be required to pump 8000 cubic 
feet of water from a mine whose depth is 500 fathoms. 

Ans. 1500000000 foot-pounds. 

10 A horse draws 150 lbs. out of a well, by means of » 
rope going over a fixed pulley, moving at the rate ot 
miles an hour; how many units of work does this hoise 

perform a minute, neglecting friction. 

^ Ans, 33000 units of work. 

^214. Horse Power.-It would be inconvenient to 
express the power of an engine in foot-pounds, since this 
» unrt is so small ; the term Horse Power is therefoie iised 
in measuring the performance of steam engines. Fiom 
experiments made by Boulton and Watt it was estimated 
that a horse could raise 33000 lbs. vertically 
foot in one minute. This estimate is probably too high on 

the average, but it is still retained. Whether it is greater 

or less than the power of a horse it matters littie, ivhile 
is a power so well defined. A Horse Power therefore meam^ 
a pLer which can perform S 3000 foot-poimis of 
Me. Thus, when we say that the 
of an engine is ten, we mean that the engine is a - p 
form 330000 foot-pounds of work per minute. 

It has been estimated that -J of ^3000 foot-pounds 
about the work of a horse of average strength. A mule u m pe ^ 
I the work of a horse. An ass wd\ 1 ’®^'^“ ® 33OO 

horse A man will do about the worK oi ^ i 

Ss of work per minute. See Evers’ Applied Mech’s ; also Byrue s 

' ' practical' MecVs. 




. i <irFiTEM OF WEIGHTS. 

306 WOBK OF RAISING A STSTAM 

r, .■KPMti’oJJ ,,„ »„t.e »t 

e, S, LbovethisfiJedhottoBtolptoeM 


pp + - 

p +T+^ 


( 1 ) 


„ the weights are raised vertically 

Now suppose that me weiguu 

ttoougli the ™f''^e''ttoee iveigttt, in 


P(p + a) + Q(? + ^).± .^iL+^- 
P + ^ 

Sabtracting (1) from (3)» 

Pa + Qi + Ro 

P + Q + 4 


( 3 ) 


( 3 ) 


,„, the tertical iistoce hefeen the »o poeilions of the 

“Sv" 5 »S . weight e,. I ij tke 
Pnct ol L eU .1 ihe weights into the spee*, wh.eh .s 


Pa + Qb + 4-c, 




1 f- is.\ it! the work of raising the three weights P, Q, 4,, 
but (4) lb the woi respectively. ■ In the same way 

through the heights a, b,, c, icbpecwieijt ^ 

this may be shown for any number of weights. 

Eence when several toeigUs are raised vertically 
Efferent 'n"i:^tJ':erticaMy 

position. (See Todhunter’s Mech s, p. o 38 .) 
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examples. 

Howma.,k««-powerw«aU i‘ '*' *» 

ot coal 0 miinitc from a pit rtoae depth is 110 tathou . 
Depth = 110 X 6 = 660 feet. 

3 cwt. = 113 X 3 = 3o6 lbs. 

Hence the work to be done in a minute 

= 660 X 336 = 221760 foot-pounds. 


Therefore the horse-power 

= 231760 -L 33000 = 6.72, Ans. 

2 Tmd how many cubic feet of water an engine of 
#•1* 40 horse-power will raise in an hour from a mine 

Mhirleep. .apposing a oabic foot ot water to wepil. 

1000 OZS. rsiw a. X 

Work of the engine per hour = 40 x 33000 x oo ' 

Tork ospendea in misj^ foot water 

through 80 fathoms = x bu x o 

^Te^ce the number ot cubic feet raised in an hour 
— 40 X 33000 X 60 -4- 30000 = 2640, Ans. 

3 Rnd the horse-power of “^es 

00 tons, and the resistance from faction 12 lbs. pa ^om ^ 
The horizontal space passed ojerun a minu ^ 

■the vertical space is one-hundredth of th 
Hence from (6) of Art. 213, we have 

12 X 1760 X 60 + 60 X 2240 X 17.6=1760 X 2064 foot^^^^^ 
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Therefore tlie horse-po-ffer 

= 17(30 X 3064 -T- 33000 = 110.08, Ans. 

4. A well is to be dug 30 ft. deep, and 4 ft. in diameter , 
find the work in raising the material, supposing that a 
cubic foot of it weighs 140 lbs. 

Here the weight of the material to be raised 

= 4t: X 30 X 140 = 140 X SOrr lbs. 

The work done is equivalent to raising this through the 
height of 10 ft. (Art. 315). Hence the whole work 

= 140 X SOtt X 10 = 11300077 foot-pounds, Ans. 


5. Find the horse-power of an engine that would raise 
T tons of coal per hour from a pit whose depth is a 
fathoms. 


Work per minute 


T X 2240 _ %UaT\ 

60 ■ 


224^.^ 

the horse-power = "33^^ ^ 


Ans, 


6. Required the work in raising water from three different 
levels whose depths are a, c fathoms respectively ; from 
the first A, from the second from the third G, cubic 
feet of water are to be raised per minute. 

Work in raising water from the first level 

= 62.5\^ X a X 6 = 375 A-ai 


and so on for the work in the other levels ; 

work per min. = 375 a-c) foot-^^^^ 

7. Find the horse-power of an engine which draws a 
load of T tons along a level road at the rate of 7n miles 
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an hour, the friction being 7 .) pounds per 
resistances being neglected. 

Work of the engine per minute 

m 0*^80 W - QQ 


8 . Required the number of horse-power to raise pOO 
cubic ft. of water an hour, from a mine whose depth is 63 
fathoms. 

9 . What weight of coal will an engine of 4 horse-power 

raise in one hour from a pit whose depth is 200 ft. ? 

A ns. 39600 lbs. 

10 . In what time will an engine of 10 horse-power raise 

5 tons of material from the depth of 132 ft, i 

Am. 4- 48 minutes. 

11 . How many cubic feet of water will an engine of 36 
horse-power raise in an hour from a mine whose depth is 40 
fathoms ? 

^12 The piston of a steam engine is 15 ins. in diameter ; 
its stroke is ^ ft. long; it makes 40 strokes per minute; 
the mean pressure of the steam on it is 15 lbs. per square 
inch; what number of foot-pounds is done by the steam 
per minute, and what is the horse-power of the engine ? 

265072-5 foot-pounds; 8-03 H.-P. 

13. A weight of 1^ tons is to be raised from a depth of 
.50 fathoms in one minute; determine the horse-power of 


^ Tte letters are often used as abbreviations of tbe words borse-power. 
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- u. The resistance to 

i40 lbs.; how many ■ e bour? What 

making tliis body moYe oyer o mi ^ 

must be the horse-power of an en„me ^ 

mimbor of foot-pou^s 35-^ H.-P. 

15. AnenginediwsaloadofCOtons^^^^^^^^^^^^^ 

miles an hour; the ,J. 

ton ; find the horse-power ot the engine. ^ ^ ^ 

16. How m..y cubic feet of “tyatb.m ? 

hcuupowo, »« 1» »>!»"“ "»”■ “ ‘‘ 5 ;^;. liTcubic ft. 

17. There is a ^i^h J requhed to raise 

lively 300, 450, and oOO t . deep, fi 

tom the tet 80, ton «f .“Tf of the 

cubic ft. ot w.tci pet mnute; tod the Into 

engine. 

nli» r d”guea to ptodnee, or « ie 

i. — 

;.3ota ot it is thet which is speut iu f «* 

k/ resistances. For instance m drawing a team oi ’ 
S. wk is petfotnea iu n.™g the “ 7 . 
work is th.t which is aou. iu ovetcentug the 

rlorrXTeuS^lftisX^’iess thou the 

work applied to the machine. ^ 


* Somettmes called Jlfflciency. (Ait 108.) 



3. There were A cubic ft. of water iu a mine whose depth 

is a fathoms, when an engine of fV horse-power began to 
work the pump ; the water continued to flow into the mine 
at the rate of B cubic ft. per minute; required the tune 
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' The Modulus of a mmddm is the ratio of the useful work 

' done to the toork applied. Thus, if the work applied to an 
engine be 40 horse-power, and the engine delivers only 30 
horse-power, the modulus is f, i. e., one-quarter of the work 
applied to the machine is lost by friction, etc. 

Let IF be the work applied to the machine, 11^« the use- 
ful work, and m the modulus. Then we have from the 
above definition 

r. 


rn 


W 


If a machine were perfect, i. e., if there were no lost work, 
the modulus would be unity ; but in every machine, some 
of the work is lost in overcoming wasteful resistances, 
so that the modulus is always less than unity ; and it is of 
course the object of inventors and improvers to bring this 
fraction as near to unity as possible. 


EXAMPLES. 

engine, of M effective horse-power, is found to 
pump A cubic ft. of water per min., from a mine a fathoms 
deep ; find the modulus of the pumps. 

Work of the engine per min. = 33000 N H.-P. 

The useful work, or work expended in pumping water, 

= 63-6 A X 6a = 375 A-«, 
hence from (1) we have 

M-. 


375 A-a_^ . „ 

^mfN “ 88 N’ ' 
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in which the iiiiiie would be cleared of wateiv the modulus 
of the pump being ' ' 

Let X = the number of minutes to clear the mine of 
water. Then 

weight of w'ater to be pumped = 62*5 (A + Bj) ; 
work ill pumping water = (A 4 - Bx) foot-pounds ; 
effective work of the engine = m> JSf* 33000ir ; 

. ^ 33000 m JSfx = 375« (A -f Bx) ; 


X = 


A*a 


88 mA‘ — B^a^ 


Am» 


3. All engine has a 6 foot cylinder ; the shaft makes 30 
revolutions per minute; the average steam pressure is 25 
lbs. per square inch ; required the horse-power when the 
area of the piston is 1800 square inches, the modulus of 
the engine being 

Work done in one minute = 1800 x 25 x 6 x 2 x 30 
foot-pounds. We multiply by twice the length of the 
stroke, because the piston is driven both up and down in 
one revolution of the shaft. 

The effective horse-power = x || 

= 450, Ans. 

4. The diameter of the piston of a steam engine is 60 
ins.; it makes 11 strokes per minute; the length of each 
stroke is 8 ft.; the mean pressure per square in. is 15 lbs.; 
required the number of cubic ft. of water it will raise per 
hour from a depth of 50 fathoms, the modulus of the 
engine being 0«65. 

Ili6 miiiibcr of foot-pounds of useful work done in one liour and 
spent in raising water = tt x 30* x 8 x 15 x 11 x 60 x 0 • 65, therefore, etc 


nXA3tPt^S, 




5, All engine is required to pump 1000000 gallons of 
water every 12 liours, from a mine 132 flitlioms deep ; find 

-|4-y aud a gallon of 
363 y\ H.-P. 


the liorse-ptnver if the modulus be 


water weighs 10 lbs. 


6. What must be the horse-power of an engine working 
g hours per day, to supply n families with g gallons of 
water each per day, supposing the water to be raised to the 
mean height of h "feet, and that a gallon of water weighs 10 


lbs., the modulus being m. 


A ns. 


7igJi 


198000 em 


H.-R 




7. Water is to be raised from a mine at two different 

levels, viz., 50 and 80 fathoms, from the former 30 cubic ft., 
and from the latter 15 cubic ft. per minute ; find the horse- 
power of the machinery that will be required, assuming 
the modulus to be 0* 6. A?is, 51-14 H.-P. 

8. The diameter of the piston of an engine is 80 ins., the 

mean pressure of the steam is 12 lbs. per square inch, the 
length of the stroke is 10 ft., the number of strokes made 
per minute is 11 ; how many cubic ft. of water will it raise 
per minute from a depth of 250 fathoms, its modulus being 
0-6? Ans, 42-46 cubic ft. 

9. If the engine in the last example had raised 55 cubic ^ 

ft. of water per minute from a depth of 250 fathoms, what 
would have been its modulus ? Afis. 0*7771. 

10. How many strokes per minute must the engine m 

Ex. 8 make in order to raise 15 cubic ft. of water per 
minute from the given depth ? Ans, 4. 

.. 11. What must be the length of the stroke of an engine 
whose modulus is 0* 65, and whose other dimensions and 
conditions of working are the same as in Ex. 8, if they both 
do the same quantity of useful work? Ans, 9-23 ft. 


■'1 
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kinetic and potential ENBRCr. 


217 Kinetic and. Potential Energy. Stored 

Work.-2y^e energy of a body nieam Us power o dm^ 
\oorJc; and the total amount 

,-s- 7 ,msured by the total amount of work which it is capable 
TZg Tpassimg from Us present condition to some 

standard condition. 




iTery moving body possesses energy, for it can be made 
to do woA by parting with its velocity. The velocity of 
lie bodymay be used for causing it to ascend vertically 
taSe auction of the earth, f. to do work against 
Ihe resistance of gravity. A cannon ball in 
penetrate a resisting body; water flowing against ajater- 
wheel will turn the wheel ; the moving air drives the ship 
through the water. Wherever we find matter in motion 

we liaye a certain amount of energy. _ 

iBsorv, «! tttown to os, belongs to one or the other of 
two elisis, to which the nnmes •rmgy ond 

Kinetic energy is energy that a body possesses in virtue of 
its being in motion. It is energy actually m use, energy 
that is constantly being spent. The energy of a bullet in 
motion, or of a fly-wheel revolving rapidly, or of a pile- 
driver iust before it strikes the pile, are examples of kinetic 
energy. The work done by a force on a body free to 
exerted through a given distance, is always equa to the 

corresponding increase of kinetic energy [Art. Ib9 

a mass, m, is moving with a velocity, v, ite kinetic enm^y 
is imi^ r(3) of Art. 189]. If this velocity be generated by a 
constant force, P, acting through a space, s, we have, 
(Art. 211) 

Ps = W 

that is, the work 'done on the body is the exact equivalent 
of the kinetic energy, and the kinetic ene rgy is lecgu - 
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vertibi© into the . work ; .and the exact atiiount of work 
which the mass m, with a velocitj v, can do agaiost resist, 
aiice before its ii^otioii is completely destroyed is ynvK 
This is called stored worh^^ and is the amount of work that 
any opposing force, P, will have to do on the body before 
bringing it to rest. Thus, when a heavy fly-wheel is in 
rapid inotion, a considerable portion of the work of the 
engine must have gone to produce this motion 5 and before 
the engine can come to a state of rest all the work stored 
up in the fly-wheel, as well as in the other parts of the 
machine, must be destroyed. In this way a fly-wheel acts 
as a reservoir of work. 

If a body of mass m, moving through a space 5 , change 
its velocity from ^ to ^0 the work done on the body as it 
moves through that space, (Art. 189), is 


{v^ — 


If the body is not perfectly free, i. 6 ., if there is one force 
urging the body on, and another force resisting the body, 
the kinetic energy, gives the excess of the work done 
by the former force over that done by the latter force. 
Thus, when the resistance of friction is overcome, the 
moving forces do work in overcoming this resistance, and 
all the work done, in excess of that, is stored in the moving 
mass. 

Potential energy is energy that a body j^ossesses in virtue 
of its position. The energy of a bent watch-spring, which 
does work in uncoiling; the energy of a weight raised 
above the earth, as the weight of a clock which does work 
in falling ; the energy of compressed air, as in the air-gun, 
or in an air-brake on a locomotive, which does work in 
expanding; the energy of water stored in a mill-dam, and 
of steam in a boiler, are all examples of potential energy, 

* Galled also accumiuMed wwlc^ See Todhunter’s Mechs., also stored energy and 
oct work. Browne’s Mechanics, p. 178. 
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Such energy mayor may not he called into action, it may 
be dormant for years ; the power exists, but the action will 
begin only when the weight, or the water, or the^ steam is 
released. Hence the word potential, is significant, as 
expressing that the energy is in existence, and that a new 
power has been conferred upon it by the act of raising or 

confining it. , • i j 

For example suppose a weigM of 1 Ib, be pi ejected 
Tertically upwards with a velocity of 33 *2 ft. per secoud. 
The energy imparted to the body will carry it to a height 
of 16*1 ft., when it will cease to have any velocity. The 
whole of its kinetic energy will have been expended ; but 
the body will have acquired potential energy instead ; i. e,^ 
the kinetic energy of the body will all have been converted 
into potential energy, which, if the weight be lodged for 
any time, is stored up and ready to be freed whenever the 
body shall be permitted to fall, and bring it back to its 
starting point with the velocity of 32*2 ft. per second; and 
thus the body will reacquire the kinetic energy which it 
originally received. Hence kinetic energy and potential 
energy are mutually convertible. 

Let Ih be the height through which a body must fall to 
acquire the velocity m and PF the mass and weight, 
respectively. Then since == 2^/^, we have, for the stored 
work, 

^ (3) 

^9 '^9 

Hence we may say that the work stored in a moving body 
is measured hy the product of the weight of the body into the 
height through which it must fall to acquire the velocity, 

EXAMPLE S. 

1. Let a bullet leave the barrel of a gun with the velocity 
of 1000 ft. per second, and suppose it to weigh 2 ozs. ; fmO 
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the work stored up in the bullet, and the height from which 
it must fall to acquire that velocity. 

Here we have from (3) for the stored work 


— ( 1000)2 = Wh 


% X IB^r 
= 1941 foot-pounds. 

7j = 15528 feet. 

3. A ball weighing lu lbs. is projected along a horizontal 
plane with the velocity of v ft. per second ; what space, s, 
will the ball move over before it comes to a state of rest, 

the coefficient of friction being/? 

Here the resistance of friction is fio, which acts directly 
opposite to the motion, therefore the work done by friction 
while the body moves over s feet = fios ; the work stored 

up in the ball = therefore from (1) we have 


ftos = -g- ; 


3. A railway train, weighing T tons, has a velocity of v 
ft. per second when the steam is turned off ; what distance, 
s, will the train have moved on a level rail, whose friction 
is p lbs. per ton, when the velocity is ft. per second ? 
Here the work done by friction = pTs\ hence from (2) 

we have 


pTs = i 


2240 T 
9 


(f - ; 


1120 - Vo®) 

• Q mrnm. ' * 

•• 9P 

4 A train of T tons descends an incline of s ft. in 
length, having a total rise of h it; what will be the velocity. 


4:08 KISETW ENERGY OF A 

Here we liave (Art. 213^ Sell. 2), the work done on tha 
train = the work of gravity — the work of friction 

‘ = 2240 Th ^pTs) 

which is ec|nal to the work stored up in the train. Hence 

- %m Th - pTsi 

%g 

-z? = '\/%gh — 

5. If the velocity of the train in the last example he 
ft. per second when the steam is turned off, what will be 
its velocity, v, when it reaches the bottom of the incline ? 

Ans* -y = '\/vq^ 4- ^gh — 

'' 6. A body weighing 40 lbs. is projected along a rough 
horizontal plane with a velocity of 150 ft. per sec. ; the 
coefficient of friction is find the work done against 
friction in five seconds. Ans, 3500 foot-pounds. 

7. Find the work accumulated in a body which w^eighs 
300 lbs. and has a velocity of 64 ft. per second. 

Ans. 19200 foot-pounds. 

218. Kinetic Energy of a Rigid Body revolving 

round an A3s:is.—Let m be the mass of any particle of 
the body at the distance r from the axis, and let <*) be the 
angular velocity, which will be the same for every particle, 
since the body is rigid; then the kinetic energy of m = 
\m {t(A)K The kinetic energy of the whole body will be 
found by taking the sum of these expressions for every 
particle of the body. Hence it may be written 

X = IT ^ 

(lit 


( 1 ) 


'EXA3WIj£:S. 
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Z nir^ is called the moment of inertia of the body about tlie 
axis, and will be explained in the next chapter. 

Hence the Mneiie energy of any rotatm/ dody = 
where I is the mom&nt of imrtia round the axis, mid « the 
angular velocity^ 

111 the case of a fl.y-wheel, it is sufficient in practice to 
treat the Xvlio^ weight as distributed uniformly along the 
eirciuiiference of the circle described by the mean radius 
of the rim. Let r be this radius ; then , the moment of 
inertia of any particle of the wheel = nw^, and the moment 
of inertia of the whole wheel = 3£r\ where 31 is the total ' 

mass. Hence, siibstitiitiiig in (1) "we iiaxe 3£r% which 
is the kinetic energy of the fly-wheel. 

EXAMPLES.- 

1. Two equal particles are made to reyolve on a yertical 
axis at the distances of a and h feet from it ; required the 
point where the two particles must be collected so that the 
work may not be altered. 

Let m = the mass of each particle, h = the distance of 
the required point from the axis, and <*> — the angular yeloc- 
: ity ; then we: have 

Work stored in both particles = {ao£f -f 
Work stored in both particles collected at point = m 
® % m = ^m {a(oY + {h(dfi 
\\ h = + h^)- 

This point is called the centre of gyration, (See next 
chapter.) 

2. The weight of a fly-wheel is w lbs., the wheel makes 
n revolutions per minute, the diameter is feet, diameter 


410 


EXAMPLES. 

of axle a inches, arid the coefficient of friction on the axle 
f.] how many revolutions, a?, will the wheel make before i 
stops,? 

IV 


IV (2Trn\ 

Work stored in the wheel = ^ j 


2g^ 
w TT^n^r^ 


“ 2g 900 

Work done by friction in x revolutions 





and when the wheel stops, we have 

W 7T2^^V® 


na 

fw^x = 


%g 900 ’ 


150/fl!.g 


3. Eequired the number of strokes, x, which the fly-wheel 
in the last example, will give to a forge hammer whose 
weight is W lbs. and lift h feet, supposing the hammer to 
make one lift for every revolution of the wheel. 


Here the work due to raising hammer 
Ans. X 


Whx. 

w Tchih'^ 

img^2 Wh^ rrafw) ’ 


4. The weight of a fly-wheel is BOOOlhs., the diametei 
.20 feet, diameter of axle 14 inches, coefficient of friction 
0.2; if the wheel is separated from the engine when mak- 
ing 27 revolutions per minute. And how many revolutions 
it will make before it stops {g taken = 32.2). 

Am, 16,9 revolutions. 


■ EXAMPLES, 
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219. Force of a Blow.— -In order' to express, the 
amoiuifc of force between tlie.hice of a hammer, ibi hi' 
stance, and the head of a nail, we must consider \yiiat , 
weight must be laid upon the head of the nail to force it 
into the wood. A nail recpiires a large force to pull it out, 
when fi'ictioii alone is retaining it, and to force it in must 
of course require a still larger force. 

Now the head of the hammer, when it delivers a How 
upon the head of the nail, must be capable of developing a 
force equal for a short time to the continued pressure that 
would be produced by a very heavy load. Hence, the effect 
of the hammer may be explained by the principles of energy. 
When the hammer is in motion it has a quantity of kinetic 
energy stored up in it, and when it comes in contact with 
tlie nail this energy is instantly converted into work which 
forces the nail into the wood. 


exampi-e;s. 

1. Suppose that a hammer weighs 1 lb., and that it is 
impelled downwards by the arm with considerable force, so 
that, at the instant the head of the hammer reaches the 
nail, it is moving with a velocity of 20 ft. per second ; find 
the force which the hammer exerts on the nail if it is 
driven into the wood one-tenth of an inch. 

Let P be the force which the hammer exerts on the nail, 
then the work done in forcing the nail into the wood =: 
P X tItt? and the energy stored up in the hammer 

= = ^ = 6.3. 

Since the work done in forcing the nail into the wood 
must be equal to all the work stored in the hammer, (Art. 
217), we have 

^ = 6.3; P = 7441bs. 
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Ileiieo tlie force which the hammer exerts on the head of 
the imii is at least 744 lbs. 

2. If the hammer in the last example forces the nail into 
the wood only 0.01 of an inch, find the force exerted on 
the nail Ans. 7440 lbs. 

Hencej we see that, according as the wood is harder, i, e., accord 
ing as the nail enters less at each stroke, the force of the blow 
becomes greater. So that when we speak of the “ force of a blow,' 
we must specify how soon the body giving the blow will come to 
rest, otherwise the term is meaningless. Thus, suppose a ball of 
100 lbs. weight have a velocity that will cause it to ascend 1000 ft, ; 
if the bail is to be stopped at the end of 1000 ft., a force of 100 lbs. 
will do it ; but if it is to be stopped at the end of one foot, it will 
need a force of 100000 lbs. to do it ; and to stop it at the end of one 
inch will require a force of 1300000 Ihs., and so on. 

220. Work of a Water-Fall. — When water or any 
body falls from a given height, it is plain that the work 
which is stored up in it, and which it is capable of doing, is 
equal to that which would be required to raise it to the 
height from which it has fallen; i. <?., if 1 lb. of water 
descend through 1 foot it must accumulate as much work 
as would be required to raise it through 1 foot. Hence 
when a fall of water is employed to drive a water-wheel, or 
any other hydraulic machine, whose modulus is given, the 
work done upon the machine is equal to the weight of the 
water in pounds x its fall in feet x the modulus of the 
machine. 

EXAMPLES. 

1. The breadth of a stream is h feet, depth a feet, mean 
velocity v feet per minute, and the height of the fall li feet ; 
find (1) the horse-power, N, of the water-wheel whose 
modulus is m, and (2) find the number of cubic feet, A^ 
which the wheel will pump per minute from the bottom of 
che fall to the height of feet. 


JSXAJfFLBS, 
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Weiglit of water .going over the fall per min. = 6*2.5 £tbi% 

Work of (f) 

62.5 aivim uy\ 

® W — l^l 

. . J\ — ggQQQ 

Work in pumping water per min. = 63.5 Alh\ 

which must = the work of the wheel per min.; hence 
from (1) we have 

63.5 Alh — 63.5 alvlmi 

, ahvhm. ,n\ 


2. The mean section of a stream is 5 ft. by 3 ft.; its 
mean velocity is 35 ft. per minute ; there is a fall of 13 ft. 
on this stream, at which is erected a water-wheel whose 
modulus is 0.65 ; find the horse-power of the wheel. 

Ans, 5.6 H.-P. 

3. In how many hours would the wheel in Ex. 2 grind 

8000 bushels of wheat, supposing each horse-power to grind 
1 bushel per hour ? Ans. 14384- hours. 

4. How many cubic feet of water must he made to 
descend the fall per minute in Ex. 3, that the wheel may 

grind at the rate of 38 bushels per hour ? 

Ans. 1750 cu. ft. 


5. Given the stream in Ex. 2, what must be the height 

of the fall to grind 10 bushels per hour, if the modulus of 
the wheel is 0.4 ? ^ks. 37.7 feet. 

6. Fiud the useful horse-power of a water-wheel, sup- 
posing the stream to be 5 ft. broad and 3 ft. deep, and to 
flow with a velocity of 30 ft. per minute ; the height of the 
fall being 14 ft., and the modulus of the machine 0.65. 

^ Ans. 5.3 nearly. 
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221. The Duty of an Engine.-- The duty of aji engim 
is the number of units of work which it is capaMe of doing 
by burning a given quantity of fuel, — It has been found by 
experiment that, whatever may be the pressure at which 
the steam is formed, the quantity of fuel necessary to 
evaporate a given volume of water is always nearly the 
same; hence it is most advantageous to employ steam of a 
high pressure,^ 

In good ordinary engines tbe duty varies between 200000 and 
500000 units of work for a lb. of coal. The extent to which the 
economy of fuel may be carried is well illustrated by the engines em- 
ployed to drain the mines in Cornwall, England. In 1815, the 
average duty of these engines was 20 million units of work for a 
buslielf of coal; in 1848, by reason of successive improvements, the 
average duty had become 60 millions, effecting a saving of £85000 
per annum. It is stated that in the case of one engine, the duty was 
raised to 125 millions. The duty of the engine depends largely on 
the construction of the boiler ; 1 lb. of coal in the Cornish boiler 
evaporates 11 J lbs. of water, while in a differently-shaped boiler 8.7 
is the maximum.j: 

EXAMPLES, 

1. All engine burns 2 lbs. of coal for each horse-power 
per hour ; find the duty of the engine for a lb, of coal. 

Here the work done in one hour 

= 60 X 33000 foot-pounds; 

therefore the duty of the engine = 80 x 33000 foot-pounds, 

= 990000 foot-pounds. 

2. How many bushels of coal must he expended in a 
day of 24 hours in raising 150 cubic ft. of water per minute 

* See Tate in Medianics’ Magazine, in the year 1841. 

t One bushel of coal = 84 or 94 lbs., depending upon where it is. Goodeve, 
p. ISO. 

X Bourne on the Steam Engine, p. 171, and Fairhairn, Useful Information, 

p. m. 
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•' ^ fi'om a deptli of 100 fathoms ; tlie duty of the engine 

being 60 millions for a bushel of coal ? 

A?is. 13a bushels. 

3., A steam engine is required to raise 10 cubic ft. ol 
water per minute from a depth of 800 ft. ; find how many 
tons of coal will be required per day of 24 hours, supposing 
the duty of the engine to be 250000 for a lb. of coal. 

Ans, 9 tons. 

222. Work of a Variable Force. — When the force 
which performs work through a given space varies, the 
work done may be determined by multiplying the given 
space by the mean of all the variable forces. 




Let AG represent the space in units _ t < 

D d i 

L f . 

of feet through which a variable 
; force is exerted. Divide AG into 






six equal parts, and suppose P^, Po, 1 ^ 

s r 

' r 


r I 

r 


Fig. 89 


P3, etc., to be the forces in pounds 
applied at the points A, B, C, etc., 
respectively. At these points draw the ordinates 
etc., tQ represent the forces which act at the points A, B, 
C, etc. Then the work done from A to B will be equal to 
the space, AB, multiplied by the mean of the forces Pq 
and Pj, i. e,, the work will be represented by the area of 
the surface KaPB, In like manner the work done from 
B to G will be represented by the area ^hcG, and so 
on ; so that the work done through the whole space, AG, 
by a force which vaiaes continuously, will he represented by 
the area kagQ. This area may be found approximately by 
the ordinary rule of for the area of a curved 

surface with equidistant ordinates, or more accurately by 
Simpson’s'^ rule, the proof of which we shall now give. 

223. Simpson’s Rule.-— Let y%, 

^ Although it was not invented hy Simpson. See Todhunteir, 



' SBIPSON'S 

8,„idisla..t.i'ainal.s(rig.S9)»nd I 

any tn-o consecutive ordinates ; then by takn „ 

2 trapesoids. AnSB, BScO, etc., we have lor Use are. .1 

AagGi / . 

iZ (2/1 + 2/s) + ( 2/3 + 2/3) + ¥ (2/3 + 2/4) + 

= il (2/1 + 32 /s + 2^3 + 22/4 + 22/5 + 2^6 + 2/s) ; ( 1 ) 

which is the ordinary formula of mensuration. 

Now it is evident that when the curve is always concave 
to the line AG (1) will give too small a result, and if 

vex it will give too lai-ge a result. 

Let Fig. 90 represent the space between any two odd 

uei ny ir EefFig. 89); divide LL 

consecutive ordinates, as Cc and lie 1^ | ’ 

into three equal parts, OK = KL = LB ,, 

and erect the ordinates Kfc and L/, dividing 
the two trapezoids GcdD and DdeE into the | | | 
three trapezoids OcifcK, K^:/L, and UeE. c kdl e 
T he sum of the areas of these three trapezoids F.g.90 

= ^-CK (Oc + 3Kifc + 3L/ + E«) 

(Ce + 3K2; + 3L2 + Ee), (since ^CK = ^CD = iO 
_ (Cc + 4Do + Ee), (since 3K2; + 3L2 = 4:Do), (3) 

which is a closer approximation for the area of CcaE 
than (1). 

Now when the curve is concave Wards CE, (2) is 
smaller than the area between CE and the ’ 

we substitute for Do, the ordinate Bd which is a little 
greater than Do and which is given, (2) becomes 

(Cc + 4D(2 + Ec), (^) 

which is a still closer approximation than (2). 
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Similar Ij we have for the areas' of and 

, -1^ {Aa + mb + Oc), and (Ee + 4iy + G-^). (4) 

Adding (B) and (4) together;, we have foi' an approximate 
value of the whole area, 

¥ [^1 + ^*1 + O/s 4 " 2/5) T" 4 (2/3 + ^4 + ^s)]? (0) 

which is Simpson^s Formula. Hence Simpson’s rule for 
finding the area approximately is the following: Divide the 
abscissa^ AG, into an even mtmher of equal pa?is^ and erect 
ordinates at the points of division; thefi add together the 
first and last ordinates^ twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
multiply the sum by one-third of the common distance 
between any two adjacent ordinates. (See Todhunters 
Mensuration, also Tate’s Geometry and Mensuration, also 
Morin’s Mech’s, by Bennett. ) 

EXAMPLES. 

1. A variable force has acted through 3 ft. ; the value of 
the foine taken at seven successive equidistant points, 
ineluding the first and the last, is in lbs. 189, 151.2, 126, 
108, 94.5, 84, 75.6 ; find the whole work done. 

Ans. 346.4 foot-pounds. 

2. A variable force has acted through 6 ft. ; the value of 
the force taken at seven successive equidistant points, 
including the first and the last, is in lbs, 3, 8, 15, 24, 35, 
48, 63 ; find the whole work done. 

Ans. 162 foot-pounds. 

3. A variable force has acted thi'ough 9 ft.; the value ot 
the force taken at seven successive equidistant - points, 
including the first and the last, is in lbs. 6.082, 6.164 
6.245, 6.325, 6.403, 6.481, 6.557; find the whole work done. 

Ans, 56.907 foot-pounds. 
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Should any of the ordinates bocomo zero^, it will not pre- 
vent the use of Simpson’s rule. 

Simpsoir’s rule is applicable to other investigations as 
well as to that of work done by a variable force. For 
example^ if ^ve waint the velocity generated in a given time 
III a particle by a variable force, let the straight line AG 
represent the whole time during which the force acts, and 
let the straight lines at right angles to AG represent the 
force at the corresponding instants; then the area will 
represent the whole space described in the given time. 


EXAMPLES. 

1. The ram of a pile-driving engine weighs half a ton,*^ 
and has a fall of 11 ft.; how many units of w'ork are per- 
formed in raising this ram ? A ns. 19040 foot-pounds. 

2. How^ many units of work are required to raise 1 cw^i 
of coal from a mine whose depth is 13 fathoms P 

Ans. 61152 foot-pounds, 

3. A horse is used to lift the earth from a trench, which 

he does by means of a cord going over a pulley. He pulls 
up, twice every 5 minutes, a man weighing 130 lbs., and a 
barrow^ful of earth weighing 260 lbs. Each time the horse 
goes forward 40 ft. ; find the units of work done by the 
horse per hour. Ans. 374400. 


4. A railway train of T tons ascends an inclined plane 
wdiich has a rise of e ft. in 100 ft., with a uniform speed of 
m miles per hour ; find the horse-power of the engine, the 
friction beings lbs. per ton. 

Am. H.-P. 

375 

5. A railway train of 80 tons ascends an incline which 
nses one foot in 50 ft., with the uniform rate of 15 miles 


* One ton = 20 cwt. = 2240 lbs. 





per hour ; find the horse-power of the engine, the friction 
being's lbs. per ton. 168 .% H.-P. 

6. If a horse exert a traction of t lbs., what weight, ry 
will he pull up or down a hill of small inclination which 
has a rise of e in 100, the coefficient being /? 


Ans. IV 


100 / ±: 


7. From what depth will an engine of 32 horse-power 

raise 13 tons of coal in an hour? ^ns. 1490 ft. 

8. An engine is observed to raise 7 tons of matejial an 

hour from a mine whose depth is 85 fathoms ; find the 
horse-power of the engine, supposing | of its work to be 
lost in transmission. l-SlSo H.- • 

9. Eequired the horse-power of an engine that would 
supply a city with water, working 12 hours a day, the 
water to be raised to a height of 50 ft.; the number of 
inhabitants being 130000, and each person to use 5 gallons 

of water a day, the gallon weighing 8^ lbs. nearly. 

Ans. 11.4: 11.- r. 

10. From what depth will an engine of 20 horse-power 
raise 600 cubic feet of water per hour ? Ans. 1056 feet. 

11. At what rate per hour will an engine of 30 horse- 

power draw a train weighing 90 tons gross, the resistance 
Ling 8 lbs. per ton ? ^ 15-6^5 miles. 

13. What is the gross weight of a train which an engine 
of 25 horse-power will draw at the rate of 25 miles an 

hour, resistances being 8 lbs. per ton ? 

Ans. 46.875 tons. 

13. A train whose gross weight is 80 tons travels at 
rate of 20 miles an hour; if the resistance is 8 lbs. 

per ton, what is the horse-power of the engine ? 

, ^ Ans^ E- 
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14. What must be the length of the stroke of a piston 

of an engine, the surface of which is 1500 square inches, 
which makes 20 strokes per minute, so that with a mean 
pressure of 12 lbs. on each square inch of the piston, the 
engine may be of 80 horse-power ? Ans, ft. 

15. The diameter of the piston of an engine is 80 ins., 
the length of the stroke is 10 fi, it makes 11 strokes per 
minute, and the mean pressure of the steam on the piston 
is 12 lbs. per square inch ; what is the horse-power ? 

Ans. 201.06 H.-R 

16. The cylinder of a steam engine has an internal 
diameter of 3 ft, the length of the stroke ..is 6 ft., it makes 
6 strokes per minute; under what effective pressure per 
square inch would it have to work in order that 75 horse- 
power may be done on the piston ? Ans. 67* 54 lbs. 

17. It is said that a horse, walking at the rate of 2|- miles 
an hour, can do 1650000 units of work in an hour ; what 
ibree in pounds does he continually exert ? 

Ans. 125 lbs. 

18. Find the horse-power of an engine which is to move 

at the rate of 30 miles an hour, the weight of the engine 
and load being 50 tons, and the resistance from friction 
16 lbs. per ton. Ans. 64 H.-R 

19. There were 6000 cubic ft. of water in a mine whose 
depth is 60 fathoms, when an engine of 50 horse-power 
began to work the pump ; the engine continued to work 5 
hours before the mine was cleared of the water ; required 
the number of cubic ft. of water which had run into the 
mine during the 5 hours, supposing of the work of the 
engine to be lost by transmission. Ans, 10500 cubic ft. 

20. Find the horse-power of a steam engine which will 

raise 30 cubic ft of water per minute from a mine 440 ft. 
deep. ^ Ans. 35 H.-P. 




26. If the diameter of the piston of the engine in Ex. 24 
had been 85 ins., what addition in horse-power would that 
make to the imful power of the engine ? 

Ans, 13-28 H.-P. 

27. If an engine of 50 liorse-power raise 2860 cnb. ft. of 

water per hour from a mine 60 fathoms deep, find the 
modulus of the engine. Ans. *65. 

28. Find at what rate an engine of 30 horse-power could 
draw a train weighing 50 tons up an incline of 1 in 280, 
the resistance from friction being 7 lbs. per ton. 

Am. 1320 ft. per minute. 


EXAMPLES. 


21, If a pit 10 ft. deep with an area of 4 square ft. be 
excavated and the earth thrown up, how much work will 
have been done, supposing a cubic foot of eartli to weigh 
90 lbs. Ans. 18000 f t.-lbs. 


22, A well-shaft 300 ft. deep and 5 ft. in diameter is full 

of water ; how many units of work must be expended in 
getting this water out the well ; {?*. <?., irrespectively of any 
other water flowing in) ? Ans. 55223262 ft.-lbs. 

23. A shaft a ft. deep is full of water ; find the depth of 
the surface of the water when one-quarter of the work 
required to empty the shaft has been done. . a „ 


24. The diameter of the cylinder of an engine is 80 ins., 
the piston makes per minute 8 strokes of 10|- ft. under a 
mean pressure of 15 lbs. per square inch ; the modulus of 
the engine is 0-55; how many cubic ft. of water will it 
raise from a depth of 112 ft. in one minute ? 

Am. m-1Scxib.it. 


25. If in the last example the engine raised a weight of 
66433 lbs. through 90 ft. in one minute, what must be the 
mean pressure per square inch on the piston ‘? 

A 26- 37 lbs. 
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39. A forge hammer weighing 300 lbs. makes 100 lifts a 
minute, the perpendicular height of each hit being .. ft.;, 
what is the horse-power of the engine that gives mo ion 
20 such hammers? , o6.36 H.-l . 

30. An engine of 10 horse-power raises 4000 lbs. of coal 
from a pit 1200 ft. deep in an hour, and also gives mo im 
to a hammer which makes 50 lifts in a minute each ln 

. i«pe.dicu.a, height of 4 ft.f whet » the «.ght 
of tlie liatiimer r 

31. Find the hoi-se-power of the engine to raise T tons of 
coal per hour from a pit whose depth is a fathoms, and a 
the same time to give motion to a forge hammer weighing 

. Ib., whieh m.kee .. lift pet 

33000 

32. Find the useful work done by a fire en^ne per 

second which discharges every second 13 lbs. of water with 
a velocity of 50 ft. per second. Jws. 508 near y. 

33. A railway truck weighs m tons; a horse draws it 
along horizontally, the resistance being n lbs. per ton ; in 
passfng over a space s the velocity changes from to v; 
find the work done by the horse in this space. 

34 The weight of a ram is 600 lbs., and at the end of 

the blow has a velocity of 32^ ft.; what work been 

n . • • fj. o Ans. 9650. 

done 111 raising it t 

35. Eequired the work stored in a cannon ball whose 
weight is 32| lbs., and velocity 1500 ft. Ans. 1125000. 

36. A ball, weighing 20 lbs., is projected with a velocity 

of 60 ft. a second, on a bowling-green ; what space will the 
ball move over before it comes to rest, allowing the friction 
to be * the weight of the ball ? Ans. 1007 • 3 ft. 


EXAMPhES. 


m 


37. A train, weighing 193 tons, has a relocitv^ t>f 

miles an hour when'' the steam is turned off ; how far will 
the train move on a level rail before coming to rest, the 
Triction being 5-|- lbs. per ton ? ■•■hwii. 12/J56 ft. 

38. A train, weighing 60 tons, has a velocity of 40 miles 
an hour, when the steam is turned oft, how fax tvili 
ascend an incline of 1 in 100, taking friction at 8 lbs. a ton r 

Ans. 39434 ft. 

39. A carriage of 1 ton moves on a level rail with the 
speed of 8 ft. a second; through what space must the 
carriage move to have a velocity of 3 ft., supposing friction 


to be 6 lbs. a ton ? 


Ahs. 348 ft. 


40. If the carriage in the last example moved over 400 
feet before it comes to a state of rest, what is the resistance 
of friction per ton? 

41. A force, P, acts upon a body parallel to the plane; 
find the space, s, moved over when the body has attained a 
given velocity, v, the coefficient of friction being /, and the 


t^g. 


body weighing w lbs. ^ ^ 

43. Suppose the body in the last example to be moved 
for t seconds ; required (1) the velocity, v, acquired, and 
(3) the work stored. 

P-fto s 
Ans. (1) — tg , (3) - 

43. A body, weighing 40 lbs., is projected along a rough 

horizontal plane with a velocity of 150 ft. per second ; the 
coefficient of friction is | ; find the work done against fi’ie- 
tion in 5 seconds. Am. 3500 foot-pounds. 

44. A body weighing 60 lbs., is projected along a rough 
horizontal plane with the velocity of 40 yards per second ; 
find the work expended when the body comes to rest. 

11250 ft.-lbs. 
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EXAMPLES. 


4o. IE !i iraiu of cars weighing 100000 lbs. is moving or - 

a horizontal track with a velocity of 40 miles an hour when 
the steam is turned off; through what space will it move 
before it is brought to rest by friction, the friction being , 

8 lbs. per ton ? 13374.8 tt. 

40. What amount of energy is acquired by a body weigh , 

-ng 30 lbs. that falls through the whole length of a rough 
inclined plane, the height of which is 30 ft., and the base 
100 ft., the coefficient of friction being | ? 

Ans. 300ft.-lbs. 



47. If a train of cars, weighing T tons, ascend an incline 
having a raise of e ft. in 100 ft., with the velocity ft. per 
second when the steam is tu':aed off ; through what spac^ 
ir, will it move befoi’e it comes to a state of rest, the friction 


being » lbs. per ton ? 4 _ H^O^p^ 

g {%%Ae+p) 

48. Suppose the train, in Ex. 4, Art. 217, to be attached 
to a rope, passing round a wheel at the top of the incline, 
which has an empty train of tons attached to the other 
extremity of the rope; what velocity, v, will the train 
acquire in descending s ft. of the incline ? 


Ans. V = \J 2gJi 


T — gps 
T -A Tl 1120 ' 


49. An engine of 35 horse-power makes 20 revolutions 

per minute, the weight of the fly-wheel is 20 tons and the 
diameter is 20 ft.; what is the accumulated energy in foot- 
pounds ? A ws. 307054. 

50. If the fly-wheel in the last example lifted a weight of 

4000 lbs. through 3 ft., what part of its angular velocity 
would it lose ? Ans. 

51. If the axis of the above fly-wheel he 6 ins. in 
diameter, the coefficient of friction 0-075, what fraction, 


£XA3IPL:ES, 
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approximately, of tlie 35 liorse-power is expended in tii ril- 
ing the fiy-wiieel ? „ • Ans. 

52. In pile diixing, 38 men raised a ram 12 times. i,a an 

lionr ; the weight of the ram was 12 cwt., and the height 
through which it was raised 140 ft.; find the work done by 
one man in a iiiinute. 990 ft.-lbs. 

53. A battering-ram, iveighing 2000 lbs., strikes the 
head of a pile ivith a velocity of 20 ft. per second ; hoiv far 
will it drive the pile if the constant resistance is 10000 lbs.? 

Ans. 1.25 ft. 

54. A nail 2 ins. long was driven into a block by suc- 
cessive blows from a monkey weighing 5.01 lbs.; after one 
blow it was found that the head of the nail projected 0* 8 
of an inch above the surface of the block ; the monkey was 
then raised to a height of 1.5 ft., and allowed to fall upon 
the head of the nail ; after this bloAV the head of the nail 
was 0.46 of an inch above the surface; find the foi’ce which 
the monkey exerted upon the head of the nail at this blow. 

Ans. 265.24 lbs. 

55. The monkey of a pile-driver, weighing 500 lbs. is 

raised to a height of 20 ft., and then allowed to fall iipon 
the head of a pile, which is driven into the ground 1 inch 
by the blow; find the force which the monkey exerted 
upon the head of the pile. Ans. 120000 lbs. 

56. A Steam hammer, weighing 500 lbs., falls through a 
height of 4 ft. under the action of its own weight and a 
steam pressure of 1000 lbs.; find the amount of work 
which it can do at the end of the fall. 

6000 ft.-lbs. 

57. The mean section of a stream is 8 square ft.; its 
mean velocity is 40 ft. per minute ; it has a fall of 17^ ft.; 
it is required to raise water to a height of 300 ft. by means 
of a water-wheel whose modulus is 0.7; how many cubic ft. 


JSXAMPJ<^K 


m 

58. To what height wouid the wheel in the last example 
mise cub. ft. of water pp? minute ? Ans. 1742| ft. 

59. The mean seetiou of a stx'eam is ft. by 11 ft.; its 
y mean velocity is 2| miles an hour ; there is on it a fall of 

(I ft. on which is erected a wheel whose modulus is 0.7 ; this 
- .wheel is employed to I'aise the hammers of a forge, each of 
!. which weighs 3 tons,, and has a lift of Tg^ft.; how many 
lifts of a hammer will the wheel yield per minute ? 

Ans. 143 nearly. 

60. In the last example determine the mean depth of 
the stream if the wheel jdelds 135 lifts per minute. 

Ans. 1.43 ft. 

61. In Ex. 59, how many cubic ft. of water must descend 

the faU per minute to yield 97 lifts of the hammer per 
minute ? ■ 

63. A stream is u ft. broad and h ft. deep, and flows at 
the rate of c ft. per hour; there is a fall of h ft. ; the water 
turns a machine of which the modulus is e j find the num- 
ber of bushels of corn which the machine can grind in an 
hour, supposing that it requires to ' units of work per 
minute for one hour to grind a bushel. lOQOaicJie 

63. Down a 14-ft. fall 300 cub. ft. of water descend every 

minute, and turn a wheel whose modulus is. 0.6. The 
wdieel lifts water from the bottom of the fall to a height of 
54 ft. ; (1) how many cubic ft. will be thus raised per 
minute? (3) If the water were raised from the top of the 
fall to the same point, what would the number of cubic ft. 
then be? Ans. (1) 31.1 cub. ft.; (2) 34.7 cub. ft. 

la the second case the number of cub. ft. of water taken from the 
top of the fall being x, the number of ft. that will turn the wheel will 
be 300 — a. 

64. Find how many units of work are stored up in a 
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mill-pond whicli is 100 ft. long, 50 ft. broad, and 3 ft. deepy 
and has a fall of 8 ft. " Ans. T500000. 

65. There are three distinct levels to be pumped, in a 

minCj the first 100 fathoms deep, the second 120, the third 
150 ; 30 cub. ft. of water are to come from the first, 40 from 
the second, and 60 from the third per minute ; the duty of 
the engine is 70000000 for a bushel of coal. Determine (1) 
its working horse-power and (2) the consumption of coal 
per hour. Am, (1) 191 H,-P. ; (2) 5.4 bushels. 

66. In the last example suppose there is another level of 
160 fathoms to be pumped, that the engine does as much 
work as before for the other levels, and that the utmost 
power of the engine is 275 H.-P. ; find the greatest number 
of cub. ft. of watei\tbat can be raised from the fourth level. 


ft. 


67. A variate force has acted through 8 ft.; the value 
the l)rcl^a®ken at nine suljcessive equidistant points. 


of 


including the 


first %nd the lalt, is in lbs. 10.204, 9.804, 

he 

Ans, , 70.641 foot-pounds. - 


9^434 9.09(1 fe'Sll, 8.47,5, 8.197, 7.937, 7.692; find the 
whole work done. ^ 70.641 foot- 


sive 




68. The value of a varmble force, taken at nine succes- 
equ^f^t&>nt poiills, 4ilclddin^ first 41^ 

points, is injbs. 2.4849, 2.5649, 2.6391, 2.7081, 2.7726, 
'^2.8^32^2.8904, 2.9444,#. §95% the ccynm^ fistaime 
the points is 1 ft. ; find the whole work done. 

r n. Ans, 22.0957 foot-pounds. 

^ f t 

69. A^train whose w^eight is 100 tons (including the 

' ;'pngine) is drawn by an eugine of 150 horse-power, the fric- 
|tion being 14 lbs. per ton, and all other rpsistan^s fie 
*' ed; fed the maximum speed which the engine is capable" 
;;of sustaining on a levSl rail.*'" : 

■ 70. If the train described in tbe last example be moving 

at a particular instant with a teloc|ty^oi^l^ |nil6§?pp’ hour, 




4^8 


EXAMPLES. 



iMKl t-lie engine working at Ml power, what 


tion at that instant ? (Call g = B2.) Afts. 

71. Find the horse-power of an engine required to drag a 


is /the accelera- 
: Ans. 


train of 100 tons up an incline of 1 in 50 with a velocity of 
30 miles an hour, the friction being 1400 lbs. 

The engine must be of not less than 470| horse^ 
power. This is somewhat above the power of most locomo^ 


72. A train, of 200 tons 'weight, is ascending an incline 
of 1 in 100 at the rate of 30 miles per hour, the friction 
being 8 lbs. per ton. The steam being shut off and the 
break applied, the train is stopped in a quarter of a mile. 
Find the weight of the break-van, the coefficient of fric- 



tion of iron on iron being 


U 




— 



I = I,p^dm. (1) 

If the body be referred to rectangular axes, and z, 
be the co-ordinates of any element, then, according to the 
definitions, the moments of inertia about the axes of 
2 ;, respectively, will be 


* This term was iutroduced Toy Euler, and has now got into general use when^ 
ever mgid Dynamics is studied. 


ft, I 


224. Moments of Inertia. — The quantity m 
which m is the mass of an element of a body, and r its 
distance from an axis, occurs frequently in problems of 
rotation, so that it becomes necessary to consider it in 
detail ; it is called the moment of inertia of the body about 
the axis (Art. 218). Hence, “'moment of inertia’’ may be 
defined as follow^s ; If the mass of every particle of a tody he 
midtiplied by the sqtiare of its distance from a straight lme» 
the sum of the products so formed is called the Moment of 
i Inertia of the body about that line. 

If the mass of every particle of a body be multiplied by 
the square of its distance from a given plane or from a 
given point, the sum of the products so formed is called the 
moment of inertia of the body with reference to that plane 
or that point. 

If the body be referred to the axes of x and y^ and if the 
mass of each particle be multiplied by its koo co-ordinates, 
X, y, the sum of the products so formed is called the 
product of inertia of the body about those two axes. 

If dm denote the mass of an element, p its distance from 
the axis, and J the moment of inertia, we have 
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S + ■!?) dm, XL -Jr f) dm. 

■ , ' . • ■ . % 

The moments of inertia with respect to the planes .zx^ 
xy respecti,Yely, are, 

i: xHni^ X y^dm^ S zMm. (3) 

The products of inertia with respect to the axes y and z^ 

% and :r, x and are 

S yzdm^i S zxdm, S xydm. (4) 

The moment of inertia with respect to the origin is 



EXAMPLES. 

1, Find the moment of inertia of a nniform rod, of mass 
and length I, about an axis through its centre at right 
angles to it 

Let X be the distance of any element of the rod from the 
centre, and the mass of a unit of length ; then dm = ydcc^ 
which in (1) gives for the moment of inertia 2 ^x^dxp or 


2 {x^ + _|^ ^2^ chn ='2 rMm, ( 5 ) 


where r is the distance of the particle from the origin. 

The moment of inertia of a lamina, when the axis lies in 
it, is called a rectangular moment of inertia^ and when it isl 
perpendicular to the lamina it is called a polar moment of 
inertia, and the corresponding axis is called the rectangular 
or the polojT axis. 

The process of finding momenU and products of inertia 
is merely that of integration ; but after this has been accom- 
plished for the simplest axes possible, they can be found 
without integration for any other axes. 


EXAMPLE.. 


m 


rt'int^m.beriiig that the .symbol of sumniatioti, 1, .iiieliides 
iiitegratioii in the eases wherein the body is a coiitiiiiioiis 
mass. 

Hence ' I = 

If the axis be drawn through one end of the rod and 
perpendicular to its length we shall have for the, moment 
of inertia 

I = 

2. Find the moment of inertia of a rectangular lamina^' 
about an axis tlirougli its centre, parallel to one of its sides. 

Let I) and d denote the breadth and depth respectively of 
the rectangle, the former being parallel to the axis. Im- 
agine the lamina composed of elementary strips of length b 
parallel to the axis. Let the distance of one of them from 
the axis be and its breadth dy ; then, denoting the mass 
of a unit of area by /i, we have dm = (.ibdy, which in (1) 
gives 

I z=z P iibyhly = -^^ybd^ = -^yiidK 

--Id 

If the axis be drawn througli one end of the rectangle, 

, shall have for the moment of inertia 

I = 

3. Find the moment of inertia of a circular lamina with 
respect to an axis through its centre and perpendicular to 
its surface. 

Let the radius = a, and e the mass of a unit of area as 
before, then we have 

* In all cases we shall assume the thickness of the laminse or plates to h® 
infinitesimal. 


PARAhtSh AXSS. 



4. Find the moment of inertia of a circular plate (li 
about a diameter as an axis, and (3) about a tangent. 

Am. (1) (3) ImA 



5. Find the moment of inertia of a squai’e plate, (1; 
aboitt an axis through its centre and perpendicular to its 
plane, (2) about an axis which joins the middle points oi 
two opposite sides, and (3) about an axis passing througa 
an angular point of the plate, and perpendicular to its 
plane. Let a = the side of the plate and p the mass of a 
unit of area. 

■ („/= 

-| "I 


(3) (3) \ma\ 

6. Find the moment of inertia of an isosceles triangular 
plate, (1) about an axis through its vertex and perpen- 
dicular to its plane, and (3) about an axis which passes 
through its vertex and bisects the base. 

Let %b = the base and a = the altitude, then 




225. Moments of Inertia relative to FaralieJ 
Awg or Planes. — The moment of inertia of a 'body about 
any axis is equal to its moment of inertia about a paralli i 
axis through the centre of gravity of the body, plus the 
froduct of the mass of the body into the square of the dis- 
tance between the axes. 

Let the plane of the paper pass y 

through the centre of gravity of the 
body, and be perpendicular to the two 

parallel axes, meeting them in 0 and x_ 

G, and let P be the projection of any o o 

element on the plane of the paper. 



Take the centre of gimdty, ■ G, .as -origin, the fixed axis 
through it perpendicular to the plane of the paper as the 
axis of and the plane through this and the parallel axis 
fur that of zx ; and let be the moment of inertia about 
the axis through G, / that for the parallel axis through 0, 
a the distance, OG, between the axes, and (a*, j/) any point, 
P. ■ Then we shall have 

== S {x^ + y^) dm ; I z=z I, [{x + a f -p y^ dm. 

Hence I --- I j = %a I.xdm + '^dm = 

since 'Lxdm = 0, as the eenfcr'^ of gravity is at the origin. 

... /= J, (1) 

which is called the formula of reditciion. 

Hence the moment of inertia of a body relative to any 
axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Coe. 1. — The moments of inertia of a body are the same 
for all parallel axes situated at the same distance from its 
centre of gravity. Also, of all parallel axes, that which 
passes through the centre of gravity of a body has the least 
moment of inertia. 

Cor. 2.— It is evident that the same theorem holds if the 
moments of inertia he taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

EXAMPLES. 

1. The moment of inertia of a rectangle*^ in reference 
to an axis through its centre and parallel to one end is 

* See Note to Bx, 2, Art. 2i24 ; strictly speaking, an area has a moment of inertit 
no more than it has weight. 
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: find tlie moment of inertia in reference to a parallel ^ j 
axis through one end. 0**" 

from (1) we haTe 

I z= 4- = \mdK i 

2. Tlie moment of inertia of an isosceles triangle about 
an axis through its Tertex and perpendicular to its plane 
is (3a^ + (Art. 224, Ex. 6) ; find its moment about 
a parallel axis through the centre. 

From (1) we have 

= }7n (3a^ + = -J-m + 5^). 



3, Find the moment of inertia of a circle about an axis 
through its circumference and perpendicular to its plane 
W.Y. .3. Art. 2241. 


through the middle point of one of its sides and perpen- 
dicular to its plane (Ex. 5, Art. 224). A ns* 

226. Radius of Gyration.— Let Tc be such a quantity 
that the moment of inertia = 7nk^, tlien we shall have 

/ = 'Zr^dm = mW* ( 1 ) 

The distance h is called the radins of gyration of the 
body with respect to the fixed axis, and it denotes the 
distance from the axis to that point into which if the whole 
mass were concentrated the moment of inertia would not be 
altered. The point into which the body might be concen- 
trated, without altering its moment of inertia, is called the 
centre of gyration. When the fixed axis passes through the 
centre of gravity, the length Tc and the point of concentra- 
tion are called principal radius and principal centre of 
gyration. 



RADIVS OP SYnATlON. 
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T,ot Ic - the principal radius oi gyration and fj the 
disilt of'mlLnt froxn the axis through the centre ox 
gravity; then from (1) we have 

= S rhlm 

= S + [by (1) of Art. 225] 


ifci = + a^ 


from which it appears that the principal radius o/ gyration 
froBi Cor. 1, Art. 225, 

SOH.-In homogeneous bodies, since the mass of any part 
viiries directly as its volume, (1) may be wri 


ZrhlV= V¥, 


where cZF denotes the element of volume, and T> the entne 

Wies. tJ.e V*. .1 i is isAe- 
p “he deniy of ihe body, obly 

aod i,. ,» the eto.bt oI 

»d rSw S 0 h.». OS weight of the l«a, iostohd 

"rrhodingthe — 

i ie ,„aev«nd6«l of »» ‘“S t the element of mose, 

+‘ikp tlie element oi aiea insttciu 

and the total area of the lamina instead ot its mass. 

From (1) we have 


¥ = 


m 
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liGiicej the square of the radius of gyration with respect to 
any axis equals the moment of inertia ivitli respect to the 
same axis divided hy the mass. 


EXAMPLES. 

1. Find tlie principal radius of gyration of a straight 
line. 

From Ex. Art. 224, we have 

therefore from (5) we have hi^ = 

2. Find the principal radius of gyration of a circle (1) 

with respect to a polar axis, and (2) with respect to a 
rectangular axis. Ans, (1) {a^] (2) ^a^. 

3. Find the principal radius of gyration of a rectangle 

with respect to a rectangular axis. A ns, ^d^, 

4. Find the principal radius of gyration (1) of a square 
with respect to a polar axis, and (2) of an isosceles triangle 
with respect to a polar axis. 

Am. (2) + &!>). 

227. Polar Moment of Inertia. — If any thin plate, or 
lamina, be referred to two rectangular axes and Xy y be the 
co-ordinates of any element, then (Art. 224) the moments 
of inertia about the axes of x and y respectively, are S yHm 
and S xhlm ; and therefore the moment of inertia with 
respect to the axis drawn perpendicular to the plane at the 
intersection of the axes of x and ^ is 

X {x^ H- y'^) dm. 

Hence the polar mommt of inertia of any lamina is equal 
to the sum of the mommits of inertia ^oUh respect to any two 
rectangular axes, lying in the plane of the lamina. 



POLAM JfOJIifiVT' OF INERTIA* 


Cor.— E' or every two rectangular axes in the plane of 

the lamina, at any point, we^iia^n 




vair of rectangular axes is constant. Ilenct, t one 

Sim, the othet is h minimum, ...3 «« »» 


examples. 


1 Wud tire moment of inertia of a rectangle with respect 
111 im centre nticl perpendicnte to t.s p m,, 
ftom fc 1 Art. 284, the r.ctnng.lnr moments ol 

l„etti.m:e „„a 


therefore the potor moment of inertni - *”• (,*+*). 

= 3^ (d^ + 


.f rrf inprtia of an isoscolos triang^lo 
9 the moment oi ineruci ux 

Ih res^eth, n« -s «>77 

hose, . being the nltitnde end nnd^j. fc ^ 


^S. Moment Of 

“ S'l-dTe iSalnl nnlnhnire 

Her rflircnlm Ihe mlol 

revolntion; let the densi y e un centre 

titheiH**- s:s “It 

7HoTm7l7t:rl.»tre .nd p.rt»ndie«i.r to 

its plane, by 
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therefore the moment of inertia of the whole solid is 


■J 


the integration being taken between proper limits. 

EXAMPLES. 

1. Find the moment of inertia of a right circular cone 
about its axis. 

Let li = the height and h = the radius of the base ; 

h 

then the equation of the generating curve is y = ^9 

which in (1) gives for the moment of inertia. 


- 2¥ Jo ~ 10 

= -^m¥, ^since ^ /i, 


Therefore ^ 


2. Find the moment of inertia (1) of a solid cylinder 
about its axis, h being its radius and li its height, and (2) 
of a hollow cylinder, h and V being the external and 
internal radii. A^is. (1) (2) |-m (¥ + 


3. Find the moment of inertia of a paraboloid about its 
li being its altitude and I the radius of the base. 

. ntjbji¥ 

v.v ,5 


229. Moment of Inertia of a Solid of Revolution, 
to an Axis Perpendicular to its Gep- 

the origin at the intersection of the 





examples. 


i I^is of revolutioB with the axis about which the momeiit 
' of inertia is required ; and denoting by a: the distaiite 

e lbe .tiny circu... p..te 
.■•Klius and dx its thickness, we have for the momenr 
inl-tia of this circular plate, about a diameter, by ix. , 

4 ' 


-dx\ 


^ J 


therefore (Art. 235) the moment of inertia of this plate 

about the parallel axis at tbe distance cr from it is 

4- TTfi V ; 

4 

therefore the moment of inertia of the whole solid is 
Tip / (I* + y^) 

the integration being taken between proper limits. 

examples. 

1 -Pind the moment of inertia of a right circular cone 

its ye,U,y »4 perpen4.c„l» to .t. 

°'"Lt?= the height and h = the radius of the base, then 
the moment of inertia from (1) 

= ”'‘7, + 20 ' 

= (4/j® + ^)* 

9 -Pind the moment of inertia of a cone, whose altitua.e 

J;, ^^4 te is 0. «l.«s. tase = 4, sW » 

through its centre of gravity and perpeiidiculai to its ow 
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EXAMPLES. 


o. Find the moment of inertia of a paraboloid of revolu- 
tion about an axis through its vertex and perpendicular to 

base°r 

Ans. + 3/iZy 

230. Moment of Inertia of Various Solid Bodies. 




exampjles. 



4 “ dx dy dz 


^md the moment of inertia of a rectangular parallel- 

.ir« » elr ““ “* “■> 1”- 

Let the edges be_ a,h,c-, since a parallelepiped may be 
conceived as consisting of an infinite number of rectangular 
« each of which has the same radius of gyration 

that Ihe ra!r to its plane, it follows 

lat the ladiiis of gyraiion of the parallelepiped is the 

ame as that of the lamin*. Hence, the moments of 

Xl tVr ^od par- 

237 1 m Th- f’/’^^P^'^tively, are by Ex. 1, Art. 

(3- -f c'), ,Vw (fflS + c2), («^ + ^^). 
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a..iicl siiiiikirly for the iiioments' of inertia about the edges 
^ and c. 

The , moment of inertia of a cube whose edge is a with 
respect to one of its edges is -IfiaP = fmaA 

3. Find the iiioment of inertia of a segment of a sphere 
relatiye to a diameter parallel to the plane of section, the 
radius of the sphere being a and the distance of the plane 
section from the centre d, 

A ns* (16a^ -j- 15a^d 10a^¥ — 9 ^®). 

231. Moment of Inertia of a Lamina with respect 
to any Axis. — When the moment of inertia of a plane 
figure about any axis is known, we easily find tbe moment 
of inertia about any parallel axis (Art. 225) ; also, wiieii 
tbe moments of inertia about two rectangular axes in the 
plane of the figure are known, the moment of inertia about 
tbe straight line at right angles to the plane of these axes 
at their intersection is known immediately, (Art. 227) ; we 
now proceed to find the moment of inertia about any 
straight line in the plane inclined to these axes at any 
angle. 

Through any point, 0, as 
origin, draw two rectangular 
axes, OX, OY, in the plane of 
the lamina; and draw any 
straight line, Orr, in the plane. 

It is required to find the mo- Fig.92 

ment of inertia about Ox in 

terms of the moments of inertia about OX and OY. 

Let P be any point of the lamina, x, y, its rectangular, 
and r, B, its polar co-ordinates, p = PM, and a the angle 
xOX. Then if J be the moment of inertia of the lamina 
relative to Ox, a and t the moments of inertia relative to 
the axes of x and y respectively, and the product of 
inertia relative to tbe same axes, we have 
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PRINCIPAL AXES OF A BOLT, 


^fdm = S j-s sin^ (0 _ ^ ^ ^ ^ ^ ^ 

^ {y oos a — X &m cif dm ■ 

= cos® « S yHm + sin^ « s xHm ~ 3 sin « cos « S 
— a cos* « + 5 sin* « — 2h sin « cos «. ^2) 


If we choose the axes so that the term h or 'S.xydm = 0 
the expression for I becomes much simpler. The pair of 
axes so chosen are called the prmcipal axes at the point- 
and the corresponding moments of inertia are called the 

^ pnneipal moments of inertia of the lamina, relative to the 
poiiiti, 

(ifbfcoml^ represent these principal moments of inertia, 
I :=z A cos^ a -f- B sin^ a, 


f^^ertia of a lamina with respect to 


artn, r,r^;.n 1 . rnmmawim respect to 

any axis through a point may he found when the principal 
moments mth respect to the point are determined. ^ ^ 


232. Principal Axes of a Body.— J;; anu mint nfr, 

of princla\ 

plant*"- o/rSr^ rectangular axes in the 

plane , let 0^, Oy, be another set of rectangular axes in 

the same pirn indijed to the former at an angle let 

inermr S'S t 


TMMEE PEJEVIPAL AXES. 
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. 2^ r* sin 0 cos H am 

tan 2« = >-r-~ir 7 — 

2:- r (cos“ 0 — SUV 0) d?}i ■ 

_ , %Z xydm 2h . ' 

~ (a’2 f) dm 

As tlie tangent of an angle may have any value,, positive 
or negative, from 0 to go, it follows that (1) will always 
give a real value for 2a, so there is always a set of princi- 
pal axes ; that is, at every point i)i a body there exists one 
pair of rectangular axes for which the quantity h or 
21 xy dm =z 0, 

Coe. — I t may also be shown tliat at every point of a 
rigid body there are three axes at right angles to one 
another, for which the products of inertia vanish.* 

* Let b, G, be tbe moments of inertia about three p 

axes, OX, OY, OZ, at riglii angles to one another ; d,e^ 2 \ 

/, the products of inertia (S myz^ S rnzx, X mxy, re- \ % 

spectively). Let Ojk be any line drawn through the 
origin, making angles «, j., with the co-ordinate 

axes. ^ — 

Let OL, LM, MP, be the co ordinates z, of any / 
point P of the body at which an element of mass to is / / 

situated. Draw PN perpendicular to Ox. f y 

Projecting the broken line, OLMP, on ON, (Art. / 

102), we have Fig.9ltJ 

ON = X cos a ■¥ y cos /? -f s cos y ; 

also OP“ = 4 - y^ 4 - z'\ and 1 = cos® a + cos® 0 4- cos® y. 

The moment of inertia I about Ox = XtoPN® 

.= Sto(OP® - ON®) 

s= Sto [£C® 4- 2/® 4- s® — (x COS a + y cos (S + z cos y)®] 

= Xto [(£e® 4-y®4-S®)(COS® a4-COS® g 4-cos® y)— (a; cos (14-^ cos g+Z cos y)’] 
= Sto (y® 4- s®) cos® a 4- Sm (z^ 4- a?®) cos® 0 -f Im (a?® 4- y®) cos* y 

— %'Zm,yz cos 0 cos y — %'lmzx cos y cos a - 2Sto cos a cos 0 
~ a cos® a 4 - d cos® 0 + c cos® y — M cos 0 cos y 

— 26 cos y cos a — cos « cos iS. (1) 

To represent this geometrically, take a point Q on ON ; and Jet its distance 
from 0 be y, and its co-ordinates be a,, y^z^. Then 

OJj ™ f cos a, ,yp= f C9S J?, «4= r <jo§ y. 



^'MijyvjrAL: AXjEIS. 


TTK — . *" — - — - * 


Therefore (1) becomes 


Bat the equation 

dtnotes an empsoid whose centre is af o h -TiA-l, 


1 == s»^p]srs = JL . 

“ ttrw=?.a r-.- 

M“ + Byia + C0,= = i. ® 

. ^“^®““'‘ + Bco 8 =^+CcosV 

point. are called the mnchiaj “ 

The three planes through an. two • • 

at l^giren point. “ '*”* “"ed the 

The moments of inertia aT.^, «■ ^ planes 

ap^ ^nts Of Inertia at that point.'’'^""’^' r>o\nt are called (he;,rin 

ery ^ts .s a pn„eipal axis. (See B,o.,fM„ J 
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axes ; because for every elomeiit, elm, on one. side of the 
axis of a? at the point (ii% ^), there is another element of 
equal mass on the other side at the point (a*, — ^). Hence^ 
S xy dm consists of terms which may be arranged in .pairs, 
so that the two terms in a pair are numerically equal but 
of opposite, signs ; and therefore S cey elm = 0. ' 

Again, if in any uniform body a straight line can be 
drawn with respect to which the body is exactly symmetri- 
cal, this must be a principal axis at every point in its 
length. Any diameter of a uniform circle or sphere or the 
axis of a parabola or ellipse or hyperbola is a principal axis 
at any point in its line; but the diagonal of a rectangular 
plate is not for this reason a principal axis at its middle 
point, for every straight line drawn perpendicular to it is 
not equally divided by it. 

Let the body be symmetrical about the plane of xy, then 
for every element dm, on one side of the plane at the point 
(a;, y, z), there is another element of equal mass on the 
other side at the point {x, y, —z). Hence, for such a body 
S xz dm = 0 and yz dm = 0. If the body be a lamina in 
the plane of xy, then z of every element is zero, and we 
have again S xz dm = 0, IS dm = 0. 

Thus, in the case of the ellipsoid, the three principal 
sections are all planes of symmetry, and therefore the three 
axes of the ellipsoid are principal axes. Also, at every 
point in a lamina one principal axis is the perpendicular to 
the plane of the lamina. 

EXAMPLES. 

1. Find the moment of inertia of a rectangular lamina 
about a diagonal. 

From Ex. 2, Art. 224, the moments of inertia about two 
lines through the centre parallel to the sides (princip^' 
moments of inertia) are 



where h and d are the breadth and depth respectively. 

Also, if a be the angle which the diagonal makes with 
the side I, we have 


Substituting these values for A, B, sin* «. 
Art. 231, we have 


2. Find the moment of inertia of an isosceles triangular, 

plate about an axis through its centre and inclined at an 
angle a to its axis of symmetry, a being its altitude and 2S 
its base. Ans. cos* « + ^* sin* «). 

3. Find the moment of inertia of a square plate about a 
diagonal, a being a side of the square. Ans. -.^maK 

233. Products of Inertia.— The value of the product 
of inertia at any point may be made to depend on the value 
of the product of inertia for parallel axes through the cen- 
tre of gravity. Let (x, y) be the position of any element, 
dw,^ referred to axes through any assigned point ; («', y') the 
position of the element referred to parallel axes through 
the centre of gravity, and {h, h) the centre' of gravity 
referred to the first pair of axes. Then 

x=zx' + 7i, y = y' I- 

therefore 2 xy dm = 2 (a' + h) {y' + h) dm 
= 2 x'y' dm -p }ik 2 dm, 

since 2 mod = 0, and 2 mv' = 0. 


( 1 ) 
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ScH.— By (1) we m,ay often find; the procluefc of inertia 
for an assigned origin and axes. ■ Thus, suppose we require 
the product of inertia in the case of a rectangle, w%en the 
origin is at' the corner, and the axes' are the edges which 
meet at that corner. By Art. 232^ Sch. we haye 
= 0; therefore from (1) we have 

Zxydm = likZdm ; 

and as h and h are known, being half the lengths of the 
edges of the rectangle to which they are respectively 
parallel, the product of inertia is known. 

EXAMPL.KS. 

Find the expressions for the moments of inertia in the 
following, the bodies being supposed homogeneous in all 
cases. 

1. The moment of inertia of a rod of length a, -with 
respect to an axis perpendicular to the rod and at a distance 


d from its middle point. 


Ans. m 


2. The moment of inertia of an arc of a circle whose 
radius is a and which subtends an angle 2« at the centre, (1) 
about an axis through its centre perpendicular to its plane, 
(2) about an axis through its middle point perpendicular to 
its plane, (3) about the diameter which bisects the arc. 


. (1) ma ^ ; (2) 2m (3) m (l— ! 


3. The moment of inertia of the arc of a complete 
cycloid whose length is a with respect to its base. 

Am, 

4 The moment of inertia of an equilateral triangle, of 
side a, relative to a line in its plane, parallel to a side, at 
the distance d from its centre of gravity. 

. Ans, m -f cPj* 


m 
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5 . Given a triangle whose sides are a, d, c, and whose 

perpendiculars on these sides, from the opposite vertices 
are p, q, r, respectively; find the moment of inertia of the 
triangle about a line drawn through each vertex and 
parallel respectively, (1) to the side a, (2) to the side (3) 
to the side e. Ans. (1) (2) Imq^ ; 

6. Find the moment of inertia of the triangle in the last 

example relative to the three lines drawn through the 
centre of gravity of the triangle and parallel respectively 
to the sides a, c. Ans. -^mp^ ; 

7 . Find the moment of inertia of the triangle in Ex. 5, 
relative to the three sides a, b, c, respectively. 

Ans. } mq^; ^mr^. 

8. The moment of inertia of a right angled triangle, of 

hypothenuse relative to a perpendicular to its plane 
passing through the right angle. Ans. jmo^. 

9 . The moment of inertia of a ring whose outer and 

inner radii are ^ and b respectively, (1) with respect to a 
polar axis through its centre, and (2) with respect to a 
diameter. Ans. (1) (a^ + P) ; (2) (a^ + 5«). 

10. The moment of inertia of an ellipse, (1) with respect 
to its major axis, (2) with respect to its minor axis, and (3) 
with respect to an axis through its centre and perpendicular 
to its plane. 

Ans. (1) (2) ima3. (3) ^ ^2). 

11. The moment of inertia of the surface of a sphere of 

radius a about its diameter. Am. ^?na^. 

12. The moment of inertia of a right prism whose base 

is a right angled triangle, with resj)ect to an axis passing 
through the centres of gravity of the ends, the sides con- 
taining the right angle of the triangular base being a and 5 
and the height of the prism Ans. +5?). 


EXAMPLES. 
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13. The moment of inertia of a right prism whose height 
is c, about an axis passing through the centres of gravitjf of 
the ends, the base of the prism being an isosceles triangle 

Ans. + sj'''- 


whose base is a and height h. 


14. The moment of inertia of a sphere of radius a, (1) 
'siativo to a diameter, and (2) relative to a tangent. 

Ans. (1) (2) lma\ 

15. The moment of inertia, about its axis of rotation, (1) 
of a prolate spheroid, and (2) of an oblate spheroid. 

Ans. (1) (2) fmal 

16. The moment of inertia of a cylinder, relative to an 
axis perpendicular to its own a.xis and intersecting it, (1) at 
a distance c from its end, (2) at the end of the axis, and (3) 
at the middle point of the axis, the altitude of the cylinder 
being A and radius of its base «. 

Ans. (1) + iff* (A^ — ^Ac + 3c*) ; 

(2) (3a* + 4A*) ; (3) (/** + 3a*). 

17. The moment of inertia of an ellipse about a central 
radius vector r, making an angle « with the major-axis. 

, , a2J* 

Ans. im 


18. The moment of inertia of the area of a parabola cut 
off by any ordinate at a distance x, from the vertex, (1) 
about the tangent at the vertex, and (2) about the axis of 
the parabola. 

Ans. ; (2) iffjy* where y is the ordinate correspond- 
ing to X. 

19. The moment of inertia of the area of the lemniseate, 
r* = a* cos 26, about a line through the origin in its plane 
and perpendicular to its axis, Ans. (3ff-h 8) a*. 
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20. The moment of inertia of the ellipsoid. 


^ “ 


1 . 


about the axis a, h, c, respectively. 

Am. (1) (5® + c®) ; (2) |«8 (c® + af^) 

(3) |»» (a® + 5*). 


CHAPTER ¥II 


ROTATORY MOTION.' 

234. Impressed and Effective Forces.— All forces 
acting on a body other than the mutual actions of the 
particles, are called the Mipressed Forces that act on the 
body. 

Thus, when a ball is thrown in vacuo, the impressed 
force is gravity ; if a ball is rotating about a vertical axis, 
the impressed forces are gravity and the reaction of the 
axis. 

The iiB pressed or external forces are the cause of the motion and of 
all the other forces. Which are the impressed forces depends upon 
the particular system which is under consideration. The same force 
may be external to one system and internal to another. Thus, the 
pressure between the foot of a man and the deck of a ship on which 
he is, is external to the ship and also to the man and is the cause of 
his own forward motion and of a slight backward motion of the ship ; 
but if the man and ship are considered as parts of one system the 
pressure is internal. 

When a particle is moving as part of a rigid body, it is 
acted on by the external impressed forces and also by the 
molecular reactions of tlie other particles, ^ow if this 
particle were considered as separated from the rest of the 
body, and all the forces removed, there is some one force 
which, singly, would move it in the same way as before. 
This force is called the Effective Force on the particle ; it is 
evidently the resultant of the impressed and moleculai 
forces on the particle. 


Thus, the effective force is that part of the impressed force which 
is effective in ‘causing actual motiou. It is the force which is required 
for pi’oducing the deviation from the straight line and the change of 
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%’elot?ity. If a particle is revolving with constant, velocity rotted a 
fixed axis, tlici etfective force is the centripetal force (Art. 198). rf a 
heavy body falls without rotation, the whole force of gravity is 
eliective ; ])ut if it is rotating about a horizontal axis the weight goes 
partly to balance the pressure on the axis. 


If we suppose the particle of mass m to be at the point 
(.t, f j z) at any tinaej i, and resolve the forces acting on it 
into the three axial components, X, Y, Zy the motion may 
be found [Art. 168 (2)] by solving the simultaneous equa- 


tions 


m 


(Px 

dP 


X; m 


dP 




( 1 ) 


If we regard a rigid body as one in which the particles 
retain invariable positions with respect to one another, so 
that no external force can alter them (Art. 43), we might 
write down the equations of the several particles in accord- 
ance with (1), if all the forces were known. Such, how- 
ever, is not the case. We know nothing of the mutual 
actions of the particles, and consequently cannot determine 
the motion of the body by calculating the motion of its 
particles separately. When there are several rigid bodies 
which mutually act and react on one another the problem 
becomes still more complicated. 

235. D’Alembert’s Principle.*— By D’Alembert’s 
Principle, however, all the necessary equations may be 
obtained without writing down the equations of motion of 
the several particles, and -without any assumption as to the 
nature of the mutual actions except the following, which 
may be regarded as a natural consequence of the laws of 
motion. 

The internal actions and reactions of any system of rigid 
bodies in motion are in equilibrium among themselves. 


* Introduced by D’Alembert in l'T42. 


D'ALEMBERT’S PRINCIPLE. 
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Fhe flxial accelerations of the particle of mass m, which 

d?x d?y ^ 

IS moving as part of a rigid body, are 

Let f be their resultant, then the efifectiye force is measured 
by mf. Let i^and B be the resultants of the impressed and 
molecular forces, respectively, on the particle. Then mf 
is the resultant of F and B. Hence if mf be reversed, the 
three forces, F, B, and mf, are in equilibrium. _ 

The same reasoning may be applied to every particle of 

each body of the system, thus furnishing three groups of 
forces, similar, respectively, to F, B, and mf ; and these 
three groups will form a system of forces in equilibrium. 
Now by D’Jilembert’s principle the group B will itself 
form a system of forces in equilibrium. Whence it follows 
that the group J'will be in equilibrium with the group mf 
Hence, 

If forces equal and exactly opposite to fhe effective forces 
were applied at each particle of the system, they would le 
in equilibrium with the impressed forces. 

That is, D'Alemberfs principle asserts that the tvhole 
effective forces of a system are together equivalent to the 
impressed forces. 

gCH. ^By this principle the solution of a problem in 

Kinetics is reduced to a problem in Statics as follows: JVe 
first choose the co-ordinates by means of which the position 
of the svstem in space may be fixed. We then express the 
efieotive forces on each element in terms of its co-ordinates. 
These effective forces, reversed, will be in equilibrium 
with the given impressed forces. Lastly, the equations of 
' motion for each body may be formed, as is usually done in 
Statics, by resolving in three directions and taking mo- 
ments about three straight lines. (See Roiith s lugid 
Dynamics, Pirie’s Rigid Dynamics, Pratts Mechs, Puces 
Anal. Mech’s, VoL IL) 


454 , \MOTATION OF A RIGID BODY. 

236. Rotation of a. Rigid Body about a Fixed 
Axis under tke Action of any Forces.— Lefc any 
plane passing throiigli the axis of rotation and fixed in 
space be taken as a plane of reference. Let m be the mass 
of any element of the body, r its distance from the axis, 
and 4 ? the angle which a plane through the axis and the 
element makes with the plane of reference. 

Then the velocity of m in a direction perpendicular to 

. . de 

the plane containing the element and the axis is f 


The mommt of - the momentuni^ of this particle about 

the axis is Hence the moment of the momenta of 

dt 

all the particles is 




dt 


0 ) 


Since the particles of the body are rigidly connected, 

it is clear fkat ^ is the same for every particle, and is the 

angular velocity of the body. Hence the moment of the 
momenta of all the particles of the body about the axis is the 
moment of inertia of the body about the axis nmltiplied by 
the angular velocity. 

The acceleration of m perpendicular to the direction in 
d^d 

.Avhicli r is measured is r - 77 , , and therefore the moment of 


dt^' 


cPO 


the moving forces of m about the axis is Hence, 

the momejit of the effective forces of all the particles of the 
body about the axis is 

(%) 

2 vhich is the moment of inertia of the body about the axi% 
m%iltiplied by the angular acceleration. 


* Called also Angular Momentum. (See Pirie’s Rigid Dynamics, p, 44) 


ROTATIOR OF A RIGID BODY. 
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(1) Let the forces be impulsive (Art. 202) ; let o), be 
the aiigiihir velocities just before and just after the action 
of the forces, and N the moment of the impressed forces 
about the axis of rotation, by which the motion is pro- 
duced. 

Then, since by D^Alembert’s principle the effective 
forces when reversed are in equilibrium with the impressed 
forces, we have from (1) 

6)' S mr^ ~ w S mr^ = if ; 


6) — 6) = 


if 

S mr^ 


moment of imp ulse about axis ^ 
moment of inertia about axis ’ 


that is, the change in the angular velocity of a body, pro- 
duced by an impulse, is equal to the moment of the impulse 
divided by the moment of inertia of the body. 

(2) Let the forces be finite. Then taking moments 
about the axis as before, we have from (2) 


dP 


if 


moment of forces ab out axis ^ 
moment of inertia about axis ^ 

that is, the angular acceleration of a body, produced by a 
force, is equal to the moment of the force divided by the 
moment of inertia of the body. 

By integrating (4) we shall know the angle through 
which the body has revolved in a given time. Two arbi- 
trary constants will appear in the integrations, whose 
values are to be determined from the given initial values 

Thus the whole motion can be found, and 
dt 
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we shall eoBsequently be able to determine the position oi 
, the body, at any instant. 

ScH.—It appears from (3) and (4) that the motion 
of a rigid body round a fixed axis, under the action of any 
forces, depends on (1) the moment of the forces about 
that axis, and (2) the moment of inertia of the body about 
the axis. If the whole mass of the body were concentrated 
into its centre of gyration (Art. 226), and attached to the 
fixed axis of rotation by a rod without mass, whose length 
is the radius of gyration, and if this system were acted on 
by forces having the same moment as before, and were set 
in motion with the same initial values of 6 and the angular 
Telocity, then the whole subsequent angular motion of the 
rod would be the same as that of the body. Hence, we may 
say briefly, that a body turning about fixed axis is 
iinetically giyen when its mass and radius of gyration are 
known. 

EXAMPLE. 

A rough circular horizontal board is capable of revolving 
freely round a vertical axis through its centre. A man 
walks on and round at the edge of the board; when he 
has completed the circuit what will be his position in 
space? 

Let ^ be the radius of the board, M and if' the masses 
of the board and man respectively ; 0 and 0' the angles 
described by the board and man, and J^the action between 
the feet of the man and the board. 

The equation of motion of the board by (4) is 

Fa = 

Since the action between the man and the board is con- 
tinually tangent to the path described by the man, the 
equation of motion of the man is, by (5) of Art, 20, 


THE COMPOUND PENDULUM. 
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F-. 


irf 

“"w 


Eliminating F and integrating twice, the constant being 
jero in both cases, because the man and board start from 
rest, we get 

Mlc,^e = i¥W. (1) 

When the man has completed the circuit we haye 6 + ^ 
= 27t; also . Substituting these in (1) we get 


27rif 

2J/' + 


which gives the angle in space described by the man* 
If If = M\ this becomes 


F = fTTI 

e = |7r. 


which is the angle in space described by the board. (See 
Eouth’s Eigid Dynamics, p. 67.) 


237. The Compound Tondulum.--AUdymove8about 
a fixed liOTUontal axis acted on ly gravity only^ to determine 
the motion. 

Let ABO be a section of the body made by 
the plane of the paper passing through G, 
the centre of gravity, and cutting the axis 
of rotation perpendicularly at 0. Let B =: 
the angle which OG makes with the vertical 
OY; and let 7^ == OG, := the principal 
radius of gyration, and M = the mass of 
the body. Then by (4) of Art. 236, we 
have 

20 


'xmg 


TMB COMPOUND PENDULUM. 


d?d _ Mgh sii^ 
'dip ~ S 


Mgh sin 6 
MB 


. sin e [by (2) of Art. 226], (1) 


fclie nogative sign being taken because 6 is a decreasing 

aoiction of the time. _ _ 

This equation cannot be integrated in finite terms, but 
if the oscillations be small, we may deTelop sin B and reject 
all powers above the first, and (1) will become 

m gh f. 


■ le? + B 


Multiplying by 2 and integrating, and supposing that 
the body began to move when 0 was equal to «, (2) 


becomes 


^ — 3 ^ 

dP ~ Tc? + 


Hence denoting the time of a complete oscillation by T, 
we have _____ 






wliicli gives the time in seconds, when h and h are meas- 
ured in feet and g = 32.18. 

When a heavy body vibrates about a horizontal axis, by 
the force of gravity, it is called a compound pendulum. 


qor, i.—If -we suppose the whole mass of the compound 
pendulum to be concentrated into a single point, and this 
point connected with the axis by a medium without weight, 
it becomes a simph pendulum (Art.. 194). Denoting the 
distance of the point of concentration from the axis by I, 
we have for the time of an oscillation, by (1) of Art. 194, 
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If the point be so chosen that the simple pendu- 
lum will perform an oscillation in the same time as the 
compound pendulum, these two expressions for the time of 
an oscillation must be equal to each other, and we shall 
haye 

W + h? 


I: 


h 


h? 


= /^ + X = 00^ 


( 4 ) 


(O' being the point of concentration). 

OoR. 2. — This length is called the le^igth of the , 
equivalent pendulum j the point 0 is called the ce 7 it' 7 ^e of 
suspensmi ; the point O', into which the mass of the com- 
pound pendulum must be concentrated so that it will 
oscillate in the same time as before, is called the centre of 
oscillation; and a line through the centre of oscillation 
and parallel to the axis of suspension is called an axis of 
oscillatmi. 

From (4) we have 


or 


GO'- GO == 


( 5 ) 


Now (5) would not be altered if the place of 0 and 0' 
were interchanged; hence if 0' be made the centre of 
suspension, then 0 will be the centre of oscillation. Thus 
the centres of oscillation and of suspension are convertible^ 
and the time of oscillation about each is the same. 


OoR. 3.- — Putting the derivative of I with respect to h in 
(4) equal to ^ero, and solving for A, we get 
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wliioli makes I a iBinimum, and therefore makes t a mini-, 
mum. Hence, when the axis of suspension passes through 
the prinGipalcenh'e of gyratmi the time of oseillation is a 
minimmn, ^ 


Rem, — The prohlena of determining the law under which a heavy 
body swings about a horizontal axis is one of the most important in 
the history of science. A simple pendulum is a thing of theory ; our 
accurate knowledge of the acceleration of gravity depends therefore 
on our understanding the rigid or compound pendulum. This was 
the first problem to which Alembert applied his principle. 

The problem was called in the days of D’Alembert, the “ centre of 
oscillation.” It was required to find if there were a point at which 
the whole mass of the body might be concentrated, so as to form a 
simple pendulum whose law of oscillation was the same. 

The position of the centre of oscillation of a body was first correctly 
determined by Huyghens and published at Paris in 1673. As 
D’Alembert’s principle was not known at that time, Huyghens had to 
discover some principle for himself.* 


EXAMPLES. 

1, A material straight line oscillates about an axis per- 
pendicular to its length; find the length of the equivalent 
simple pendulum. 

Let 2a = the length of the line, and h the distance of its 
centre of gravity from the point of suspension. Then since 

we have from (4) 

^ = * + 3T W 

Cor. 1. — ^If the point of suspension be at the extremity 
of the line (1) becomes 

I z=z ^a I 


* Bouth’s Rigid Dynamics, p. 6&. 


EXAMPLES. 
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Muit is, fclie leiigtli of the equivalent simple pendulum is 
two-tliirds of the length of the rod. 

Coe. 2.— Let li = ; then (1) becomes 

? = ^a. 

Heoee, the time of an oscillation is the same, whether tlie 
line be suspended from one extremity, or from a point one- 
third of its length from the extremity. This also illnstrates 
the convertibility of the centres of oscillation and of sus- 
pension (See Cor. 2). 

Coe. 3.— If h = 10a, then (1) becomes 
I = Of. 

2. A circular arc oscillates about an axis through its 
middle point perpendicular to the plane of the arc. Prove 
that the length of the simple equivalent pendulum is 
independent of the length of the arc, and is equal to twice 
the radius. 

Prom Ex. 2, Art. 233, we have 

P = + = 

From Ex. 1, Art. 78, we have 


A = a — “ « 


Sin a 

• 

a 


Therefore (4) becomes 


lz=: 2d^ 
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kA 


O. A riglit cone oscillates about an axis passing tlirougli 
its vertex and perpendicular to its own axis ; it is required 
to iind the length of the simple equivalent pendulum, (1) 
when k is the altitude of the cone and 1) the radius of the 
base, and (2) when the altitude = the radius of the base = k 


Ans, (1) 


4:P + 


-A (2) 


That is, in the second cone, the centre of oscillation is in 
the centre of the base; so that the times of oscillation are 
equal for axes through the vertex and the centre of the 
base perpendicular to the axis of the cone. 

4. A sphere, radius oscillates about an axis ; find the 
length of the simple equivalent pendulum, (1) when the 
axis is tangent to the sphere, (2) when it is distant 10a 
from the centre of the sphere, and (3) when it is distant 


g from the centre of the sphere. 

Ans. (l)-la; (3)^iia. 


238. The Length of the Second’s Pendulum 
Determined Experimentally.-— The time of oscillation 


of a compound pendulum depends on /i -f ~ by (4) of 

Art. 23'7. But there are difficulties in the way of determin- 
ing and The centre, G, can not be got at, and, as 
every body is more or less irregular and variable in density, 
7r3L cannot be calculated with sufficient accuracy. These 
quantities must therefore be determined from experiments. 
Bessel observed the times of oscillation about different 
axes, the distances between which were very accurately 
known. Captain Kater employed the property of the 
convertibility of the centres of suspension and oscillation 
(Art. 237, Cor. 2), as follows : 

Let tlie penduliim consist of an ordinary straight bar, CO, and a 
small weight, m, which may he clamped to it by means of a screw, 
and shifted from one position to another on the pendulum. At the 
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poirts C and 0 in two triangular aper- 
tures, at the distance I apart, let two knife 
edges of hard steel be placed parallel to 
eacli other, and at right angles to the 
pendulum, so that it may vibrate on either 
of them, as in Fig. 94. Let m be shifted 
till it IS found that the times of oscillation 
about 0 and O are exactly the same. It 
remains only to measure CO, and observe 
the time of oscillation. The distance he- Rg..94 

tween the two points C and 0 is the length 

of the simple equivalent pendulum. This distance between the knife 
edges was measured by Captain Kater with the greatest care. The 
mean of three measurements differed by less than a ten-thousandth 
of an inch from each of the separate measurements. 

The time of a single vibration cannot be observed directly, because 
this would require the fraction of a second of time as shown hy the 
clock, to be estimated either by the eye or ear. The difficulty may 
he overcome by observing the time, say of a thousand vibrations, and 
thus xhe error of the time of a single vibration is divided by a 
thousand. The labor of so much counting may however he avoided 
by the use of the method of coincidences.” The pendulum is placed 
in front of a clock pendulum whose time of vibration is slightly 
different. Certain marks made on the two pendulums are observed 
by a telescope at the lowest point of their arcs of vibration. The field 
of view is limited by a diaphragm to a narrow aperture across which 
the marks are seen to pass. At each succeeding vibration one 
pendulum follows the other more closely, and at last its mark is 
completely covered by the other during their passage across the field 
of view of the telescope. After a few vibrations it appears again 
preceding the other. In the interval from one disappearance to the 
next, one pendulum has made, as nearly as possible, one complete 
oscillation more than the other. In this manner 530 half- vibrations of 
a clock pendulum, each eqnal to a second, were found to correspond to 
532 of Captain KateFs pendulum. The ratio of the times of vibra- 
tion of the pendulum and the clock pendulum may thus be calculated 
with extreme accuracy. The rate of going of the clock must then be 
found by astronomical means. 

The time of vibration thus found will require several corrections 
which are called ''reductions.” For instance, if the oscillation be 
not so small that we can put sin 6 ■= 6 m Art. 237, we must make a 
reduction to infinitely small arcs. Another reduction is necessary if 


t04 Monoif 0^ A BOOT WEBN UNOONSTBAIXBD. 

we wish to reduce the result to what it would have been at the levd 
of tiie sea. The attraction of the intervening land may he allowed 
for by Dr. Young’s rule, (Phil. Trans., 1819). We may thus obtain 
theforceof gravity at the level of the sea, supposing all the land 
above this level were cut off and the sea constrained to keep its 
iresent level. As the level of the sea is altered by the attraction of 
.he iand, further corrections are still necessary if we wish to reduce 
the result to the surface of that spheroid which most nearly repre- 
sents the earth. See Eouth’s Rigid Dynamics, p. 77. For the details 
of this experiment the student is referred to the Phil. Trans, for 1818, 
and to Yol. X. 
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239. Motion of a Body when Unconstrained.^If 

an impulse be communicated to any point of a free body 
in a direction not passing through the centre of gravity; it 
will produce both translation and rotation. 

Let P be the impulse imparted to 
the body at A. At B, on the opposite 
side of the centre 6, a distance GB 
= AG, let two opposite impulses be 
applied, each equal to ^P ; they will 
not alter the effect. Now if \P 
applied at k is combined with the JP 
at B which acts in the same direction, their resultant is P, 
acting at G and in the same direction, and this produces 
translation only. The remaining IP at A combined with 
the remaining |P at B, which acts in the opposite direc- 
tion, form a couple which produces rotation about the 
eentre G. 

Hence, when a lody receives an impulse in a direction 
which does not pass through the centre of gravity^ that centre 
will assume a motion of translation as though the impulse 
were applied immediately to it ; and the hody will have a 
motion of rotation about the centre of gravity^ as though 
that point were fixed, 

240. Centre of Percussion.— Axis of Spontaneous 
Rotation. — Let Mv represent the impulse impressed upon 
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the l3ody (Fig. 96) whose mass is if, and a 

/r the perpendicular distauce, 0, from 

the centre of gravity, G,to the line of 4^ 

action, OF, of the impulse. The centre 
of gravity will assume a motion of trans- 
lation with the velocity v, in a direction . ^ 

parallel *to that of the impulsive force. i^iS-96 

ihen from (3) of Art. 236, we have for the angnlai 
velocity 

Mvh vh 

" ~ ~kf 


The absolute velocity of each point of the body will be 
compounded of the two velocities of translation and rota- 
tion. The point 0, for example, to which the impulse is 
-fipplied, has a velocity of translation, Oa, equal to that of 
the centre of gravity, and a velocity of rotation, about 
the centre of gravity; so that the velocity of any point at 
a distance a from the centre, 0^ will be expressed by 
^ ifc 1 the upper or lower sign being taken according as 
the point is, or is not, on the same side of the centre of 
gravity as the point 0. Thus, if we consider the motion of 
the body for a very short interval of time, the line OGO 
will assume the position hG' G, the point G remaining at 
rest during this interval ; that is, while the point G would 
be carried forward over the line Gc by the motion of trans- 
lation, it would be carried backward through the same 
distance by the motion of rotation. Hence, since the abso- 
lute velocity of {7 is zero, we have 


and hence denoting 0(7 by I we have 
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Kow if there had been a fixed axis through f7 perpen- 
dicular to the plane of motion, the initial motion would 
have been precisely the same, and this fixed axis eTidently 
would not have received any pressure from the impulse. ^ 

When a rigid body rotates about a fixed axis, and tlic 
body can be so struck that there is no pressure on the axis, 
any point in the line of action of the force is called a centre 

o f percussion, ^ . 

When the line of action of the blow is giYen and the 
body is free from all constraint, so that it is capable of 
translation as well as of rotation, the axis about which the 
body begins to turn is called the axis of spontaneous rota- 
tion. It obviously' coincides with the position of the fixed 
axis in the first case. 

CoK. 1.— From (1) we have 

ah = GG-GO = lc?', 

hence the points 0 and 0 are convertible, that is, if the 
axis of rotation he supposed to pass through the point 0, 
the centre of spontaneous rotation vnll coincide with the cen- 
tre of percussion, 

Coe. 3.— From (3) it follows, by comparison with (4) of 
Art. 337, that if the axis of spontaneous rotation coincides 
with the axis of suspension, the centre of percussion coin- 
cides with the centre of osdUation. 

ScH.— It is evident that if there be a fixed obstacle at 0, 
and it be sti-uek by the body OG rotating about a fixed 
axis through G, the obstacle will receive the whole force 
of the moving body, and the axis will not receive any, 
Hence the centre of percussion also determines the position 
in which a fixed obstacle must bo placed, on which if the 
rotating body impinges and is brought to rest, the axis of 
rotation will suffer no pressure. 





EXAMPLES, 


All axis tliroiigli the centre of gravity, parallel to the 
axis of spontaneous rotation, is called the axis of instantane- 
ous rotation, A free body rotates about this axis (Art. 239). 


EX AMP L.ES. 

1« Find the centre of percussion of a circular plate of 
radius a capable of rotating about an axis which touches it. 


Here = j-, and h 


a. Hence from (2) we have 




2. A cylinder is capable of rotating about the diameter 
of one of its circular ends ; find the centre of percussion. 
Let a == its length, and 1) = the radius of its base. 

W + 4^2 


Ans, I == 


Hence if the centre of percussion will be at 

the end of the cylinder. If h is very small compared with 
a, ? = f a ; thus if a straight rod of small transverse section 
is held by one end in the hand, I gives the point at which 
it may be struck so that the hand will receive no Jar. 

241, The Principal Radius of Gyration Deter- 
mined Practically. — Mount the body upon an axis not 
passing through the centre of gravity, and cause it to 
oscillate; from the number of oscillations performed in a 
given time, say an hour, the time of one oscillation is 
known. Then to find li, which is the distance from the 
axis to the centre of gravity, attach a spring balance to the 
lower end, and bring the centre of gravity to .a. horizontal 
plane through the axis, which position will be indicated by 
the maximum reading of the balance. Knowing the maxi- 
mum reading, i?, of the balance, the weight, Wj ot the 
body, and the distance, a, from the axis of suspension te 
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the point of attachment, we have from the principle oi 
monieiits, Rci = 117/, from which A is found. Substitut- 
ing in (3) of Art. 237, this value of //, and for T the time 
of an oscillation, Ici becomes known. 

242. ’The Ballistic Pendulum— An interesting ap- 
plication of the principles of the compound pendulum is 
the old way of determining the velocity of a bullet or can- 
non-ball. It is a matter of considerable impoiteice in the 
Theory of Gunnery to determine the velocity of a bullet as 
it issues from the mouth of a gun. It was to determine 
this initial velocity that Mr. Eobins about 1743 invented 
the BaUisiie Pendulum, This consists of a large thick 
heavy mass of wood, suspended from a horizontal axis in 
the shape of a knife-edge, after the manner of a compound 
pendulum. The gun is so placed that a ball projected 
from it horizontally strikes this pendulum at rest at a cer- 
tain point, and gives it a certain angular velocity about its » 
axis. The velocity of the ball is itself too great to be 
measured directly, but the angular velocity communicated 
to the pendulum may be made as small as we please by 
increasing its bulk. The arc of oscillation being meas- 
'ured, the velocity of the bullet can be found by calcu- 
iation. 

The time, which the bullet takes to penetrate, is so short 
that we may suppose it completed before the penduluin has 
sensibly moved from its initial position. 

Let M be the mass of the pendulum and ball; m 
that of the ball ; v the velocity of the ball at the instant of 
impact ; h the distance of the centre of gravity of the pen- 
dulum and ball from the axis of suspension; a the distance 
of the point of impact from the axis of suspension ; w the \ 
angular velocity due to the blow of the ball, and * the 
radius of gyration of the pendulum and ball. Then since 
tlie initial velocity of the bullet is its impulse is measured 
by mv, and therefore from (3) of Art. 236 we have for the 
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initial angular velocity generated in the pendulum by this 
impulse^ 


4 ) =: 


mm 


(1) 


and from (1) of Art, 237 we have for the subsequent 
motion 




sin 0. 


(3) 


Integrating, and observing that, if a be the angle through 
which the pendulum moves, we have ^ = w when 0 = 0, 
dB 

and ™ = 0 when 6 =z (2) becomes 


6 ) 


2 



COS €c). 


( 3 ) 


Eliminating o) between (1) and (3) we have 


2i¥7r 

ma 


V(/h sin 


( 4 ) 


from which v becomes known, since all the quantities in 
the second member may be observed, or are known. 

We may determine « as follows: At a point in the pen- 
dulum at a distance h from the axis of suspension, attach 
the end of a tape, and let the -rest of the tape be wound 
tightly round a reel ; as the pendulum ascends, let a length 
c be unwound from the reel ; then c is the chord of the 

angle a to the radius h, so that c = 2/^ sin which in (4) 
gives; 



The values of h and may be determined as in Art. 241. 
If the mouth, of the gun is placed near to the pendulum. 
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the Yuliie of given by (5), must be nearly the velocity of 

^'’^T^m^'TSocity may also be determined in the_ following 
manner: Let the gun be attached to a hea \7 pendulum ; 
when the gun is discharged the recoil causes the pendulum 
to turn round its axis and to oscillate through an arc 
M hich can be measured ; and the velocity of the bullet can 
be deduced from the magnitude of this arc. (See Prices 
Anal. Mecli’s, Vol. II, p. 331.) 

Before the mvention of the ballistic pendulum by Mr. EoWns in 
1743, but little progress had been made in the true theory of md‘tary 
nroiectiles. Eobiiis’ Nmo Principles of Ounnery was soon translated 

into several languages, and Euler added to his translation ot it into 

German an extensive commentary ; the work of Euler s being again 
translated into English in 1784. The experiments of Eobins were 
all conducted with musket balls of about an ounce weight, but they 
were afterwards continued during several years by Dr. Hutton, who 
used cannon-balls of from one to nearly three pounds m weight. 
Hutton used to suspend his cannon as a pendulum, and measure the, 
ano-le through which it was raised by the discharge. His experi- 
ments are still regarded as some of the most trustwortl^ on smooth- 
bore guns. See Eoutb's Eigid Dynamics, p. 94, also Eucyclopmdia 
Britannica, Art. Gunnery. 

243. Motion of a Heavy Body about a Horizon- 
tal Axle through, its Centre. — Let the body be a sphere 
whose i-adius is B, and weight F, and let a weight P be 
attached to a cord wound round the circumference of a 
wheel on the same axle, the radius of the wheel being ry 
required the distance passed over by P in ^ seconds. 

Prom (4) of Art. 336 we have 

Multiplying by dt and integrating twice, we have 

0 Prgf 

^ ~ %iWh^ + PP)’ 


( 1 ) 


EXAMPLES, 
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the constants being zero in both integrations, since the body 
starts from rest when ^ = 0. The space will be r&. 


EXAMPLES. 

1 Let the body be a sphere whose radius is 3 ft. and 
weight 500 lbs.; let P be 50 lbs., and the radius of the 
wheel 6 ins.; required the time in which the weight P will 

descend through 50 ft. (Take^ = 33.) 

Ans. 31 seconds. 

•2. Let the body be a sphere whose radius is 14 ins. and 
weight 800 lbs.; let it be moved by a weight of 300 lbs. 
attached to a cord wound round a wheel the ° 

which is one foot; find the number of revolutions of the 
sphere in eight seconds. (Take g = 33.) ns. 

244. Motion of a Wheel and Sii — [TI^ 

Axle when a G-iven Weight JP U 
Raises a Given Weight TF.— Let gLV fM 

the weights P and W be attached to 
cords wound round the wheel and axle, I ^ 

respectively, (Fig. 97) ; let B and r be I pflT 

be the radii of the wheel and axle, and w HH| j | 
w and w' their weights; required the / I 

angular distance passed over in t 
seconds. 

From (4) of Art. 336, we have 


PB? -jl Wr^ + 


— yy r} 

® ” PE -i- WP' + 


exam p le. 


Let the 


weight P = 30 lbs.. If = 80 lbs., w = 8 lbs.. 
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required (1) tlie space passed over by P in 12 seconds if H 
starts from rest^ and (2) the tensions T and T' of the cords^ 
supporting P and Wl (Take ff = 32.) 

Jm. (1) 97.79 ft.; (2) T=: 31,28 lbs.; T' = 78.64 lbs. 


245. Motion of a Rigid Body 
about a Vertical A2cis.-~Let AB ^ 

be a vertical axis about wMcli the 

body 0, on the horizontal arm ED, A 
revolves, under the action of a con- % 
stant horizontal force P, applied at Fig.98 

the extremity E, perpendicular to 
ED. Let if be the mass of the body whose centre is G 
and r and /i the distances ED and CD, respectively. Then 
from (4) of Art. 236, we have 


m Fr 

dt^ ^ M{k^^ + ¥)\ 

Multiplying by dt and integrating twice, observing that 
the constants of both integrations are zero, we have 

2M{k^^ + hP) 

which is the angular space passed over in i seconds. 

EXAMPLE, 

Let the body be a sphere whose radius is 2 ft., whose 
weight is 600 lbs., and the distance of whose centre from 
the axis is 8 ft., and let F be a force of 40 lbs. acting at the 
end of an arm 10 ft. long ; find (1) the number of revolu- 
tions which the body will make about the axis in 10 
minutes, and (2) the time of one revolution. (Take 
g = 32.) Jlus. (1) 9316.3 ; (2) G,2 secs. 
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246. Body Rolling down an Inclined Plane.— J 
homoge^ieous sphere rolls directly down a rough inclined 
plane under the action of gravity. Find the motion. 

Let Fig. 99 represent a section 
of the sphere and plane made by a 
vertical plane passing through C, 
the centre of the sphere. Let a be 
the inclination of the plane to the 
horizon^ a the radius of the sphere, 

0 the point of the plane which 
was initially touched by the sphere 
at the point A, P the point of contact at the time zf, 
ACP = d, which is the angle turned through by the 
sphere, m = the mass of the , sphere, F = the friction 
acting upwards, J2 = the pressure of the sphere on the 
plane. Then it is convenient to choose 0 for origin and 
OB for the axis of x ; hence OP = x. 

The forces which act on the sphere are (1) the reaction, 
i2, perpendicular to OB at P, (2) the friction, F^ acting at 
P along PO, and (3) its weight, mg, acting vertically at C 
the centre. Now C evidently moves along a straight line 
parallel to the plane ; so that for its motion of translation 
we have, by resolving along the plane. 


m 


. 6^x 


mg sin 


F. 


( 1 ) 


The sphere evidently rotates about its point of contact 
with the plane ; but it may be considered as rotating at 
any instant about its centre 0 as fixed ; and the angular 
velocity of 0 at that instant in reference to P is the same 
as that of P m reference to 0. From (4) of Art. 236, we 
have for the motion of rotation 


mh^ 


df 


Fa 


( 2 ) 
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and since the plane is perfectly roughs so that the sphere 
does not, slide, we have 

X = aO, (3) 

Multiplying (1) hj a and adding the result to (2), we get 
cPx j . /.^ 


dPx I 

Differentiating (3) twice we get = a? ■ 
united to (4) gives 


which 


dP 




2 ^ sin a. 


( 5 ) 


Since the sphere is homogeneous, and (5) 

becomes 

d^x - . 

^ = I? sm « (6) 

iDliicli gives the acceleratmi down the plane. 

If the sphere had been sliding down a smooth plane, the 
acceleration would have been g sin a (Art. 144) ; so that 
two-sevenths of gravity is used in turning the sphere, and 
five-sevenths in urging the sphere down the plane. 

Integrating (6) tAvice, and supposing the sphere to start 
from rest, we have 

X — * sin * 

which gives the space passed over in the time t, 

Eesolving perpendicular to the plane, we have 

R =z mg COB a. 

Con. — If the rolling body were a circular cylinder with 
its axis horizontal, then and (5) becomes 

dpx 

^ = |Y7 8in«; 


( 7 ) 
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SO that one-third of gravity is used in turning the cylinder, 
and two-thirds in urging it down the plane. 

From (7) we have 

X =L \g sin a • P (8) 

iDliicli gives the space passed over hi the time t from rest. 

' 247. Motion of a Falling Body under the Action 
of an Impulsive Force not Directly through its 

Centre . — A string is tvound round the circumference of a 
reel^ and the free end is attached to a fixed point. The reel 
is then lifted up and let fall so that at the moment token 
the string hecomes tight it is vertical, and tangent to the reel. 
The whole motion heing supposed to take place in one plane, 
determine the effect of the impulse. 

The reel at first will fall vertically without rotation. 
Let V be the velocity of the centre at the moment when the 
string becomes tight ; v’ , o) the velocity of the centre and 
the angular velocity Just after the impulse; T the impul- 
sive tension; m the mass of the reel, and a its radius. 

Just after the impact the part of the reel in contact with 
the string has no velocity, and at this instant the reel 
rotates about this part; but it may be considered as 
rotating about its axis as fixed, and the angular velocity of 
its axis, at this instant, in reference to the part in contact 
is the same as that of the latter in reference to the former. 
The impulsive tension is 

T ==: m {v — v’). (1) 

Hence from (3) of Art. 236, we have for the motion of 
rotation 


IMFULSIVE FORCE, 




If the reel be a homogeneous cylinder^ 
have from (3) and (4) 


and from (1) we have for the impulsive tension, 


Cor. — To find the mhseqiient motion. The centre of the 
reel to descend vertically ; and as there is no hori- 
zontal force on it, it will continue to descend in a vertical 
straight line/and throughout all its subsequent motion the 
string will be vertical. The motion may therefore be 
easily investigated, as in Art. 246, since it is similar to the 
case of a body rolling down an inclined plane which is 
vertical, the tension of the string taking the place of th (3 

friction along the plane. Hence putting a = and 

letting the friction F = the finite tension of the string, we 
have, from (1) and (7) of Art, 246, 


that is, the finite tension of the string is one-third of ilie 
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weight, ttiid tlie reel descends with a uniform acceleration 

of %. ' „ 

Since the initial velocity of the reel from (o) is t«, we 
have, for the space descended in the time t after the impact, 
from (8) of Art. 246, 

x = %vtJr\gt^. (See Eonth’s Rigid Dynamics, p. 131.) 
EXAMPLES. 

1 A thin rod of steel 10 ft. long, oscillates about an axis 
passing through one end of it; find (1) the time of an 
oscillation, and (2) the number of oscillations it makes in a 
(Jay. Aws. (1) 1.434 sec.; (2) 60254. 

2. A pendulum oscillates about an axis passing through 
its end ; it consists of a steel rod 60 ins. long, with a rect- 
angular section | by I of an inch; on this rod is a steel 
cylinder 2 in. in diameter and 4 in. long; when the ends of 
the rod and cylinder are set square, find the time of an 

.,1 . • Ans. 1.174 sees, 

oscillation. 

3. Determine the radius of gyration with reference to 

the axis of suspension of a body that makes 73 oscillations 
in 2 minutes, the distance of the centre of gravity from the 
axis being 3 ft. 2 in. , 

4. Determine the distance between the centres of suspen- 
sion and osciUation of a body that oscillates in 2-|- sec. ^ 

Ans, 20.264 it. 

5. A tMn circular plate oscillates about au axis passing 

tliroiigli tlie circumference ; find the length of the simple 
equivalent pendulum, (1) when the axis touches the circle 
and is in its plane, and (2) when it is at right angles to 
the plane of the circle. Ans. (1) fa ; ( ) :;«• 

6. A cube oscillates about one of its edges; find Die 
leno-th of the simple equivalent pendulum, the edge being 

to ■ ' A.. A ^ > /O 


%a. 


m 
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7. A prism/ wliose cross section is a square/ each side 
being = 2a, and whose length is I, oscillates about one of 

i: its upper edges; find the length of the simple eqiii va lent 

; pendulum. Ans. ^ 's/ 4za^ + h 

8. An elliptic lamina is such that when it swings about 

; one latus rectum as a horizontal axis, the other latus 

* rectum passes thi'ough the centre of oscillation; prove 

that the eccentricity is 

I 9. The density of a rod varies as the distance from one 

i end ; find the axis perpendicular to it about which the 

' , time of oscillation is a minimum, I being the length of the 

rod. 

Ans. The distance of the axis from the centre of gravity 
is ^ 

: 10. Find the axis about which an elliptic lamina must ^ 

oscillate that the time of oscillation may be a minimum, 
j Ans, The axis must be parallel to the major axis, and 

5 bisect the semi-minor axis. 



11. Find the centre of percussion of a cube which rotates 
about an axis parallel to the four parallel edges of the cube, 
and equidistant from the two neax’er, as well as from the 
two farther edges. Let 2a be a side of the cube, and let e 
he the distance of the rotation-axis from its centre of 


gravity. 



Am, ? = q- — , where I is the distance from the rota- 
tion-axis to the centre of percussion. 

12. Find the centre of percussion of a sphere which 
rotates about an axis tangent to its surface. 

Ans, I r= 

13. Let the body in Art. 243, be a sphere whose radius is 
17 ins. and weight 1200 lbs.; let it be moved by a wtught 
of 250 lbs. attached to a cord wound round a wheel whose 
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radius is 15 ins. ; find tlie number of revolutions of tlie 
sphere in 10 seconds, {g = 32.) Ans. 58.77. 

14 Let the body in Art. 243 be a sphere of radius 8 ins. 
and weight 500 lbs, ; let it be moved by a weight of 100 lbs. 
attached to a cord wound round a wheel whose radius is 
6 in.; find the number of revolutions of the sphere in 
5 seconds, {g = 32-|-.) Ans. 28.09. 

15. In Art. 244, let the weight P = 40 lbs., W = 100 
lbs., w = 12 lbs., and = 6 lbs.; and let E and r be 
12 ins. and 7 ins. ; required (1) the space passed over by P 
in 16 secs, if it starts from rest, and (2) the tensions T and 
T' of the cords supporting P and W. {g = 32). 

Ans. (1) 926.5; (2) Tz=z 49.04 lbs., T = 86.81 lbs. 

16. In Art. 244, let the weight P = 25 lbs., IF = 60 
lbs., = 6 lbs., and = 2 lbs.; and let R and r be 
8 in. and 3 in.; required (1) the space passed over by P in 
10 secs, if it starts from rest, and (2) the tensions T and 
T of the cords supporting P and IF. {g = 32-|-.) 

Ans. (1) 109.92 ft.; (2) P= 23.29 lbs.; P'= 61.54 lbs. 

17. In Art. 245, let the body be a sphere whose radius 

is 3 ft., whose weight is 800 lbs., and the distance of whose 
centre from the axis is 9 ft, ; and let P be a force of 60 lbs. 
acting at the end of an arm 12 ft. long; find (1) the num- 
ber of revolutions which the body will make about the 
axis in 12 min., and (2) the time of one revolution. 
{g = 32.) Ans. (1) 14043.6 ; (2) 6.07 secs. 

18. In Ex. 17, let the radius = one foot, the weight = 
100 lbs., the distance of centre from axis = 5 ft., and 
P =: 25 lbs. acting at end of arm 8 ft. long; find (1) the 
number of revolutions which the body will make about the 
axis in 5 min., and (2) the time of one revolution. 

— 32-|-.) Alts. (1) 18139.09 ; (2) 2.23 sees. 
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find (1) fche angular velocity just after the impiilse^, and (2) 
the inipulsive tensioii. . 5i» ^ 

20. A bar, I feet long, falls vertically, retaining its horn 
2 ontal position till it strikes a fixed obstacle at one-qiiartei 
the length of the bar from the centre ; find (1) the angu- 
lar velocity of the bar, (2) the linear velocity of its centre 
just after the impulse, and (3) the impulsive force, the 
velocity at the instant of the impulse being v. 

12 ?; 

Ans. (1) ; (2) ; (3) fmv. 


21. A bar, 40 ft. long, falls through a vertical height of 
50 ft., retaining its horizontal position till one end strikes 
a fixed obstacle 60 ft. above the ground ; find (1) its angu- 
lar velocity, (2) the linear velocity of its centre just after 
the impulse; (3) the number of revolutions it will make 
before reaching the ground, (4) the whole time of falling 
to the ground, and (5) its linear velocity on reaching the 
ground. 

Ans. (1) 2.12; (2) 42.43; (3) 0.345; (4) 2.79; (5) 



CHAPTER VIII. 

MOTION OF A SYSTEM OF RIGID BODIES IN SPACE 

248. The Equations of Motion of a System of 
aigid Bodies obtained by D’Alembert’s Principle. — 

Let {x, y, z) be the position of the particle m at the time t 
referred to any set of rectangular axes fixed in space, and 
JT, Y, Z, the axial components of the impressed accelera- 

ting forces acting on the same particle. Then ^ ^ ^ 

are the axial components of the accelerations of the parti- 
cle ; and by D’Alembert’s Principle (Art. 235) the forces, 

acting on m together with similar forces acting on every 
particle of the system, are in equilibrium. Hence by the 
principles of Statics (Art. 65) we have the following six 
equations of motion : 




P-S)=»', 

«F) 8^) = 0, 


mANSLATION ANJ) ROTATIOW. 


Bj means of these six equations the motion of a rigid, 
body acted on by any finite forces, may be determined. 
They lead immediately to two important propositions, one 
of which enables us to caleuiate the motion of translation 
of the body in space ; and the other the motion of rotation. 

249. Independence of the Motion of Translation 
of the Centre of Gravity, and of Rotation about an 
As:is Passing through it — Let (5, y, z) be the position 
of the centre of gravity of the body at the time t, referred 
to fixed axes, (x^ z) the position of the particle m referred 
to the same axes, {x\ y\ %') the position of m referred to a 
system of axes passing through the centre of gravity and 
parallel to the fixed axes, and M the whole mass. Then 

L = ^ + y =^ ’y +y\ = 5 + a;'. (1) 

Since the origin of the movable system is at the centre of 
gravity, we have (Art. 59) 

Zmx' = ^my^ = Zmz* sss 0| (2) 

*’■ ^'^'W ~^'W ~ M 

Also Sm = Ifx, 'Smy = My, Imu = 

d?x d^y „dFii _ ^ „#■ 

Substituting these values in (1) of Art. 248, we have 

jlfg = S.«X;\ 
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> These three equations do not contain the co-ordinates ol 
the point of application of the forces, and are the same as 
those which would be obtained for the motion of the 
centre of gravity supposing the forces all applied at that 
point. Hence 

The mof'im of the centre of gravity of a system acted on 
by any forces is the same as if all the mass toere collected at 
the centre of gravity and all the forces ^mre a^pplied at that 
point parallel to their former directions, 

2. Differentiating (1) twice we have 

d^x _ d^ d^xt d^y ^d'^y ^ d^f 

dfl_cPz dff 
dt^ ~ dt^'^'d f 

Substituting these values in the first of equations (2) ol 
Art. 248, we have 

2m [0 + 2/') (5 + 0 n 

- (S + S') - (■ + ^) (S + 5-)] = “ 

Performing the operations indicated we get 

-• c I rv dV , „ ,/ „ dh'\ 

-2m.'(r-g-) + §2m/ = 0. 
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Omitting the 1st, 3 d, 4 th, 5 th, 6th, mid 8th terms whiet- 
vanish bj reason of (2), (3), and (4), we have 

similarly from the other two equations of (2) we have/ 

These three equations do not contain the co-ordinates of 
the centre of gravity, and are exactly the equations we 
would have obtained if we had regarded the centre of 
gravity as a fixed point, and taken it as the origin of 
moments. Hence 

Tlie motion of a hocly, acted on ly any forces, about its 
centre of gravity is the same as if th e centre of gravity were 
fixed and the same forces acted on the body. That is, from 
(4) the motion of translation of the centre of gravity of the 
body is indepertdent of its rotation ; and from {^) the rota* 
tion of the body is independent of the translation of its 
centre. 

These two important propositions are called respectively, 
the principles of the conservation of the motions of transla-* 
tion and rotation, 

ScH, — By the first principle the problem of finding the 
motion of the centre of gravity of a system, however com- 
plex the system may be, is reduced to the problem of 
finding the motion of a single particle. By the second 
principle the problem of finding the angular motion of a 
free body in space is reduced to that of determining th« 
motion of that body about a fixed point. 
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Rem. — 111 using the first principle it should be noticed 
that the impressed forces are to be applied at the centre of 
gravity to their former directions. Thiis^ if a rigid 
body be iiioving under the influence of a central force, the 
motiGii of the centre of gravity is 7 iot generally the same 
as if the whole mass were collected at the centre of gravity 
and it were then acted on by the same central force. What 
the principle asserts is, that, if the attraction of the central 
force on each element of the body be found, the motion of 
the centre of gravity is the same as if these forces were 
applied at the centre of gravity parallel to their original 
directions. 

250. The Principle of the Conservation of the 
Centre of Gravity. — Suppose that a material system is 
acted on by no other forces than the mutual attractions of 
" its parts ; then the impressed accelerating forces are zero, 
which give 

SXrrz 0; 

therefore from (4) of Art. 249, we get . 


dy 


Vo cos ft = Vo cos y. (1) 


•where Vo is the Telocity of the centre of grayity when 
= 0, and «, ft y, are the angles -which its direction makes 
with the axes. Therefore, calling v the velocity of the 
centre of gravity at the time f, we have 


'd^ + dy^ 
dP 


which is evidently constant. 
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= 0, the centre of gra vity remains at rest. 
Integratmg (1) we get 

® cos €e + y — Votcosp + t, 

s = v^t cos y + 




cos «f "^s 0 


0 

cos"y 


(3) 

“‘o »' 

line it follows that the motion » straight 

rectilinear. ^ centre of gravity is 

<?/• remains at rest. '^^iformly in a straight line 

EBii._Thus the motion of the centre a-f „ u . 
system of particles is not altered by th irm if? " 
whatever degree of elasticity they may 
reaction always exists equal and opnositJ tn , ^ 

an explosion occurs in a moving bodrll ^ If 

into pieces, the line of is broken 

centre of J Telocity of the 

explosion ; thus the motion o/thTe 
earth is unaltered by earthauaS, “t"’® gravity of the 
the moon will not change its\iotion’ explosions on 

of the centre of gravity of the 'I “ “o«on 

by the mutual and reciprocal action oT?“ 
jUsjhanged only by the action of foSe^^^^^ 

If?. ' 

of a particle, we have ^ oo-ordinates 



Now |fW is the elementary area described round the 
origin in the time dt by the projection of the radius vector 
of the particle on the plane of xyy (Art. 182.) If twice 
this polar area be multiplied by the mass of the particle, 
it is called the area miserved by the particle in the time di 
round the axis of z. Hence 



is called the area conserved by the system. 

Let dAx, dAy^ dAz be twice the areas described by the 
projections of the radius vector of the particle 7n on the 
planes of yz^ zx^ xy, respectively ; then from (1) we have 


and differentiating we get 
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similarly S?? 2 .^^ = 0; 

and tlierefore by integration 

^ d/jAx 7 V' dtjA-y jt V/iti ,-- iJI 


Ji\ If being constants, 

J.mAx = M, :^mAy = h% = 7 / 7 ; 


the limits of integration being such that the areas and the 
time begin simultaneously. Thus, the sum of the products 
of the mass of every particle, and the projection of the area 
described by its radius vector on each co-ordinate plane, 
varies as the time. This theorem is called the principle of 
the conservation of areas. That is, 

When a material system is m motion under the action 
tf forces, none of which are external to the system, then the 
sum of the products of the mass of each particle iy the pro- 
jection, on any plane, of the area described by the radius 
vector of this particle measured from dny fixed point, varies 
as the time of motion. 

252. Conservation of Vis Viva or Energy.^ — Let 
{x; y,z) be the place of the particle at the time 7, and 
let JT, T, -^ be the axial components of the impressed 
accelerating forces acting on the particle, as in Art. 248. 
The axial components of the effective forces acting on the 
same particle at any time 7 are 





If the effective forces on all the particles be reversedj 


* See Art. 189. 




' aOiYSMRVATION ' OF VIS VIVA, 


tiioj will be in equilibiinm with the whole group of im- 
pressed forces (Art, 235). Hence, by the principle of 
virtual Yelocities (Art. 104), we have 




where 3y^ dz are any small arbitrary displacements of 
the particle m parallel to the axes, consistent with the coh- 
nection of the parts of the system with one another at the 
time t 

Now the spaces actually descrihed by the particle m dur- 
ing the instant after the time t parallel to the axes are 
consistent with the connection of the parts of the system 
with each other, and hence we may take the arbitrary dis- 
placements, 6x, 6y, dz^ to be respectiyely equal to the 


actual displacements, ™ St, ^ ^ particle.’^ 


Making this substitution, (1) becomes 


„ /ffe dx 


dx d^y dy dh dz\ 
dt dt^ a df W 






Integrating, we get 


2Sm / {Xdx + Tdy + Zdz)^ (2) 


where v and are the velocities of the particle w at the 
times i and 

The first member of (2) is twice the vis viva or kinetic 
energy of the system acquired in its motion from the time 
to the time t, under the action of the given forces. 


That is, although is not equal to dx, yet the ratio of to dx is equal to th© 
ratio of dt to 
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The second member expresses twice the work done bj 
these forces in the same time (Art. 189). 

If the second member of (2) be an exact differential of a 
function of x, y, so that it equals df {x, y, z) ; then tak- 
ing the definite integral between the limits x^ y, z and 
corresponding to t and ( 2 ) becomes 


2 OTy 2 — _ %f z) — 2/ {x^, y^, 29 ). (3) 


Now the second member of ( 2 ) is an exact differential so 
far as any particle m is acted on by a central force whose 
centre is fixed at [a, h, c), and which is a function of the 
distance r between the centre and {x, y^ z) the place of m* 
ThiiS;, let P be the central force .•:= / (r), say; then 




fir). 




^ ,, gJS ^ (vj; _ 

rdr = ~ a) dx + {y ^ h) dy + c) dz% 

m {Xdx -f Ydy + Zdz) = m/(f) dr\ 

which is an exact differential ; substituting this in the 
second member of ( 2 ), it 



where the limits r and correspond to t and 
Also, the second member of (2) is an exact differential, 
so far as any two particles of the system are attracted 
towards or repelled from each other by a force which varies 
as the mass of each, and is a function of the distance 
between them. Let m and w' be any two particles; let 
(x, y, z)y (x\ y^y z') be their places at the time t ; r their 
distance apart; F =:r/{r), the mutual action of the unit 
mass of each particle. Then the whole attractive force of 
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m on is and the whole attractive force of on m 
is Fm' i and we have 


X :=z m P« F = m ^ ^ Py Z =z m — — P; 

" T T' 


t 7'» y% •v:r> 

X' = — OT — — Pj F = 


-m 


y-y 


P, F'=- 


-m -P. 


r ' r ' r 

Also r® = 4 - (;2 — 

Therefore for these two particles, we have 
m {Xdx + Ydy + Zch) + m' {X’dx' + Y'dy^ + FW) 

= P [(iz? — x') {dx -- dY) + (^ — y') {dy — dy') 

+ (^ — z^) (d% — dz^)\ 
zsz mm' f {r) dr I 

which is an exact differential. The same reasoning applied 
to every two particles in the system must lead to a similar 
result ; so that finally the second member of ( 2 ) 


2mm' 


' r f{r) dr, 

^ To 


where the limits r and Tq correspond to t and so that 
the integral will be a function solely of the initial and final 
co-ordinates of the particles of the system. 

Hence, when a material system is in motion under the 
action of forces y none of ivMch are external to the system, 
then the change of the vis viva of the system, in passing 
from one position to another, depends only on the ttvo posi-- 
tions of the system, and is independent of the path described 
by each particle of the system. 

This theorem is called the principle of the conservation of 
vis viva or energy^ 


m 
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Cob. 1. — If a system be under the action of no external 
forces, we have X = F = = 0, and hence the vis viva 

of the system is constant. 

OoR. 2. — Let gravity be the only force acting on the 
system. Let the axis of z be vertical and positive down- 
wards, then we have X = 0, Y 0, Z g. Hence (2) 
becomes 

= 2Sm {z — z^^). 

But if z and are the distances from the plane of xy to the 
centre of gravity of the system at the times i and and if 
M is the mass of the system, we have 

Mz = 'LmZy Mz^ = 

Zniv^ — - = %Mg (i — i^). (4) 

That is, the increase of vis viva of the system depends only 
on the vertical distance over which the centre of gravity 
passes; and therefore the vis viva is the same lohenever the 
centre of gravity passes through a given horizontal plane. 

Eew. — T he principle of vis viva was first used by Huyghens in 
his determination of the centre of oscillation of a body (Art, 237, 
Rena.). 

The advantage of this principle is that it ’gives at once a relation 
between the velocities of the bodies considered and the co-ordinates 
which determine their positions in space, so that when, from the 
nature of the problem, the position of all the bodies may be made to 
depend on one variable, the equation of vis viva is sufiicient to deter- 
mine the motion. 

Suppose a weight mg to be placed at any height Ii above the sur- 
face of the earth. As it falls through a height g, the force of gravity 
does work which is measured by mgz. The weight has acquired a 
velocity and therefore its vis viva is im# which is equal to mgz 
(Art. 217). If the weight falls through the remainder of the height 
/^, gravity does more work which is measured hy mg {h — z). When 
the weight has reached the ground, it has fallen as fax as the circum 


f , 
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stances of the case permit, and gravity has 
ured by mqh, and can do no more work until the weight 
lifted Iv again. Hence, throughout the motion when the weight has 
descended through any space its vis f 

, lyith the work that can be done during the f ® 

mgi.h - 8). is constant and equal to mgh, the work done by gravity 

during tbe wliole descent Ji. 

If we complicate the motion by making weight work jme 

inacliine daring its descent, the same theorem ts still true. 

TloTiw .eTg-. wi«. » to r 

work mg^ which has been done by gravity during this d 

ished by the work done on the machine. Hence, as before, the vis 
viva together with the difference between the work d°ne by g^avi y 

a.n. « .h. ““t . o,; 

constant and equal to the excess, o " , , , (Oee Routh’s 

that done on the machine during the whole descent. fSee Bouths 

Rigid Dynamics, p. 370.) 

253 . Composition of Rotations.-It is often neces- 
sirv to compound rotations about axes winch meet at a 
ZL men a-<body is said to have angular velocitie 
Lout three different axes at the same time it is ^ant 
that the motion may be determined as 

whole time into a number ot infinitesimal inteiyals each 
to «. D.,iM e«.l. f a-- 
the three ares soeeesavelj, through “Sto " A 
The result will be the saute in whatever order &« >»“«» 
fake ulace The final displacement of the body s 
diagonal of the parallelepiped described on these J'^es 
L Ldes and is therefore independent of the order of the 
;otaitL Since then the three successive rotations are 
quite independent, they may be said to take place simu « 

taneously. ■ 

Hence we infer that angular velocities and 
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each other and making angles a and ^ « with the given 

axis. 

Also, if a body have angular velocities 6 )^, Wg, 6 )jj about 
three axes at right angles, they are together equivalent to ‘ 

a single angular velocity w, where w = + 

about an axis inclined to the given axes at angles whose 

, _ (t) j 2 ^ 

cosines are respectively -n 

254. Motion of a Rigid. Body referred to Fis:ed 
Axes. — Let us suppose that one point in the body is fixed. 
Let this point be taken as the origin of co-ordinates, and 
Jet the axes OX, OF, OZ be any directions fixed in space 
and at right angles to one another. The body at the time 
t is turning about some axis of instantaneous rotation 
(Art. 240). Let its angiilar velocity about this axis be 6 >, 
and let this be resolved into the angular velocities Wj, 6 ) 3 , 
Wg about the co-ordinate axes. It is required to find the 

resolved linear velocities, - 77 ? -tt. -w? parallel to the axes of 
\dt at at ^ 

co-ordinates, of a particle in at the point P, (a?, in 
terms of the angular velocities about the axes. 

These angular velocities are sup- 
posed positive when they tend the 
same way round the axes that 
positive couples tend in Statics 
(Art. 65). Thus the positive 
directions of ojg, Wg are re- 
spectively from y io z about x, 
from z to X about y, and from 
to y about z ; and those negative 
which act in the opposite direc- 
tions. 

Let us determine the velocity 
of P parallel to the axis of z. Let PX be the ordiu-ate z^ 



FigJOO 



AXIS OF INSTANTANEOUS ROTATION* 

PM perpendicular to the axis of x. ih( 
;o rotation about OX is Eesol 

the axes of y and and reckoning th( 
nositive which tend from the origin, 


PM cos NPM 


along 


: WiPl/sin NPM = Wi 2 ^. 

)city due to the rotation about OT par- 

and parallel to OZ is — Wg®- 

about OZ parallel to OZ. is — 03 ^y, aud 

* those velocities which are parallel to 
have for the velocities of P parallel to 



intaiieoiis axis is a straight line passing 
:iii which is at rest at the instant eon- 
whole body must, for the instant, rotate 


c bj «, y tjjg angles which this axis 
le co-ordinate axes x, y, z, respectively, 
«m.. Art. 175) we have 


Ml give.^ the position of the instantaneous 
of the angular velocities about the co-ordinate 

256. The Angular Velocity of the Bo 
AXIS of Instantaneous Rotation.— The 

dy of tlie body about this axis will be the si 
any single particle chosen at pleasure. Let t 

n r+r draw a ■ 

£1 ft ’"' ^‘xis, then the distant 

ticlt liom the oriprin beino- 
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sin « =r ^ Vl — eos^ . 


"\/wj3 


"2* + 


~jr + Wo‘^ 


Since, for this particle, y = 0, z = 0, vfe have from (1) 

of Art. 254^ for the absolute velocity^ 

tr ^ d(K^ 4“ dy^ -f- ^ 

v ^~ — W = 

and hence^ for the angular velocity t), we have 

I? = ^ == Va)j2 + 0)/ + 

which is the dugiilav velocity Tequivedu, 

267. Biller’s Equations . — To determine the generA 
equations oj motion of a hody about a fixed point. 

Let the fixed point 0 be taken as origin ; let (x, y, z) be 
the place of any particle m, at the time t^ referred to any 
rectangular axes fixed in space, and let Ox^, Oy^y Ozi be 
the principal axes of the body (Art. 231). Differentiating 
(1) of Art. 254 with respect to ty we have 


cPx 


do)„ 


dP ^ dt 




d(o. 

dt 


dPy 
dp 

(Pz 

~ y~df 


+ "2 — "2») — Ws (Wg®— w,2!), 


d(*i^ dcj. 

If ~ (" 2 « - «1 («lif — Wj*), 




dt 

^dG)c^ 

'It 


+ Wj {(m)^x — 6>j^) — (6)g« — m^y). 


Denoting by Z, M, iV*, the, first terms respectively of (2), 

(Art. 348), and substituting the above values of ^ and 

af dt^ 

m me last of these equations, we get 



The otluT two equutioiis iiitiy be treated in the same way. 

The eueiiieieuts in this equation are- the moments and 
prod nets of inertia of the body witii regard to axes fixed in 
space (Art, and are therefore \'ariable as the body 

moves about. Let be tlio angular velocities about 

ihe principal axes. Since the ax(*s fixed in space are per- 
fectly arbiirary, let them be so chosen that the principal 
axes are coinciding with them at the moment under con- 
sideration. Then (ft thi>< moment we have (Art. 


MZX 


also fOj = 6)^,, 6>3 = 6)3 = u )^ ; and likewise 

etc/^ lienee, denoting by A, i>'? 0, the moments of inertia 
about the laineipal axes (Art. 231 ), (1) becomes 


in which all the coeflicients are constants; and similarly 
for the other two equations. 

Hence, uniting them in order, and retaining the letters 
6 )^, G)g, W 3 , since they are equal to 6 .^*, 6 )^, the three 


cliaiifces in the two anj^mlar velocities, w, and w.r, during a 

given small time after the axis of a?, coincides with the axis of ;-r, will differ only hy 
a (luantity which depends upon the angle passed through by the axis of during 
That given small time ; the difference between o), and wj. will therefore be an 
intiijitesimnl of the second ordtir and therefore their derivatives will be equal. (See 
Pratt’s Mecb., p. 428. For further deiuotistration of this equality, the student ig 
referred to Routh’s Rigid dynamics, pp. 188 and 189.) 


1 



mo)y = 

’which gives for the ir- and ^-components m<y% and ; 
and the moments of these forces with respect to the axes of 
y and x are for the whole body 

and I^m(J^yz. 


^ ■ BULMR^B JSqtTATTONS, ^ 4M 

j equations of motion of the body referred to the principal 
axes at the fixed point are 


dt 

dt 

^dco^ 

^ m 


{B — C) 6)gW3 = 


(Q^ J[) 6)36) j =: 1/y 


(^4 — • B) Wi6)g 




1 lese are called Euler’s Equations. 


Sen. — If the 'body is moving so there is no point in it 
which is fixed in space, the motion of the body about its 
centre of gravity is the same as if that point -were fixed. 

It is clear that, instead of referring the motion of the 
body to the principal axes at the fixed point, as Euler has 
done, we may use any axes fixed in the body. But these 
are in general so complicated as to be nearly useless. 

258. Motion of a Body about a Principal Axis 
through its Centre of Gravity . — If a body rotate about 
one of its ])TinGvi)al axes 2 Bissmg throiigh the centre of 
gravity, this axis will suffer no pressure from the centrifu- 
ged force. 

Let the oody rotate about the axis of %; then if 6J be its 
angular velocity, the centrifugal force of any particle 
will be (Art. 198, Cor. 1) 


I 

j 

I 

I 

} 
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Bui tlKKo ure each equal to zero when the axis of ^tation 
But tlUM 1 j the centrifugal foice 

IS a priiicipul iixite (Ait. /vO.^; ? . ? ^ fnwqrrls the 

u-m have no tendency to incline the axis ot z towaids e 

and on the axib ib w r ^ 

Jninslute the body in the directions of . and i/. But 

sHiH of all these forces IS 


and 


each of which is equal to zero when the axis of rotation 
ivisses through the centre of gravity ; hence we conclude 
that \che7i a body rotates ahoxd one of its pnncrpal axes 
passing th roxigh its centre of gra vity, tie rotation causes n 

body rotates about this axis it will continue to , 

JJte^utU if the axis be removed. On this account a y~ 

principal axis through the centre of gravity is called an 

axis of ‘permanent rotation^^ 


ScH— If the body be free, and it begins to rotate about 
an axis very near to a principal axis, the centrifugal force 
will cause the axis of rotation to change continually, mas- 
much as the foregoing conditions cannot obtain, 
axis of rotation will either continually oscillate about the 
principal axis, always remaining veiy near to it, or else it 
will remove itself indefinitely from the principal axis. 
Hence, whenever we observe a free body rotating about an 

axis during any time, however short, we may infer t a i 
has continued to rotate about that axis from the be^nn g 
of the motion, and that it will continue to rotate a 
for ever, unless checked by some extraneous obstacle, (be 
Young’s Mechs., p. 230, also Venturoli, pp. 135 and IbO.) 


. Pratt’s Mechs., p.482. CaUed a natural "'CTn’o Si 
Media., p. 230 ; also an inmrUMe see Price’s Mechs., Yol. i , p. 
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VELOCITY ABOUT A PRINCIPAL AXIS. 


259 . Velocity about a Principal Axis when there 
are no Accelerating Forces. — Iii this case L = M = 
iV^ = 0 in (3) of Art. 357 ; also A, B, C are constant for 
the same body ; and if we put 


B-G 


F, 


G-A 


G, 


B 


G 


A ~ B 

I'i) of Art. 357 becomes 

dbi,^ = 


3» 


duo 


HoiU>^dt, 


( 1 ) 


Put = d(l>, and we have 

=: Fd(j>^ = Gd(p, (*>^do)^ = iT# ; 

and integrating, we get 

0)^2 2F(I> + WgS == 2G(I> + = 2E(I> + (2) 

where a, 5, o are the initial values of Wg, Wg ; hence 
from (1) and (2) 

d(l> 


dt 


V{2F(I> 4- a^) {^H4> + (?) 


( 3 ) 


Suppose now the body begins to turn about only one of 
the principal axes, say the axis of ir, with the angular 
velocity then 5 = 0, c = 0, and (3) becomes 


dt 


d^ 


2 V GH <f> V ^F^ 4“ 


Beplacing %F(p 4- by its value and d^ by its value 


have 

F 


dt 




VGS 




IXTEGi^^^ 

iuul ititfgraling, wo get 


Of’ M'iiSB’S equations. 


■ It «1 — «. 

G + i V GH = ^ a’ 


Vfffl : 


“h cif 




H»», ,t .uv «„..<. - “if- 

therelbve from (3) </. = 0, and 

(iHCiithi the impressed velocity about ' i . 

Z, if M Jmdimm ,a-fd,ud mi uniform, on Woie 

shown (Art. 358). 

260. The Integral of Euler’s Equations.-^ body 

rerolres about its centre of gravity acted on by . ^ 

,ueh as pass through that point; to integrate the equations 

if motion, 

\s the only forces acting on the body ai’e those which 
th^ centre of grayity. they create no moment 
I,t- rotatioirabont an axis passing throngh that centre; and 
tiierelore (2) of x4.rt. 257 become 

CytOgWa = o3 

dt 

=0,^ (1) 

0^ — (.4 — B) = 0, j 

the principal axes being drawn throngh the centre of 
graTity. 


TBE INTEGRAL OF EULER’S EqVATlONS. 
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Multipty these equations severally (1) by w*, '-J3 5 
and (2) by Aoi^, 0«3, and add ; then we have 


cU 


-IT + ^^2 -^ + 


JO ^^“1 I *^“2 J_ r'2,, 



( 2 ) ■ 


integrating, we have 

4- -^^2^ +* 

A^0)i’^ 4 4 — ^2 

wliere and are the constants of integration. 
Eliminating Wg^ from (3), we have 


1 


( 3 ) 


A{A- 0) WjS + 5 (j5 - t?) «2^ 
1 


F - t7AS; 


Wo"^ = 


B{B-C) 


[jf2 — 6%2 — ^ (^1 — O') “i®] ; (4:) 


»■! = ^( 0 ^-£) I*-" ^ - ■®) "-’I- ® 

Substituting these values of Wg and Wj in the first of equa- 
tions (1), we have 


dt 


. "I 


U- O) (^t-^) 


BO 


i „ W-GW\ 
~A{i^o)) 

o,e) 

which is generally an elliptic transcendent, and so does not 
admit of integration in finite terms. In certain particular 
cases it may be integrated, which will give the value of «, 
in terms of h and if this value be substituted in (4) and (o), 


r>04 „ APFLICATlON OF TS'E OE.NMMAL .EQUATIOWS^ ^ 

the values of Wg aud «3 iii terms of / will be knowa, aad 
thus, ill these caseSj," the probleai admits of complete solu^ 
rituh 

('OK. —Let' o)z be the axial components of the 

iiiin'ai angular velocity , about the' principal axes, when 
/ = 0 ; then integrating the first of (2), and taking the 
limits corres|)ondmg to ^ and 0 , we have 

d- + i?6>/ + Go)^ (7) 

Let €c^ /?, y be the direction-angles of the instantaneous 
axis at the time t relative to the principal axes; so that, if 
M is the instantaneous angular velocity, and is the 
moment of inertia relative to that axis, we have (Art. 253), 
W j = u) cos (€y Wg = 0 ) cos jd, ( 1)3 = (0 cos y, wliicb sub- 
stituted in (7), gives 

Alt)/ 4- B(M)y^ 4- Co)/ = (x>^ (A cos^ fc~hB cos^ /? 4- 0 cos^ y) 
= a)^I?/ir^ (Art. 232, Oor.) 

= 

== the vis viva of the body; 

from which it appears that the vis viva of the loiy is 
stunt throughout the toJiole motion, 

Rem.— An application of the general equations of rotatory 
motion (Art. 257), which is of great interest and impor- 
tance, is that of the rotatory phenomena of the earth under 
the action of the attracting forces of the sun and the moon, 
the rotation being considered relative to the centre of 
gravity and an axis passing through it, just as if the centre 
of gravity was a fixed point (Art, 249, Sch.) ; and the 
problem treated as purely a mathematical one. Also, in 
addition to the sun and the moon, the problem may be 
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extended so as to include the action of all the other bodies 
whose influence affects the motion of the earth’s rotation. 
In fact the investigation of the motion of a system of bodies 
in space might be continued at great length ; but such 
mvestigations would be clearly beyond the limits proposed 
m this treatise.^ The student who desires to continue this 
interesting subject, is referred to more extended works.* 


examples. 

1. A hollow spherical shell is filled with fluid, and rolls 
down a rough inclined plane ; determine its motion. 

Let and M' be the masses of the shell and fluid 
respectively, h and k' their radii of gyration respectively 
about a diameter, and « and a' the radii of the exterior and 
intenor surfaces of the shell ; then using the same nota- 
tion as in Art. 346, we have 


{M+M')^ = (M+M')gBina-F. ( 1 ) 

As the spherical shell rotates in its descent down the plane 
the fluid has only motion of translation; so that the equa-' 
tion of rotation is ^ 

= ( 3 ) 

Multiplying (1) by and (3) by «, and adding, we have 

m -h M') + Mk?-] g = (if + M') a^g sin «. (3) 

If the interior were solid/and rigidly joined to the shell, 
the equation of motion would be 




50fj 


MXA3fPLm 



[(J/+ J/^) 


(Jf-f if') sin «. (4) 


Integrating (3) arul (4) twiee^ and denoting by t<?'and ^' the 
^'|nlees tliroiigli which the centre moves during the time / 
in these two eases respectively, we have 


« _ (if + Jf ^ -f if^ 


so that a greater space is described by the sphere which has 
the iluid tlian by that which lias the solid in its interior. 

If the densities of the solid and the fluid are the same, 
we have from (5), by Art. 233, Ex. 14, 


(Price’s Anal Mechs., VoL II, p. 368), 


2. A liomogeiieoiis sphere rolls down within a rough 
spheric'ul bowl ; it is required to determine the motion. 

Lot a be tlie radius of the sphere, and b the radius of the 
bowl ; and let us suppose the sphere to be placed in the 
bowl at rest. Let OCQ =z f, 

QPA = d, BOO = «, (*) = 

the angular velocity of the | ^ ^ 

ball about an axis through its I 

andre .P, = the correspond- . \ 

ing radiiLS of gyration ; OJf=r \. 

2 % JfP == ij ; m =. the mass of 

the ball Then FSajoi 


B sin (p 4- Pcos (f> 


S cos tp -f Psin (p — wig 



MXAMFLUS. 


Now to determine the angular velocity of the hall,, we must 
estimate the angle described by a fixed line in it, as FA, 
from a line fixed in direction, as PM, and the ratio of the 
infinitesimal increase of this angle to that of the time will 
be the angular velocity of the ball. 


l/sin ip 



(b — a) (cos 4> - cos «). (1 

SubsHtiiting ( 9 ) in (7) we Im-e 

F= ^mr/ sin (p, # 2 ; 

Snb.siitufcing (4), (9), (10), ( 11 ) in (l) we have 

T> mg 

ih — (17 (jQg ^ — 20 eos a) * 
therefore the pressure at the lowest i>oint 

~ (1^ — 10 cos «) j 

and the pressure of the bail on the bowl vanishes when 

COS (p z=z cog 

of ttc' r"* T “ "" ““ p“‘ 

0 .>»1, so thot „ aod , are al,„,s small, cos .„a 
eos ^ may be replaced by l _ ^ and i , 

»df«-mao),cl.„c 

r % li 
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tlierefore tlie osciilatioiis are performed in the same time as 
of a simple pendulum whose length is -| {b — a)^ 
(Art. 194). (Price'*’s Anal. Meeh’s, VoL p. 369.) 

3. A homogeneous sphere has an angular velocity w 
about its diameter^ and gradually contracts, remaining 
constantly homogeneous, till it has half the original 
diameter; required the final angular velocity. Ans. 4w. 

4. If the earth were a homogeneous sphere, at what point 
must it be struck, that it may receive its present velocity 
of translation and of rotation, the former being 68000 miles 
per hour nearly ? Ans. 24 miles nearly from the centre. 

, 5. A homogeneous sphere rolls down a rough inclined 
plane; the inclined plane rests on a smooth horizontal 
plane, along which it slides by reason of the pressure of the 
sphere ; required the motions of the inclined plane and of 
the centre of the sphere. 

Let m = the mass of the sphere, 

M = the mass of the inclined 
plane, a == the radius of the sphere, 
a = the angle of the inclined 
plane, ^ its apex; 0 the place of Q 
when t =z 0; O' the point on the 
plane which was in contact with 
the point A of the sphere when 
/ = 0, at which time we may sup- 
pose all to be at rest ; A OP = 9, the angle through which 
the sphere has revolved in the time t. 

Let 0 be the origin, and let the horizontal and vertical 
lines through it be the axes of x and y; OQ = x ' ; and let 
(x, y) (A, be the places of the centre of the sphere at the 
times t and = 0 respectively. Then the equations 
of motion of the sphere are 




EXAMPLE. 


J'sin + ■ 12 cos c« 




and the equation of motion of the plane is 


• Fcob €c ^ B mm «» 


From the geoiiietrv we have 


X = 7^ 4- x' — ad cos 
f/ = 7; — ad sill <55. 


From these equations we obtain 


y =zh 


m + j¥ 

— 5m sin eg cos « 

7 (m 4- Jl ) — 5m cos^ ' 

5J/sin « cos €( (jt^ 

7 (m 4“ j/ ) — bm cos-^ « * 2 ^ 

5 {m 4~ M ) sin^ a gfi 
' 7 (m 4- i¥ ) —“5^0^ * T 


which give the values of a? and y in terms of L 
Also w'3 obtain 

{m 4- M) {x — li) sin « — M {y — h) cos cc = 0 ; 

which is the equation of the path described by the centn 
of the sphere ; and therefore this path is a straight line. 

6. A heavy solid wheel in the form of a right circula: 
cylinder, is composed of two substances, whose volumes ar< 
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B-qutii, and. whose densities are pand p^; these substances 
are arranged in two different forms; in one case^ that whose 
density is p occupies the central part of the wheel, and the 
other is placed as a ring round it; in the second case, the 
places of the substances are interchanged ; t and are the 
times in which the wheels roll dowai a giyen rough inclined 
plane from rest ; show that . 

ii 5p + 7p' : 5p' + ^p. 

7. A homogeneous sphere moves down a rough inclined 
plane, whose angle of inclination « to the horizon is greater 
than that of the angle of friction ; it is required to show (1) 
that the sphere will roll without sliding when f.t is equal to 
or greater than f tan cc, and (2) that it will slide and roll 
when p is less than f’tan cc, where ft is the coefficient of 
friction. 

8. In the last example show that the angular velocity of 
the sphere at the time t from rest = — ~ t 

9. If the body moving down the plane is a circular 
cylinder of radius = a, with its axis horizontal, show tha't 
the body will slide and roll, or roll only, according as €c is 
greater or not greater than tan*"^ 
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